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ABSTRACT

In path factorization, Ushio K [1] gave the necessary and
sufficient conditions for P, —design when k is odd.
P, —Factorization of a complete bipartite graph for p, an
integer was studied by Wang [2]. Further, Beiling [3]
extended the work of Wang [2], and studied
P, —factorization of complete bipartite multigraphs. For
even value of k in P, —factorization the spectrum problem is
completely solved [1, 2, 3]. However, for odd value of k i .e.
P;, Ps, P;,Py and P,_,, the path factorization have been
studied by a number of researchers [4, 5, 6, 7, 8]. The
necessary and sufficient conditions for the existences of
P; —factorization of symmetric complete bipartite digraph
were given by Du B [9]. Earlier we have discussed the

necessary and sufficient conditions for the existence of P

and f’7 —factorization of symmetric complete bipartite digraph
[10, 11]. Now, in the present paper, we give the necessary and

sufficient conditions for the existence of ﬁ4k_1 —factorization
of symmetric complete bipartite digraph of Ky, ,,.
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1. INTRODUCTION

Let K;, ,be a complete bipartite symmetric digraph with two
partite sets having m and n vertices. A spanning sub graph F
of Ky, , is called a path factor if each component of F is a path
of order at least two. In particular, a spanning sub graph F of
K is called a P,,_, —factor if each component of F is
isomorphic to 1341{—1- If Ky, is expressed as an arc disjoint
sum of ﬁ4k_1 —factors, then this sum is called
ﬁ4k_1 —factorization of K, ,. Here, we take path of order
4k—1.A ﬁ4k_1 is the directed path on 4k — 1 vertices.

2. MATHEMATICAL ANALYSIS

The necessary and sufficient conditions for the existence of
ﬁ4k_1 —factorization of complete bipartite symmetric digraph
are given below in theorem 2.1.

Theorem 2.1: Let m and n be the positive integers then
;i has a Pyy,_; —factorization iff:

(1) 2kn = 2k — 1)m,

(2) 2km = (2k — 1)n,
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(3)m + n = 0(mod 4k — 1), and
(4) (4k — 1)mn/[(2k — 1)(m + n)] is an integer.

Proof of necessity of theorem 2.1
Proof: Let r be the number of ﬁ4k_1 —factor in the

factorization, and e be the number of copies of 1_54;(-1 —factor
in a factorization, which can be computed by using

i (4k — 1)mn L
= Ck=Dm+ )] - (1)
and
e

m+n
=1 - (2)

respectively.

Obviously, r and e will be integers. Thus conditions (3) and
(4) in theorem 2.1 are necessary. Let a and b be the number of
copies of 134;(-1 with its end points in Y and X, respectively in
a particular f’4k_1 —factor. Then by simple arithmetic we can
obtain, 2kb + 2k — 1)a = m and 2ka + 2k — 1)b = n.

From this, we can compute a and b which are as follows:

a
_ 2kn—(2k—-1)m 5
= Ak —1 NE))
b

2km — 2k —1n

Since, by definition a and b are integers, therefore equation
(1) and (2) imply,

2kn — (2k—1)m
4k -1 -

and

2km — 2k —1)n
4k -1 -

this implies that 2kn > (2k — 1)m that 2km > (2k — Dn.
Therefore condition (1) and
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(2) in theorem 2.1 are necessary. This proves the necessity of
theorem 2.1.

Proof of sufficiency of theorem 2.1

Further, we need the following number theoretic result
(lemma 2.2) to prove the sufficiency of theorem 2.1. Its proof
can be found in any good text related to number theory [12].

Lemma 2.2: If ged(xu,yv) =1 then ged(uwv,ux +
vy) = 1, where x, y, u and v are positive integers.

We prove the following result of lemma 2.3, which will be
used further.

Lemma 2.3: If K., has P,_, —factorization, then
Kmsn has a ﬁ4k_1 —factorization for every positive integer s.

Proof: Let K is 1- factorable [13] and {F;, F;, ..., F;} be a
1- factorization of it. For each i with 1 < i < s, replace every
edge of F; by a K;;, ,to get a spanning sub-graph G; of K3, ¢,
such that the graph G;'s {1 <i <s} are pair wise edge
disjoint , and there union is Kgp, . Since Ky, has a
P,,_, —factorization, it is clear that G; is also
Py, —factorable, and hence K¢y, s, Py—1 —factorization.

Now to prove the sufficiency of theorem 2.1, there are three
cases to consider:

Case (i) 2kn = (2k — 1)m; In this case from

lemma 2, K, , has Py, —factorization. Consider the trivial
case at k = 1,m =1 and n = 2, then number of copy e = 1
and total number of factor r = 2. Path factor is given below:

Xy

)
Fig :1 shows the path y1x1y2; ¥2X1Y1.

Case (ii) 2km = (2k — 1)n; obliviously, K;; ,
has By,_, —factorization since in this case position of m and
n changes only from previous case.

Case (iii): 2km > (2k—1)n and 2kn >
(2k — 1)m. in this case, let
_ 2kn— (2k—1)m

a= k-1

_ 2km—(2k—1)n
h 4k —1 ’
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_m+n
T4k —1"

_ (4k—-1)mn q
T lCk—Dm+n)] and e

Then from condition (1)-(4) of theorem 2.1, a,b,e and r are
integers and 0<a<m and 0<b<n. As obtained
previously 2kb + (2k — 1)a = m and 2ka + (2k — 1)b = n.
Hence

ab

T=2k(a+b)+m.

Let
B ab
T [k —-1D(a+Db)]

be a positive integer. Again let gcd((2k — 1)a,2kb) =d
then (2k —1)a =dp and 2kb = dq, where p and q are
integer and gcd(p, q) = 1.

Then

Z

_ dpq
2k — D[2kp + (2k — Dq]’
These equality implies the following equality:
Q= 2k — D[2kp + 2k — 1)q]z
rq
_(p+q)[4k*p + 2k — 1)?q]z
Te Pq
= 2k —D(p + @)[2kp + (2k — 1)q]z
rq
[4k%p + 2k — 1)%q][2kp + (2k — 1)q]z
n= 2kpq
_ pl2kp + (2k — 1)q]z
‘= pq

Z

)

)

]

y

]

(2k — 1)q[2kp + (2k — Dq]z
b= .
2kpq

Let 2k — 1 = P/, P}, ..., X" where Py, P,, .., P. are distinct
prime number.

Let kq,ky,...,k. are positive number, and 2k =
ar, g2, ..., ql are positive integers, where hy, hy, ..., hyare
positive integer.

If
ged (p, 2k — 1)) =

i1, L i 2kgy1—1 2Kg42—1 2kp—
P1 1p2 2 P apa+1 a+1 a+1pa+2 a+2 " la+2 Pﬁ B

Where 1<a<pf <y, 0<i<kfwhen 0<j<a) or
0 < i; < kj(when a+1<j<p),
ged(q, 4k») =

J j 2hy41-J 2hy42—J 2hg—]. 2h. 2h
q1]1q212 "'qumquw‘l u+1 Ju+1qu+2 u+2"Ju+z e Q2o l&ql9+1 941 o422 042 L. qy,

Where 1<u<d<w, 0<j;<hiwhen 0<i<pu) or
0<j; <hjwhenu+1<i<9),andlet

— i i i — kq—i ko—1 ko—i
S=p1tP2? P, E=p1t p™ 2 pg e
— i i i
U = Pa+1 P2 %2 . PR F,
v

= pa+1ka+1_la+1pa+2ka+2_lu+2 pﬁkﬁ_lﬁ,
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g1 P Ppi PR LDy

2k,

2h,,



_ k k 2k
W = Pgy1 B ppyz P20y,

and

)

, . . . , . . hy—j
— — hi— hy,— nu
s =qitq? gy, =g g L,

U = Guar G2 L qe?? v

— hyt1—J, hyia—J hy—j
= ql“'l pt1 ]u+1qu+2 u+2"Ju+2 - Qy 9 ]19'

and w' = g4+ qoip"0+2 gy,
Then 2k — 1 = stuvw and 2k = s‘tu'v'w’.

Also let p = suv?w?p and ¢ = su'v'>w’'2q". Now by using
p,q, (2k — 1) and 2k the parameter m,n, a, b and r satisfying
the condition (1) — (4) are expressed in the following
lemma(2.4). The purpose of lemma (2.4) is to discuss the

detail of ﬁzl-k—l —factorization, and reduce it to number of base
cases, which are then solve in later lemma.

Lemma 2.4:
Case 1: 1ft'= 1(mod 2) and v'w' = 1(mod 2), then

m = stut (suv?w?p +suv?w'2q)(tvwp +tvw'q)z,
n= suwwv'w (st 2u’p + st’uq’)(tvwp + tv'w'q)z’,
a=suvwtp'(vwtp + tv'w'q)z,
b= stuww'q(wwtp + vw'tq)z,

d = stut'(vwtp' + vw'tq)z
r=tvw(suv?w?p + suv'?w'?q) (st *up’

+ st?uq)z),

for some positive integer z .

Case 2: Ift'= 0(mod 2), and v'w' = 1(mod 2), then
m = stut' (sur?w?p’+ suv?w 2q)(t vwp’
+ tv'w'q)z'/2,
n=suvwvw'(s't?u’p’ + st?uq)(tvwp + tv'w'q)z'/2,
a = suvwt'p'(vwt’p’ + tv'w'q)z'/2,
b= stuwwq'(vwtp + vwtq)z'/2,
r=tvw(suv?w?p + suv'?w'2q))(s't 2u’p’
+ st?uq)z'/2,
d = stut'(vwt’p + vw'tq)z'/2,
for some positive integer z'.
Case 3: Ift' = 1(mod 2), and v'.w' = 0(mod 2), then
m = stut (suv?w?p + suv'?w'2q")(tvwp’
+ tv'w'q)z'/2,
n=suwwvw (st’?up’ + st?uq)(tvwp + tv'w'q)z/2,
a=suvwt’p'(vwtp + tv'w'q)z' /2,
b =stuvw'q'(vwtp + vw'tq)z'/2,
r=tvw(suviw?p’ + suv'?w'2q)(s't ?u’p’
+ st?uq)z'/2,
d = stut'(vwt’p + vw'tq)z'/2,

for some positive integer z'.
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Proof: Let us assume that ged (p, 2k — 1)2) = suv?w?
and ged(q, 4k?) = su'v'?w'2,

If gcd(p,q) =1 and p = suv?w?p and q = suv'?w'?q’
hold,

then
ged(suv?w?p,suv'?w'2q’) = 1.
Which implies that, if gcd(4k?p, 2k —1)? =1 and (2k —
1) = stuvw and
2k = stu'v'w hold, then gcd(s't ?u’p, st?uq) = 1.
Since
(suv?w?p' + suv?w'2q) (st ?u'p + st?uq)z

T = o

is an integer, therefore by using lemma 2.2, we see that

ged(suv w?p',suv'?w'2q) =1

implies that

ged(suv?w?p’ + suv'?w'?q,p'q) =1,

and

ged(s't?u’p’st'?uq’) =1

implies that

ged(s't 2u’p’ + st?uq,p'q) = 1.

Since r is an integer therefore ﬁ must be an integer.

Letz, = ﬁ then we have

p stu(vwtp +v'w'tq)z,
B v'w'
is an integer.

Now for the values of t'.and v'w’ there are three cases will
possible.

Case |: When t' = 1(mod 2) and v'w’ = 1(mod 2).
Since,

ged(2,v'w) =
tvwq,v'w) = 1,

ged(stu,vw') = ged(vwt'p’ +
therefore z; = ﬁ is an integer. Letting z, = vz—vlv we have

_ stuv'w'q' (wwt'p' + tv'w'q)z,

= - _

b

Since

ged(2,¢) =
tvwq,t) = 1.
Therefore % is an integer. Let z' = Zt—z Then all the values
m,na,b,r and d in case ( 1) hold.

Case 2: When t' =0(mod2),and v'w' = 1(mod 2).
Since ged(2,v'w’) = 2,

ged(stu,v'w) =ged(vwt’p' + tv'w'q,v'w) =1,

ged(stuv'w'q’t’) = ged(wwt'p’ +

therefore — is an integer. Let z, = —*, then
vw vw

stuv'w'q' (vwtp + tvw'q)
- 2t Z2:

b
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Since ged(2,t) = 2,gcd(stuvwq,t) = ged(vwt’p +
tvw'q,t) = 1, therefore % is an integer. Let z' = Zt—z Then
all the values of m,n, a, b,r and d in case (2), hold.

Case 3: Whent' = 1(mod 2), and v'w" = 0(mod 2).
Since
ged(2,v'w') = 2, ged(stu, v'w’)
=ged(vwtp' + tvw'qg,vw) =1,
Therefore ZZ—E is an integer. Let z' = % then
b stuw'w'q' (vwtp' + tvw'q)z,
2t '

Since ged(stuv'w'q’,t") = ged(vwt'p’ + tv'w'q,t) =1,
Z2

therefore Zz—i is an integer. Let z' = e
Then all the values of m,n, a, b,r and d in case (3), hold.

This proves the lemma 2.4.

For the parameters m and n in lemma 2.4 case (1) - case (3)
whens = 1, we can construct a P,,_, —factorization of
Ky
It is easy to see that the existence of a Py, _, —factorization of
K, implies the existence of a B,._, —factorization of Kmn
For our main result we need to prove the following lemma:
Lemma 2.5: For any positive integers
s, t,u,v,w,s,t,u,v,w,p,and q, let

m = stut (suv?w?p + su'v'?w'2q)(tvwp + tv'w'q),

n =suvwv w'(s't"?u’p + st?uq)(t'vwp + tv'w'q).
Then K;,, has a Py,_, —factorization if s.t.u.v.w+ 1=
stuvw,wheredk—1=stuvw+ stuvw.
Proof. The proof is by construction (case 1 of lemma 2.4).
Let a = suvwtp(vwt’p + tv'w'q),
b = stuv'w'q(vwt’p + v'w'tq), hence
r= tvw/(suv?w?p + suv'?w'2q)(s't *u’p + st?uq),
and r = ry. 1y, Where
r = t (sw?w?p + su'v'?w'?q),

and
r, =v'w'(s't?up + st?uq).

Let X and Y be the two partite sets of vertices of K, , such
that:

X={x;:1 i <r,1<j<m,

yz{yi’jll lSTZ,:lS]S Ng.

Where first subscript of x; ;’s and y; ;’s taken additional
modulo r; and r, respectively and the second subscript of
x;;’s and y; ;s taken additional modulo m, and n,
respectively, where m, = :1—1and ny = :—2 ie.,

my = stu(tvwp + tv'w'q),
and

ny = suvw(t'vwp + tv'w'q).

Now we construct a model of ﬁ4k_1 —factor of Ky, ,,, here

type M copies of P,,_, denote the P,;_, with its end point
inY and type W with its end point in X.

Type M copies of By,_;.
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Foreachi,x,y,zandx,1< i< tp,1 <x <vw,
1< y<suww,1< z<tand0< x'< 1,
let

fli,x,y} = suvr®w?(i— 1) +suvw(x — 1) + y,

9(i,y.zx)=stuvw(i—- 1) +suww(iz—- 1)+ y+ x,
and

h(i,x,y,x) = suvw(i — 1) + su(vwtp + tvw'q)(x —
D+ y+x— 1.

Hence set

E; ={ Xf(i2,9),j+su(vwt p+ tv'w'q) -1V g(i,y,2x),j+ h(ixyx):
1< j<su(vwtp+ tv'wq),1<x <vw,
1<y<suww,1<z<t0<x <1}

Each of E;(1 < i < t'p), consists of n, vertex disjoint type M
copies. And Usgierp B cONtains a = suvwt p(vwt'p +
tv'w'q), vertex disjoint type M copies of ﬁ4k—1-

Type W copies Byj_;.

Foreachi,x,y,zandx,1< i< vwq,1 <x < stu,
1< y<wvw,1<z<tand0< x' <1,

let
Wi, x,z} = st ?uv'wp + st?u(i — 1) + stu(z — 1) + x,

o(i,x,y,x) = swwitp+suvwt(i— 1)+ vw(x—1)
+y+ x,
and
(i, x,y,x) = suvwt’p + x + stui — 1) + su(vwt'p +
tvw)(y—1)+x — 1.

Hence set

53

tp+i

={ Xo(ixyx),j+su(vwt p+ tv'w'q)x-1DVlix,z}j+ ¢ (ixyx)*

1< j<su(vwtp+ tv'wq),1<x<stu,
1<y<w,1<z<t0<x <1}

Each of E,,,;(1 < i < v'w'q), consists of m, vertex disjoint
type W copies of Pye_1. And Ugr<icywiq) E¢ps s CONLAINS

b = stuv'w'q(vwt’p + v'w'tq) vertex disjoint type W
copies of P,j_;. It is important that stuvw + 1 = s'tuv'w.

Let F = U(rsistp+vw'q) Ei then F contains t = a + b number
of vertex disjoint and

edge disjoints ﬁ4k_1 components, and spans Ky, ,, . Then the
graph F is ﬁ4k_1factor of Ky, . Further, in the graph F =

U sist'p+vwiq) Ei €ach of the second subscript of x; ;’s meets
each of the second subscripts of y; ;’s once and only once.

i
Define a bijection ¢ such thatg: X UY X uvinsucha
way that:

U(xi,j) = Xit1,j» G(Yi,j) = Vit+1,j

Foreachi € (1,2,...,ry) and eachj € (1,2, ...,1,), let
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Fij= {ai(x)crf(y):x eEX,yeY,xye F}.

Itis shown thatthe graphs F; ;(1 < i <m, 1 <j <), are
edge disjoints Pyj,_, —

factor of Ky, , and there union is Ky, ,.

Thus (F;;:1<i<m, 1<j<m)isaP,_, —factorization
of K -

This proves the lemma 2.5.

By Similar manner we can also prove the other two cases of
lemma 2.4.

Applying lemma 2.3 — 2.4 and 2.5, we see that for parameter
m and n satisfying conditions in theorem 2.1, K;;, , has a

P,j._, —factorization.
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