International Journal of Computer Applications (0975 8887)
Volume 94 - No. 5, May 2014

On wgZ-Closed Sets in Ideal Topological Spaces

R. Santhi

Department of Mathematics,
NGM College, Pollachi-642001,
Tamil Nadu, India.

ABSTRACT

In this paper, we define and investigate the notions of 7gZ-closed
sets and mgZ-open sets in ideal topological spaces. Then, we define
V -sets and A r-sets and discuss the relation between them. Also,
we give characterizations of mgZ-closed sets and wgs-closed sets.
A separation axiom stronger than 77 7-space is defined and various
characterizations are given.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, 7) be a topological space with no separation properties as-
sumed. For a subset A of a topological space (X, ), cl(A) and
int(A) denote the closure and interior of A in (X, 7) respectively.
An ideal Z on a topological space (X, 7) is a nonempty collection
of subsets of X which satisfies: (1) A € Z and B C A implies
BeZ(2)AeZand B €Zimplies AUB €T.

If (X,7)is a topological space and Z is an ideal on X, then
(X, 7,7) is called an ideal topological space or an ideal space.

Let P(X) be the power set of X. Then the operator ()* : P(X) —
P(X) called a local function [6] of A with respect to 7 and Z,
is defined as follows: for A C X, A*(Z,7) = {x € X : UN
A ¢ T for every open set U containing z}. We simply write A*
instead of A*(Z,7) in case there is no confusion. For every ideal
topological space (X, 7,Z) there exists topology 7* finer than T,
generated by 3(Z,7) ={U\ J : U € 7 and J € Z} but in general
B(Z,7) is not always a topology. Additionally cl*(A) = AU A*
defines Kuratowski closure operator for a topology 7* finer than
7. Throughout this paper X denotes the ideal topological space
(X, 7,Z) and also int*(A) denotes the interior of A with respect to
T".

DEFINITION 1. Let (X, 7) be a topological space. A subset A
of X is said to be semi-open [7|] if there exists an open set U in
X such that U C A C cl(U). The complement of a semi-open
set is said to be semi-closed. The collection of all semi-open (resp.
semi-closed) sets in X is denoted by SO(X) (resp. SC(X)). The semi-
closure of A in (X, 7) is denoted by the intersection of all semi-
closed sets containing A and is denoted by scl(A).

DEFINITION 2. For AC X, A, (Z,7)={ze€ X/UNA¢T
for every U € SO(X)} is called the semi-local function [4] of A
with respect to T and T, where SO(X,z) = {U € SO(X) : z €
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U}. We simply write A, instead of A.(Z, T) in this case there is no
ambiguity.

It is given in [1]] that 7*°(Z) is a topology on X, generated by the
sub basis {U — E : U € SO(X) and E € I} or equivalently
7T(Z) = {U C X : d**(X —U) = X — U}. The closure
operator c[** for a topology 7*°(Z) is defined as follows: for A
C X,cl**(A) = AU A, and int™ denotes the interior of the set A
in (X, 7%, 7). Itis known that 7 C 7*(Z) C 7*%(Z). A subset A of
(X, 7,7) is called semi-*-perfect [3] if A = A,. A C (X,7,Z) is
called *-semi dense in-itself [5](resp. semi-x-closed [3]) if A C A.
(resp. A, C A).A subset A of an ideal topological space (X, 7,Z)
is said to be gl-closed [5] if A. C U whenever U is open and
A C U. A subset A of an ideal topological space (X, 7,Z) is said
to be gl-open [J] if X — A is g/-closed. A subset A of an ideal
topological space (X, 7, Z) is said to be Z 4-closed [10] if A* C U
whenever U is m-open and A C U.

A subset A of a space (X, ) is said to be regular open [11] if
A = int(cl(A)) and A is said to be regular closed [L1] if A =
cl(int(A)). Finite union of regular open sets in (X, 7) is 7w-open
[13]] in(X, 7). The complement of a 7-open [13] set in (X, 7) is 7~
closed in (X, 7) A subset A of a space (X, 7) is said to be g-closed
[8] if cI(A) C U whenever A C U and U is open. A subset A of a
space (X, 7) is said to be mgs-closed [2] if scl(A) C U whenever
A C U and U is 7-open.

LEMMA 3. [[)] Let (X, 7,Z) be an ideal topological space
and A, B be subsets of X. Then for the semi-local function the fol-
lowing properties hold:

(a) If A C Bthen A, C B,.

(b) IfU € 7 then U N A, C (U N A).

(c) A, =scl(A.) C scl(A) and A, is semi-closed in X.
(d) (A)). C A..

(e) (AUB),=A,UB.,.

(f) IfZ ={¢}, then A, = scl(A).

2. wgZ- CLOSED SETS

DEFINITION 4. A subset A of an ideal topological space
(X, 7,7) is said to be wgZ-closed if A, C U whenever A C U
and U is m-open.

The complement of wgZ-closed is said to be mgZ-open. The family
of all wgZ-closed( resp. mgZ-open) subsets of a space (X, 7,Z) is
denoted by TGIC(X) (resp. tGIO(X)).



THEOREM 5. In an ideal topological space (X, T,T), the fol-
lowing properties hold:

(a) Every I,q4-closed set is mgZL-closed.
(b) Every gZ-closed set is mgZ-closed.
(c) Every mg-closed set is mgZ-closed.

REMARK 6. Converse of the Theorem P need not be true as
seen from the following example.

EXAMPLE 7. (a) Let X = {a,b,c,d}, ™ = {¢,{d},{a,c},
{a,c,d}, X} and T = {¢,{c},{d},{c,d}}. Then the set A = {a,
c, d} iswgZ-closed but it is not I 4-closed.

(b)Let X = {a, b, ¢, d}, T = {6, {a}, {b}, {a,b}, {b,c}, X} and
Z ={¢,{a}}. Then A = {b} is mgZ-closed but it is not gZ-closed.
(et X = {a b ¢ d e} T = {6{a},{b},{a,b}, c,d},
{a,¢,d},{b,c,d},{a,b,c,d},{b,c,d, e}, X} and T = {¢,{b},
{d},{b,d}}. Then A = {a, b} is wgZ-closed but it is not wg-closed.

THEOREM 8. In an ideal space (X,T,T), the union of two
wgZ-closed set is an wgZ-closed set.

Proof. Suppose that AUB C U and U is m-open in (X, 7,Z), then
A CUand B CU. Since A and B are mgZ-closed. A, C U and
B, C U.ByLemma3] (AUB). C A,UB, CU.Thus AU B is
wgZ-closed.

THEOREM 9. Let (X, 7,7) be an ideal space. If A is wgZ-
closed and B is w-closed in X, then AN B is mgZ-closed.

Proof. Let U be an 7-open set in X containing A N B. Then A C
UU (X — B). So A is mgZ-closed, A, C U U (X — B) and
BnNA, CU ByLemmal3l (ANB),=A,NB,CA.NBCU,
because every m-closed set is closed. This proves A N B is wgZ-
closed.

THEOREM 10. Ler (X, 7,Z) be an ideal space and A be a
wgZ-closed set if and only if cl**(A) — A contains no-nonempty
m-closed set.

Proof. Let A be an wgZ-closed set of (X, 7, 7). Suppose m-closed
set F contained in cl**(A) — A = cl**(A) N (X — A). Since F' C
X —A,wehave A C F and X — F is m-open. Therefore c/**(A) C
X —Fandso F C X — cl**(A). Already we have F' C cl**(A).
Thus F C cl*(A) N (X — cl**(A)) = ¢. Hence cl*$(A) — A
contains no-nonempty mw-closed set.

Conversely, Let A C U and U be a 7-open subset of X such that
A, Z U. This gives A, N (X —U) # ¢ or A, — U # ¢. Moreover,
A, —U=A.N(X-U)ismclosedin X. Since A, —U C A, — A
and A, — A = cl**(A) — A contains nonempty 7-closed set. This
is a contradiction. This proves A is a mgZ-closed set.

THEOREM 11. IfA is an wgZ-closed subset of an ideal space
(X,7,7)and A C B C A,, then B is also wgZ-closed.

Proof. Suppose B C Uand U is m-open. Since A is mgZ-closed
and A C U, A, CU.By Lemma B, C (A,), C A, CUandso
B is mgZ-closed.

THEOREM 12. In an ideal space (X, 7,T), a mgZ-closed and
x-semi dense in-itself is wgs-closed.

Proof. Suppose A is *-semi dense in-itself and wgZ-closed in X.
Let U be any 7-open set containing A. Since A is mgZ-closed, A, C
U and hence by Lemma|[3] scl(A,) C U. Since A is x-semi dense
in-itself, A C A, and hence scl(A) C U whenever A C U. This
proves that A is wgs-closed.
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COROLLARY 13. Let A and B be subsets of an ideal space
(X, 7,Z) such that A C B C A,.If A is mgZ-closed, then A and B
are wgs-closed.

Proof. Since A C B C A, and A is wgZ-closed. By Theorem
[[1]} B is mgZ-closed. Since A C B C A, B, = A.. Therefore
A and B are x-semi dense in-itself. By Theorem[I2] A and B are
mgs-closed.

THEOREM 14. Let (X, 7,7) be an ideal space and A be an
wgZ-closed set. Then the following are equivalent.

(a) A is semi-x-closed set.
(b) cl*3(A) — Ais a w-closed set.
(c) A, — Aisam-closed set.

Proof. (a) = (b). If A is a semi--closed, then c[**(A) — A = ¢
and so cl**(A) — A is w-closed.

(b) = (a). Suppose cl**(A) — A is m-closed. Since A is wgZ-
closed, by Theorem cl**(A)—A = ¢ and so A is semi-*-closed.
(b) <= (c). The proof follows from the fact that cI**(A) — A =

*

THEOREM 15. Let (X, 7,Z) be an ideal space. Then the fol-
lowing are equivalent.

(a) Every subset of (X, 1,T) is mgZ-closed
(b) Every m-open set is semi-x-closed.

Proof. (a) = (b).Suppose every subset of X is mgZ-closed. If
U is m-open then by hypothesis, U is mgZ-closed and so U, C U.
Hence U is semi-*-closed.

(b) = (a).Suppose every m-open set is semi-*-closed. Let A be
a subset. If U is 7-open set such that A C U, then A, C U, C U
and so A is mgZ-closed.

THEOREM 16. Ler (X,7,7) be an ideal space and A be an
wgZ-closed set if and only if AU (X — A,) is wgZ-closed set.

Proof. Suppose that A is an wgZ-closed set. If U is any 7-open set
such that AU(X —A,) CU,then X —U C X —(AU(X —A,)) =
(X —A)NA, = A, — A.Since X — U is m-closed and A is wgZ-
closed. By Theorem[I0] X — U = ¢ and so X=U. Hence X is the
only 7-open set containing AU (X — A,) andso AU (X — A,) is
wgZ-closed.

Conversely, suppose A U (X — A,) is wgZ-closed. Let F be any
m-closed set such that F¥ C A, — A. Since A, — A =X - AU
(X —A,),wehave AU (X — A,) C X — F and X — F'is m-open.
Therefore (AU(X — A,)). = A,U(X —A,). C X — F and hence
FCX—A. ButF C A, — Aimplies F' = ¢. By Theorem 10|
A, — A = cl**(A) — A contains no non-empty m-closed set, hence
A is mgZ-closed.

THEOREM 17. Let (X, 7,T) be an ideal space. Then AU (X —
A.) is mgZ-closed set if and only if A, — A is wgZ-open.

Proof. Since X — (A, — A) = AU (X — A.), the proof follows
immediately.

THEOREM 18. Ler (X, 7,7) be an ideal space. A subset A C
X iswgZ-openifand only if F C int**(A) whenever F is w-closed
and F' C A.

Proof. Let A be an mgZ-open set of (X, 7,7) and F be a w-closed
set contained in A. Then X — A C X — F and hence (X — A), C
X — F. Hence, we have (X —int**(A)) = (X — A) = (X —
A)U (X — A), C X — F. This proves that F' C int*s(A).



Conversely, let F' C int**(A) whenever F' C A and Fis a w-closed
subset of X. Let X — A C V and Vis a w-open set. Then X —V C
Aand X — V is w-closed. By the assumption, X — V' C int*$(A)
andV O X —int**(A) = cl**(X — A) D (X — A),. This proves
that (X — A) is mgZ-closed and A is an wgZ-open subset of X.

THEOREM 19. Inanideal space (X, 7,T),ifA is an wgZ-open
set, then G = X whenever G is w-open and int**(A)U(X — A) C
G.

Proof. Let A be an mgZ-open set. Suppose G is m-open set and
mt*(A)UX —ACG X -G C (X —int*(A)NA=
(X —int**(A)) — (X — A) = cl**(X — A) — (X — A). Since
X — Ais wgZ-closed, by Theorem[I0} X — G = gand so G = X.

THEOREM 20. If A is an wgZ-closed set in an ideal space
(X,7,7), then cl**(A) — A is mgZ-open.

Proof. A is mgZ-closed, by Theorem. ¢ is the only - closed set
contained in c/**(A) — A and so by Theorem [I8] cl**(A) — A is
mgZ-open.

EXAMPLE 21. Let X = {a,b,c,d}, 7 = {¢,{b},{c, d},
{b ¢,d}, X} andT = {¢}. Let A = {b ¢, d}. Then cl**(A) — A

—{b,¢,d} = {a}. Since ¢ is the only w-open set contained in
cl*s (A) - A, by Theorem[I8|cl** (A) — A is wgZ-open but A is not
wgZ-closed.

THEOREM 22. Let (X, T
A is mgZ-open and int*(A)
cl**(A) — Ais mgZ-open.

Proof. Since int**(A) C B C A, we have int**(A) = int*s(B).
Suppose F is - closed and F' C B, then F' C A. Since A is wgZ-
open, by Theorem [I8] F C mt*s(A) = int**(B).So again by
Theorem|[T8] B is mgZ-open.

,T) be an ideal space and A C X. If
C B C A, then B is mgZ-open and

DEFINITION 23. A subset A of an ideal topological space
(X, 7,7) is said to be

(a) a Nz -set if A =
semi-x-perfect set.

(b) a Pz, -setif A=UNYV,where U is am-open and V is a semi-
x-closed set.

U NV, where U is a m-open and V is a

THEOREM 24. A subset A of an ideal space (X, 7,T) isa Nz, -
set and a wgZ-closed set, then A is a semi-x-closed set.

Proof. Let Abe a /\/1S -set and a wgZ-closed set. Since A is a NIS -
set, A = U NV, where U is a m-open and V is a semi-*-perfect
set. Now A =U NV C U and A is a mgZ-closed set implies that
A, CU. Also A=UNYV and V is semi-x-perfect set implies that
A, CV.Thus A, CUNV = A Hence A is a semi-*-closed set.

EXAMPLE 25. Let X = {a,b,c,d}, 7 = {¢,{d},{a,c},
{a,e,d}, X} and T = {6,{c}, {d}, {e,d}}. Set A = {b, c} is
semi-*-closed set which is not Nz -set.

THEOREM 26. A subset A of an ideal space (X, T,T), the fol-
lowing are equivalent.

(a) A is semi-x-closed set.

(b) AisaPr,-set and a mgl-closed set.

Proof. (a) = (b). Let A be a semi-x-closed setand A = X NV,
where X is 7m-open and V is a semi-#-closed set. Hence A is a Pr_-

set. Let U be a open set such that A C U. Then A, C A C U and
hence A is a mgZ-closed set.

International Journal of Computer Applications (0975 8887)
Volume 94 - No. 5, May 2014

(b) = (a). Let A be a Pz_-set and a mgZ-closed set. A =UNYV,
where U is a 7m-open and V is a semi-*-closed set. Now A C U
implies that A, C U, since A is mgZ-closed set. Also A C V, V is
semi-*-closed set implies that A, CV, C V. Thus A, CUNV =
A. Hence A is a semi-*-closed set.

REMARK 27. The notions of Pz, -set and a wgZ-closed set
are independent as shown from the following examples.

EXAMPLE 28. In Example|25| A = {b, ¢, d} is a Pz,-set but
it is not wgZ-closed and A = {a, c} is a a wgZ-closed but it is not
Py, -set.

3. V.ND A,SETS

Let (X, 7) be a space. If B C X. we define BY = | J{F : F C
Band F is w-closed} and B2 = ({U : B C Uand U is m-open}.

THEOREM 29. Let (X, T) be a space. If A and B are subsets of
X, then the following hold.

(a) ¢ = ¢and ¢ = ¢.

(b) X! =X and X = X.

(¢) AL C Aand A C A).

(d) (Ay), = AL

(e) (A7)n = AL

() ACB =AY C BY

(g) ACB=— A, C B,

(h) ALUBY C(AUB)}

(i) ALUBNrC (AUB),

G) (AN B)Y C ALN B

(%) (AN B)) C AL N B

() AL C AYand A) DO A"

A subset B of a space (X, 7,Z) is said to be V-set[9]] (resp. A-set) if
B = BY (resp. B= B")where BY = | {F/F C B,X-F e 1}
and B" = ({U/B C U,U € 7}. A subset B of a space (X, 7) is
said to be V-set if B = BY. A subset B of X is said to be A,-set

if B = BJ. Every m-closed set is a V.-set and every m-open set is
NAr-set.

THEOREM 30. Ler (X, T) be a space and A be a subset of X.
Then the following hold.

(a) IfAisaV -set, then it is a V-set.
(b) IfAis a N\r-set, then it is a \-set.

Proof. (a) Always AY C A. Since A isa V,-set, A = A C AY,
by Theorem Therefore, A = AY and so A is a V-set.

(b) clearly, A C A". Since Aisa A,-set, A = A C A" andso A
is a A-set.

The following Example[3T|shows that a VV-set need not be a V. -set.

EXAMPLE 31. Let X = {a,b,c,d}, 7 = {¢,{a},{b},
{a,b},{a,d},{a,b,d}, X}. Set A = {c, d}. Since A is closed, it
is a V-set. But A). = ¢, since there is no w-closed set contained in
A and so A is not a \/ .-set.

THEOREM 32. Let (X, T) be a space. Then (X —B)» = (X —
BY) for every subset B of X.

Proof. The proof follows from the definition.

COROLLARY 33. Let (X, 7) be a space. Then (X — B)). =
(X — BY) for every subset B of X.



COROLLARY 34. Ler (X, 7) be a space. Then a subset B of
X is V-setif and only if X — B is a \r-set.

REMARK 35. Let (X, 7,Z) be an ideal space. It is clear that
a subset A of X is wgZ-closed if and only if cl**(A) C A

COROLLARY 36. Let A be a Ny-setin (X, 7,T). Then A is
wgZ-closed if and only if A is semi-x-closed.

If Z = ¢, in Remark [35] and Corollary 36} we get the following
corollary 37) which gives characterization of 7gs-closed sets.

COROLLARY 37. Let (X, T) be a space and A C X. Then
the following hold.

(a) Ais mgs-closed if and only if scl(A) C AY.
(b) IfAis a \y-set, then A is wgs-closed if and only if A is semi-
closed.

THEOREM 38. Let (X, 7,Z) be an ideal space and A C X. If
AL is mgZ-closed, then A is also wgZ-closed.

Proof. Suppose that A% is mgZ-closed. If A C U such that U is 7-
open, then A2 C U.Since A’ is mgZ-closed, cl*s(A%) C U. Since
A C A2 it follows that c[**(A) C U and so A is mgZ-closed.

EXAMPLE 39. Consider the same topology in Example |Zrc)
and T = {¢,{d}}. A = {a,b,d} is semi-+-closed and hence wgZ-
closed. A = {a,b,c,d} is w-open but it is not semi-x-closed.
Therefore AL is not an wgZ-closed set.

In an ideal space (X, 7,7), a subset B of X is said to be an Z.A -
set if BY C F whenever B C F and F is semi-*-closed. A subset
B of X is called Z.V ;-setif X — B is an Z.A,-set. Every V -set is
an Z.V, and every A,-set is an Z.A-set. The following Example
@shows that on Z.A-set is not a A -set.

EXAMPLE 40. Let X = {a,b,c,d},7 = {¢,{a}, {b},
{a,b}, {a,d}, {a.b,d}, X} and T = {, {b},{c}, {b,c}}. Let A
= {a, b, c}. Then the only semi-x-closed set containing A is X and
50 Ais an T.N\r-set. Since AL = X, A is not a N\-set.

THEOREM 41. A subset A of an ideal space (X,7,T) is an
I.N r-set if and only if U C AY whenever U C A and U is a
semi-*-open.

Proof. The proof is obvious.

THEOREM 42. Let (X, 7,7) be an ideal space. Then for each
x € X,{x} is either semi-x-open or an L.\ -set.

Proof. Suppose {x} is not semi-x-open for some x € X. Then
X — {x} is not semi--closed set and so the only semi-x-closed set
containing X — {z} is X. Therefore, X — {x} is an Z.A,-set and
hence {x} is an Z.V . -set

THEOREM 43. Let Bbe an Z.V ,-set in (X, 7,T). Then for ev-
ery semi-x-closed set F such that B U (X — B) C F, F=X holds.

Proof. Let B be an Z.V .-set. Suppose F is a semi-*-closed set such
that BY(X —B) C F.Then X — FC X — (B U (X - B)) =
(X — BY) N B. Since B is an Z.V-set and the semi-*-open set
X -FC B,byTheoremeF C BY.Also, X — F C
X — BY. Therefore, X — F C BY N (X — BY) = ¢ and hence F
=X.

COROLLARY 44. Let B be an L.V -set in an ideal space
(X,7,Z). Then BY U (X — B) is semi-*-closed if and only if B is
a \V -set.
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Proof. Let B be an Z.V,-set in (X, 7,Z). If BY U (X — B) is
semi-*-closed, then by Theorem 43| BY U (X — B) = X and so
B C B. Therefore, B = B} which implies that B is a V-set.
Conversely, suppose that B is an V,-set. Then B = BY and so
BY(X — B) = BU(X — B) = X is semi-*-closed.

THEOREM 45. Let B be a subset of an ideal space (X, T,T)
such that BY is semi-x-closed. If X is the only semi-x-closed set
containing BY U (X — B), then B is an L.V .-set.

Proof. Let U be a semi-*-open set contained in B. Since BY is semi-
x-closed, BY U (X — U) is semi-*-closed. Also, BY U (X — B) C
BY U (X — U). By hypothesis, BY U (X — U) = X. Therefore,
U C B which implies by Theorem that B is an Z.V . -set.

DEFINITION 46. Anideal space (X, 7,T) is said to be an w1Tr-
space if every mgZ-closed set is a semi-x-closed set.

THEOREM 47. Inanideal space (X, T,T), the following state-
ments are equivalent.

(a) (X,7,T)is an nTz-space.
(b) Every L.\ -setis a\ -set.
(c) Every L.)\.-setis a /\r-set.

Proof. (a) = (b) If B is an Z.V.-set which is not a V. -set, then
BY ¢ B. So, there exists an element z € B such that z ¢ BY.
Then {x} is not w-closed. Therefore, X — {«} is not 7-open and so
it follows that X — {z} is mgZ-closed. By hypothesis, X — {z} is
semi-*-closed. Since z € Bandz ¢ BY, B/ U (X — B) C X —
{z}. Since X — {x} is semi-+-closed, by Theorem[d3] X — {z} =
X, a contradiction.

(b) = (a) Suppose that there exists an mgZ-closed set B which is
not semi-*-closed. Then, there exists € ¢l**(B) such that z ¢ B.
By Theorem[d2] {x} is either semi-x-open or an Z.V ,-set. If {x} is
semi-*-open, then {z} N B = ¢ is a contradiction to the fact that
x € cl**(B). If {x} is an Z.V.-set, then {x} is a V-set and hence
it follows that {x} is m-closed. Since B C X — {z}, X — {z} is
m-open and B is wgZ-closed, cl**(B) C X — {x}, a contradiction
to the fact that x € ¢l**(B). Therefore, (X, 7,7) is an mT7-space.
(b) < (c) The proof follows from the definition of an Z.V .-set
and from Corollary[34]

THEOREM 48. Anideal space (X, T,T) is an wTxr-space if and
only if every singleton set in X is either semi-x-open or m-closed.

Proof. If x € X such that {x}is not m-closed, then X — {z} is
not 7-open and so it follows that X — {z} is mgZ-closed. By hy-
pothesis, X — {x} is semi-*-closed and so {x} is semi-*-open.
Conversely, let A be an mgZ-closed set and = € ¢l**(A). Consider
the following two cases:

Case (i): Suppose {x} is m-closed. Since A is mgZ-closed, by The-
orem |10} cl**(A) — A does not contain a non-empty w-closed set
which implies that z ¢ cl*$(A) — Aand so z € A.

Case (ii): Suppose {x} is semi-*-open. Then {z} N A # ¢ and so
x €A

Thus in both cases z € A. Therefore, A = ¢l**(A) which implies
that A is semi-*-closed. So (X, 7,Z) is an w17 -space.
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