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ABSTRACT 

An analysis of two dimensional unsteady electrically 

conducting visco-elastic fluid flow through a porous medium 

has been carried out in this paper in presence of simultaneous 

heat and mass transfer. The porous medium is bounded by 

two horizontal plates moving in opposite directions. The 

visco-elastic fluid is characterized by Walters liquid (Model 

  ). A magnetic field of uniform strength B0 is applied in the 

direction perpendicular to the plate. The suction at the plate is 

assumed to be periodic in nature. The governing equations of 

fluid motion are solved analytically by using perturbation 

scheme. The effects of visco-elastic parameter on the 

governing fluid motion are analyzed graphically for various 

values of flow parameters involved in the solution.  .   
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1. INTRODUCTION 
Walters liquid (Model B/) is a type of non-Newtonian fluid 

which have characteristics of bothe viscosity and elasticity. 

Walters [1] reported that the mixture of polymethyl 

methacrylate and pyridine at 250 C containing 30.5 gm of 

polymer per litre and having density 0.98 gm/ml fits very 

nearly to this model.  

Berman [2] has studied the laminar flow in channels with 

porous walls. Heat transfer in magneto-hydrodynamic flow 

between parallel plates has been analyzed by Alpher [3]. Flow 

of an incompressible fluid between two parallel plates, one in 

uniform motion and the other at rest with uniform suction at 

the stationary plate has been analyzed by Verma and Bansal 

[4]. Verma and Gaur [5] have investigated the velocity and 

temperature distributions of a viscous incompressible fluid 

flow between two parallel plates. Kaviany [6], Sharma and 

Singh [7], Attia [8], Sharma and Mishra [9] and Sharma and 

Patidar [10] have studied the behavior of steady viscous flow 

between two infinite parallel porous plates under the influence 

of various physical considerations. Hassanien [11], Sharma 

and Sharma [12], Sharma and Kumar [13], Sharma et al. [14], 

Sarangi and Sharma [15] have investigated the unsteady 

viscous fluid flow in presence various physical properties like 

heat transfer or MHD or heat source/ sink etc.  

Problem of MHD Couette flow with heat transfer between 

two horizontal plates in presence of uniform transverse 

magnetic field is examined by Bodosa and Borkakati [16]. 

Ganesh and Krishnambal [17] have analyzed the problem of 

unsteady magneto-hydrodynamic Stokes flow of viscous fluid 

between two porous parallel plates. Umavathi et al. [18] have 

discussed the behavior of unsteady oscillatory flow and heat 

transfer in a horizontal composite porous medium channel. 

Kumar et al. [19] have investigated the heat and mass transfer 

effects on unsteady flow of a viscous incompressible 

electrically conducting fluid through a porous medium of time 

dependent permeability bounded by two infinite parallel 

porous plates moving in the opposite direction in presence of 

radiation and magnetic field. 

Ajadi [20] has given the analytical solutions of unsteady 

oscillatory particulate visco-elastic fluid between two parallel 

walls. Unsteady MHD Couette flow of a visco-elastic fluid 

with heat transfer has been studied by Attia [21]. Sreekanth et 

al. [22] have investigated hydromagnetic natural convection 

flow of an incompressible visco-elastic fluid between two 

infinite vertical moving and oscillating parallel two infinite 

vertical moving and oscillating parallel plates. 

The purpose of the present paper is to investigate the visco-

elastic effects in an unsteady hydromagnetic flow with heat 

and mass transfer of electrically conducting Walter’s liquid 

(Model B/) through a porous medium bounded by two parallel 

porous plates with time dependent suction and injection 

moving in opposite directions. 

The constitutive equation for Walters liquid (Model B/) is 

              
  ,         

 
        

             (1.1) 

where     is the stress tensor,   is isotropic pressure,     is the 

metric tensor of a fixed co-ordinate system        is the 

velocity vector, the contravarient form of      is given by 

     
    

  
        

         
          

    ,                  (1.2) 

 It is the convected derivative of the deformation rate tensor 

   defined by  

                                                                          (1.3) 
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Here  
 
 is the limiting viscosity at the small rate of shear 

which is given by 

 
 
               

 

 
           

 

 
                        (1.4) 

N( ) being the relaxation spectrum. This idealized model is a 

valid approximation of Walters liquid (Model   ) taking very 

short memories into account so that terms involving 

          
 

 
,                                 (1.5)                                                

have been neglected. 

2. MATHEMATICAL FORMULATION  

Let us consider an unsteady hydromagnetic, forced convective 

flow with heat and mass transfer of visco-elastic fluid through 

a porous medium bounded by two infinitely long parallel 

horizontal thin porous plates with time dependent suction and 

injection moving in opposite directions with same velocity U. 

A magnetic field of uniform strength B0 is applied along the 

normal direction to the plate. Induced magnetic field is 

neglected by considering smaller values of magnetic Reynolds 

number. The parallel plates are kept at a distance h apart and 

maintained at uniform temperature   
  and uniform 

concentration   
 . Let    - axis be taken along the direction of 

the plates and   - axis be taken in the normal direction to the 

plates (Figure 1). The strength of injection and suction at the 

plates are of same order of magnitude. The effect of energy 

dissipation due to viscosity has been considered in this 

problem. For force convection flow, it is also assumed that 

Since the bounding surface is infinite in length along   - axis 

therefore, the physical quantities are functions of the space co-

ordinate   - and   -only. 

      

             
 

        y
*

                  

 

         h 

 

 

   

     
                   

 
Fig 1: Physical model of the Problem 

The following assumptions have been used to formulate the 

problem 

i. The plate is electrically non-conducting. 

ii. No external voltage is applied so the effects of 

polarization of fluid are negligible. 

iii. The effects of variation in density ( ) with 

temperature and species concentration have no 

effect on the flow 

iv. The pore size of porous plate is significantly larger 

than a characteristic microscopic length scale of the 

porous medium. 

With these assumptions and usual boundary layer 

approximations, the governing equations of fluid motions are: 

Equation of Continuity 

   

   
                   

                          (2.1) 

Equation of Motion 

   

   
      

   
   

 

 

   

   
  

    

    
 

  

 
 

    

       
   

    

    
  

 

  
   

   
 

 
                                     (2.2) 

Equation of Energy 

   

   
      

     
 

   

    

     
 

   
 
   

   
 
 
 

  

   
 
   

   

    

      
 

  
   

   

    

                                               (2.3) 

Equation of Species Continuity 

   

   
      

      
    

                                                 (2.4) 

The corresponding boundary conditions are 

                              
              

   

                               
              

     

                                            (2.5) 

3. METHOD OF SOLUTION: 

On introducing the following non-dimensional quantities 

  
  

 
   

  

 
   

   

 
    

   

 
   

   

  
   

  

  
 

  
     

 

   
    

   
  

   
   

  
     

       

    
  

  
    

    
   

 
    

 

       
    

        
   

 
 

  
     

 

  
    

      
  

       
    

  
    

    

 
    

  

   
 

into the equations  (2.2), (2.3) and (2.4) and using equation 

(2.1), we get the following set of differential equations which 

are dimensionless 

  

  
            

  

  
  

  

  
 

   

      
   

     
 

           
   

    
 

 
                                          (3.1) 

  

  
            

  

  
 

 

  
 
   

                                       (3.2)       (2.7) 

  

  
            

  

  
 

 

  
 
   

       
  

  
 
 
     

  

  
 
   

    
            

  

  
 
   

                             

(3.3)    (2.8)   (2.8) 

where Pr is the Prandtl number, Gr is the thermal Grashof 

number, M is the magnetic parameter, Ec is the Eckert 

number, K is the permeability parameter, k is the visco-elastic 

parameter, Sc is the Schmidt number, Re is the cross flow 

Reynolds number,    
  is the wall temperature and   

  is the 

concentration of the fluid at the wall. 

B0 
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             The transformed boundary conditions in 

dimensionless form are given as follows 

                      

                
  

     
 

   
    

                 (3.4) 

Let us assume that 

  

  
                                                                    (3.5) 

where  A is a positive constant. 

In order to solve the partial differential equations (3.1)-(3.3), 

separating       ,       ,        into mean flow and 

unsteady flow, we assume  

                                   

                                 

                                          (3.6) 

This is a valid assumption because the small amplitude 

oscillation       , therefore the solutions of the differential 

equations (3.1) to (3.3) converge. Substituting (3.5) and (3.6) 

into the equations (3.1) to (3.3) and by equating the harmonic 

terms and neglecting    the following differential equations 

are obtained: 

    
    

    
    

      
   

  
     

 

 
           (3.7) 
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(3.10) 

    

        
   

  
                 (3.11) 

    

        
   

  
            

   

  
      (3.12) 

The relevant boundary conditions are  

                                        

                                                           (3.9) 

The equations  (3.3) to (3.8) are  coupled  ordinary differential 

equations , which are solved subjected to the boundary 

condition  (3.9) and the solutions obtained for velocity u , 

temperature T and mass concentration C are not included here 

for the sake of brevity. 

The Shearing Stress is given by 

   
  

  
   

   

    
            

   

     
   

 

   
  

  
   

   

    
            

   

   
  

    
   

The rate of heat transfer at the lower as well as  upper plate in 

terms of Nusselt number is given by 

         
   

  
 
   

       
   

  
 
   

 

         
   

  
 
   

       
   

  
 
   

          

4. RESULTS & DISCUSSION: 

The objective of the present paper is to investigate 

the effects of visco-elasticity on the governing fluid flow 

through a channel in presence of energy dissipation. Figures 

2-3 represent the fluid velocity against the displacement 

variable y for various values of flow parameters involved in 

the solution. The visco-elasticity is exhibited through the non-

zero values of dimensionless parameter k. The figures enable 

the fact that a growth in visco-elasticity accelerates the fluid 

motion. Also, it is noticed that the effect of visco-elasticity is 

prominent in the centre of the channel. The figures also reveal 

the phenomenon of back flow in the vicinity of the upper 

plate.   

Application of transverse magnetic field generates the Lorentz 

force and it has a retarding effect in the neighborhood of the 

lower plate which is moving in the positive direction. An 

accelerating fluid flow is noticed from the midway of the 

channel as the upper plate is moving in the opposite direction 

of the lower plate (Figure 2). The retarding effect of Lorentz 

force is more prominent in the vicinity of the lower plate. 

Reynolds number signifies the combined effect of inertia 

force and viscous force in the fluid flow phenomenon and it is 

seen that as Reynolds number increases, speed of both 

Newtonian and non-Newtonian fluid flows increases 

throughout the channel (Figure 3). The influence of various 

flow parameters on the fluid temperature are illustrated in 

figures 4-6.  Figure 4 shows that the modification of visco-

elastic parameter from k=0 to k >0 decelerates the fluid 

temperature and the effect of visco-elasticity is maximum in 

the centre of the flow channel. In addition, the effect of 

intensity of magnetic field on the temperature distribution is 

noticed on figure 4. It is perceived from figure 4 that the 

magnetic field slightly affects the Newtonian fluid 

temperature while it affects non-Newtonian fluid temperature 

vigorously. As the intensity of magnetic field increases, the 

magnitude of the fluid temperature slightly rises for 

Newtonian fluid but the non-Newtonian fluid temperature 

decreases rapidly due to increase of magnetic field. This 

magnitude is higher in Newtonian fluid than visco-elastic 

fluid. 

     The influence of Reynolds number on temperature 

distribution is illustrated in figure 5. It is observed that with 

the enhancement of visco-elastic parameter magnitude of non-

Newtonian fluid temperature gradually decreases but the 

increasing effect of Reynolds number Re, modifies the 

magnitude of non-Newtonian fluid temperature which is more 

than that of Newtonian fluid closer to the upper plate.  The 

effect of Prandtl number on temperature distribution is shown 

in figure 6. It is seen that, rising values of Prandtl number 
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slightly slows down the temperature of Newtonian fluid near 

the lower plate but maximum discrepancies has been observed 

near the upper plate. Also, for k=0.1, the maximum effect of 

Prandtl number on fluid temperature is noticed in lower plate 

but when elasticity factor is        , magnitude of visco-

elastic fluid temperature achieved its peak value in the middle 

of the fluid region with the modification of Prandtl number.  

Knowing the velocity field, it is now important to discuss the 

formation of shearing stress or viscous drag on both the 

plates. Figures 7-8 depict that the rise in visco-elasticity 

enhances the strength of viscous drag in both lower and upper 

plates. Also, the strength of Lorentz force accelerate the 

shearing stress generated on lower plate but declines the same 

on upper plate. Reynolds number has an accelerating effect at 

both the plates along with the increasing values of visco-

elastic parameter. Permeability parameter (K) gives the idea 

about the permeability of the porous medium and its effect is 

represented by figures 11 and 12 and we can conclude that 

enhancement of K raises the magnitude of shearing stress for 

both Newtonian as well as non-Newtonian fluid flows in the 

neighborhood of the lower and upper plates.  

The rate of heat transfer or Nusselt number is analyzed 

numerically (Table 2 and 3) for different values of flow 

parameters (Table 1) involved in the solution. The presence of 

visco-elasticity increases the strength of heat transfer at both 

the plates (Case I). Increasing values of Prandtl number 

decreases the thermal diffusivity and hence heat transfer will 

decrease in the neighborhood of lower plate but on the upper 

plate, the effect of Prandtl number seems to be less effective 

as heat transfer increases on the upper plate (Cases I & IV). 

Amplification of Reynolds number has an increasing effect on 

Nusselt number at the upper plate but an opposite pattern is 

noticed at the lower plate for both Newtonian and non-

Newtonian fluids (Cases I & III). Also, with the modification 

of magnetic Parameter, rate of heat transfer for lower plate 

experienced a rising trend while for upper plate a diminished 

in magnitude is identified (Cases I & II) In addition to that, 

influences of Permeability parameter lessen the rate of heat 

transfer in the lower plate but enhance the rate of heat transfer 

in the upper plate for both kind of fluid systems (Cases I &V). 

The rate of mass transfer in terms of Sherwood number is not 

significantly affected by the visco-elastic parameter.  

5. CONCLUSIONS: 

The present investigation leads to the following conclusions: 

 The growth of visco-elastic parameter accelerates the 

speed of non-Newtonian fluid as compared to 

Newtonian fluid. 

 

 Modification of visco-elastic parameter decelerates the 

fluid temperature and the rate of heat transfer is not 

significantly affected through the fluid motion. 

 

 The rate of mass transfer number is not significantly 

affected by the visco-elastic parameter. 

 The  shearing stress  of visco-elastic fluids is more than 

Newtonian fluid against Re, K for Lower as well as 

upper plates but in case of M, the magnitude of shearing 

stress  for Newtonian fluid is higher in the lower 

surface, whereas this magnitude is maximum for visco-

elastic fluids on  the  upper plate. 

 

6. FIGURES & TABLES: 

 

Figure 2: Velocity profile u against y for R= 1, Pr=2, K=2, 

=5, =π/2, Ec= 0.025, Re=1, A=1, U=1           

 

Figure 2: Velocity profile u against y for R= 1, Pr=2, K=2, 

=5, =π/2, Ec= 0.025, Re=1, A=1, U=1          

 

Figure 3: Velocity profile u against y for M= 1, Pr=2, K=2, 

=5, =π/2, Ec= 0.025, Re=1, A=1, U=1          
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     Figure 4: Temperature distribution versus y when Re= 

1, Pr=2, K=2, =5, =π/2, Ec= 0.025, A=1, U=1    

       

Figure 5: Temperature distribution versus y when Pr=2, 

K=2, =5, =π/2, Ec= 0.025, M=1, A=1, U=1    

       

 
 

Figure 6: Temperature distribution versus y when M= 1, 

K=2, =5, =π/2, Ec= 0.025, Re=1, A=1, U=1    

      

 
Figure 7: Shearing Stress at Lower Plate against M for 

Pr=2, K=2, =5, =π/2, Ec= 0.025, Re=1, A=1, U=1    
    1.  

 

Figure 8: Shearing Stress at Upper Plate against M for 

Pr=2, K=2, =5, =π/2, Ec= 0.025, Re=1, A=1, 

U=1    0.001. 

 

 

Figure 9: Shearing Stress at Lower Plate against Re For 

Pr=2, M=1, K=2, =5, =π/2, Ec= 0.025, A=1, U=1    
     . 
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Figure 10: Shearing Stress at Upper Plate against Re For 

Pr=2, M=1, K=2, =5, =π/2, Ec= 0.025, A=1, U=1    

     . 

 
Figure 11: Shearing Stress Lower Plate against K for 

Pr=2, M=1, Re=1, =5, =π/2, Ec= 0.025, A=1, 

U=1          

 

 

 
Figure 12: Shearing Stress at Upper Plate against K for 

Pr=2, M=1, Re=1, =5, =π/2, Ec= 0.025, A=1, 

U=1         . 

 

 

 

 

 

 

 

 

Table 1: Various Cases used to study the problem. 
 

 

 

Table 2: Rate of Heat transfer in terms of Nusselt number 

at lower plate for various values of physical parameters 

with,                          , =5, =π/2. 

 

Cases Nu 

Lower Plate 

k=0 k=0.1 k=0.2 

I -0.0052 0.0015 0.0066 

II 0.0051 0.0137 0.0145 

III -0.0123 -0.0093 -0.0323 

IV -0.0084 -0.0085 -0.0121 

V -0.0057 -0.00047 0.0031 

 

Table 3: Rate of Heat transfer in terms of Nusselt number 

at upper plate for various values of physical parameters 

with,                          , =5, =π/2. 

Cases Nu 

Upper Plate 

k=0 k=0.1 k=0.2 

I 0.1325 0.3218 0.5186 

II -0.0174 0.0833 0.1762 

III 0.1615 0.7431 1.5359 

IV 0.3360 0.4055 0.5680 

V 0.1626 0.3625 0.5700 
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