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ABSTRACT

A co-complete bipartite graph is a bipartite graph G =
(V1, Va, E) such that for any two vertices u,v € V;, i = 1,2,
there exists P53 containing them. A co-complete k-partite graph
G = (W, Va,.., Vi, E), k > 2is a graph with smallest number
k of disjoint parts in which any pair of vertices in the same part are
at distance two. The number of parts in co-complete k-partite graph
G is denoted by k(). In this paper, we initiate a study of this class
in graphs and we obtain a characterization for such graphs. Each set
in the partition has subpartitions such that each set in the subparti-
tion induces K1 or any two vertices in this subpartition are joined
by Ps and this result has significance in providing a stable network.
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1. INTRODUCTION

By a graph G = (V, E'), we mean a finite, undirected graph with-
out loops or multiple edges. For any graph G, let V(G) and E(G)
denote the vertex set and the edge set of G, respectively. The ver-
tices and edges of a graph are called its elements. Two elements
of a graph are neighbors if they are either incident or adjacent. For
graph theoretic terminology, we refer to [5].

In the theory of graphs, the friendship theorem [4] given below has
a greater significance.

Theorem 1.1 (Friendship Theorem). Given a group of people, if
each pair of individuals has a unique common friend, then there is
an individual in the group who is a friend of everyone in the group.

Graph theoretically the friendship theorem in stated as below.

Theorem 1.2. A graph G, in which between each pair of
vertices there exists a unique path of length two, has a vertex v
adjacent with all the remaining vertices in the graph.

The study of existence of such a vertex v, as in the above theo-
rem, in a graph or in a component of a graph, has importance and
has applications in the theory of networks and communications [4].
Understandably, the vertex v is very important in having contact
with the remaining vertices but, at the same time the removal of the
vertex v shall cause disconnectedness of the graph. So, a network
with dependency on such vertices for communication may be quite
vulnerable.

A graph G is called m-partite if the set of all its vertices can
be partitioned into m subsets Vi, Vs, ..., V,,, in such a way that
any edge of graph G connects vertices from different subsets. The
terms bipartite graph and tripartite graph are used to describe m-
partite graphs for m equal to 2 and 3, respectively. A m-partite
graph is called complete if any vertex v € V is adjacent to all
vertices not belonging to the same partition as v. The symbol
K(ni,na,...,ny,) is used to describe a complete m-partite graph,
with partition sizes equal to |V;| = n; fori = 1,2, ..., m. More-
over if n; = 1 for all values of 7, then the complete m-partite graph
is denoted as K, [6].

A set of vertices in G is independent if no two of them are ad-
jacent. The largest number of vertices in such a set is called the
vertex independence number of G and is denoted by 3o (G) or S3y.
Analogously, an independent set of edges of G has no two of its
edges adjacent and the maximum cardinality of such a set is the
edge independence number 31 (G) or S;.

A r-coloring of a graph G is a vertex coloring of G that uses at
most 7 colors. The smallest number 7 for which there exists a -
coloring of graph G is called the chromatic number of graph G and
is denoted by x(G). Such a graph G is called r-chromatic. Anal-
ogously, a graph G for which there exists an edge-coloring which
requires 7 colors is called r-edge colorable, while such a coloring
is called a r-edge coloring. The smallest number r for which there
exists a r-edge-coloring of graph G is called the chromatic index
of graph G and is denoted by x'(G) [6].

Definition 1.3[7]. A co-complete bipartite graph is a bipartite graph
G = (V1, Vo, E) such that for any two vertices u,v € V;,7 = 1,2
there exists P containing them.

Since in this paper, we are interested in a graph having partition of
set of vertices such that any pair of vertices in the same set contains
Ps5, we call the above co-complete bipartite graph as co-complete



2-partite graph. From this definition, we generalize the partition
of set of vertices into k-partite graph. Analogous to co-complete
2-partite graph, we shall now define co-complete k-partite graph
in the following.

Definition 1.4. A co-complete Fk-partite graph G =
(V1,Va, ..., Vi, E), k > 2 is a graph with smallest number k
of disjoint parts in which any pair of vertices in the same part are at
distance two. The number of parts in co-complete k-partite graph
G is denoted by k(G).

In this paper, we initiate a study of this class in graphs and we
obtain a characterization for such graphs.

For example, the following graph is co-complete 4-partite graph.
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Figure 1

Remark 1.5. A graph G is a co-complete 2-partite graph if and
only if G is co-complete bipartite graph.
We need the following theorem to prove some main results.

Theorem 1.6[3]. If G = C,, is a cycle graph, then

2, if nis even;
X(G) = { 3. ifn is odd .

2. PRELIMINARY RESULTS

The relation between the co-complete k-partite graph G and the
chromatic number x of a graph G is x(G) < k(G).

THEOREM 1. Let G be a graph such that x(G) = r. Then G
is a co-complete r-partite graph if and only if any pair of vertices
in the same part in G are at distance two.

PROOF. Let G be a graph such that x(G) = r. By the definition
of chromatic number, r is the smallest number such that there exists
a r- coloring of a graph G, so that r is the smallest size of partition
of color classes of G. If any pair of vertices in the same part in G
are at distance two, then by the definition of co-complete k-partite
graph, G is co-complete r-partite graph.

Conversely, let G be a graph such that x(G) = r. Suppose that
G is a co-complete r-partite graph, it follows that x(G) = k(G).
Thus any pair of vertices in the same part of G are at distance two.
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In the following, we proceed to compute k(G) for some standard
graphs.

PROPOSITION 1. For any complete m-partite graph
K(nh N2, ..ey nm); k(K(nh na, ..., nm)) =m.

The converse of Proposition 1 need not be true, is as shown in Fig
1.

PROPOSITION 2. For any complete graph K,,, k(K,) = n.

THEOREM 2. For any cycle graph C.,, if n < 6, then k(C,,) <
3andifn > 7, then

{ [5], n=1(mod?2);
EC,) =4 2, n =0 (mod 4);
2 41, n=2(mod4).

PROOF. For n = 3,4, 5,6, options of a co-complete k-partite
graph of C,, are as shown in Fig. 2.
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Further, let V(C,,) = {v1,v2,...,v,}, n > 7 and let P be a collec-
tion of disjoint parts of vertices of a co-complete k-partite graph.
We consider the following cases.

Case 1: n is odd. We consider the following subcases.

Subcase 1.1 : n = 1 (mod 4). Then
P={{vj,viq2}:i=2s4+1,5=0,2,..., 52} U {{vs, vi42} :
1=2s,s=1,3,..., "7_3} U {v,}.

Subcase 1.2 : n = 3 (mod 4). Then

P = {{'Ui,’l)i+2} ti=2s+ 178 = 0527 aS) nT_3} U {{viyvi+2} :
1=2s,s=1,3,..., ”;“‘} U{vn-1}

Therefore from the above subcases, there are "T’l parts, each hav-
ing two vertices and one part with one vertex. Hence the number of
parts of odd cycle is 25 +1 = [2].

Case 2 : n is even. We consider the following subcases.

Subcase 2.1 : n = 0 (mod 4). Then
P={{vi,viq2}:i=2s+1,5=10,2,..., 52} U {{vs,vi42} :
1 = 23,.5 =13, .., "7_2} Hence there are 7 parts each having
two vertices.

Subcase 2.2 : n = 2 (mod 4). Then

P = {{vi,viga} 1 i =25+ 1,5 = 0,2,..., 2% U {v, 1} U
{{vi,viga} 11 = 25,5 = 1,3, ..., %5 } U {v,, }. Therefore, there
are ”;2 parts, each having two vertices and two parts, each having

one vertex. Hence the number of parts in this case is "T’Q +2 =




{ [5], n=1(mod?2);
E(Cn) =1 3, n =0 (mod 4);

PROPOSITION 3. For any path P,,

[2], n=1(mod2);
kE(P,) =< %, n =0 (mod 4);
241, n=2(mod4).

PROOF. Proof follows by Theorem 2. [0

THEOREM 3. For any wheel W ,,,

) 3, ifniseven;
k(Win) = { 4, ifnis odd.

PROOF. Proof follows by Theorem 1.6 and Theorem 2. [

PROPOSITION 4. For a generalized wheel graph W, ,,,

) 3, ifniseven;
k(W) = { 4 ifnis odd

THEOREM 4. Let G be a graph of order 3. Then G is connected
co-complete tripartite graph if and only if G is triangle.

THEOREM 5. Let G be a graph of order n. Then G is co-
complete n-partite graph if and only if G is one of the following
graphs: K,,, K,, or UK, U?Sj], 0<r, <n 0<s; <nand
S(ri+s;) =n.

PROOF. Let G = (V| E) be a graph of order n. Suppose that

G is a co-complete n-partite graph. Then any part of G contains
single vertex, so that any two vertices of any different parts are not
at distance two. Therefore any two vertices in the different parts are
either adjacent or they are not connected by any path. Thus G is one
of the following graphs: K,,, K,, or UK,, U Ksj}, 0<r <mn,
0<s;<mnand) (r; +s;) =n.
Conversely, let G be a graph of order n and suppose that GG is one
of the following graphs: K,,, K, or UK, U st}, 0<r; <n,
0 <s; <nand ) (r; + s;) = n. Then any two vertices in G are
either adjacent or they are not connected by any path. So, there are
no two vertices in G at distance two. Therefore by the definition of
co-complete k-partite graph, G is a co-complete n-partite graph.

O

THEOREM 6. IfG = K,, — F, where F is a set of independent
edges in G, then G is a co-complete (n. — |F'|)-partite graph.

In fact, since (3; is the edge independence number of GG, we have
the co-complete (n — [ )-partite graph obtained by deleting maxi-
mum independent edges of the complete graph as in the following
theorem.

THEOREM 7. If G = K, — F, where F' is set of maximum
number of independent edges in G, then G is a co-complete (n —
(B1)-partite graph.

A balanced k-partite graph is a k-partite graph in which all k sets

contain the same number of vertices. We have the following theo-
rem.
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THEOREM 8. Let G = (V1,Va, ..., Vi, E) be a balanced k-
partite graph with |V;| = n, i = 1,2, ..., k such that 5(G) > [E].
Then G is a co-complete k-partite graph.

Next result show that a connected spanning subgraph of a complete
k-partite graph K (ni,na,...,ng), n; > 2, foreachi < kis a
co-complete k-partite graph.

THEOREM 9. Let G = K(ny,na,...,ng), n; > 2 for each
i < k be a complete k-partite graph and let S C E(G) such
that |S| < k and n; > 2, for each i < k. Then every connected
spanning subgraph G — S is a co-complete r-partite graph, r < k.

We observe that, the condition n; > 2 of Theorem 9 is necessary
for any non balanced complete k-partite graph having at least one
part containing single vertex. Because there may be a connected
spanning subgraph H of a complete k-partite graph such that H is
not co-complete k-partite graph as shown in Fig. 3.
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Fig. 3.

In fact, any connected spanning subgraph of a balanced complete k-
partite graph satisfying the condition of Theorem 8 is a co-complete
k-partite graph, as in the following theorem.

THEOREM 10. Let K (ny,na,...,ny) be a balanced complete
k-partite graph and let H(ny,na, ...,y ) be a connected spanning
subgraph of K (ny,na, ...,ni) such that §(H) > [E2]. Then H is
a co-complete k-partite graph.

THEOREM 11. Let G = (V1,Va,..., Vi, E) be a k-partite
graph such that |V;| > 3 for all i < k. If the subgraph H =
(Vi — v, Vo — 03y, ., Ve — 05, &) in G is a co-complete k-
partite graph for each v;; € V; and for each j, j < k, then Gisa
co-complete k-partite graph.

DEFINITION 12. A k-partite graph G = (V1,Va,..., Vi, E)
which is not co-complete k-partite graph is said to be almost co-
complete k-partite graph if and only if there exists exactly one
i such that V;; C V; C V(G) and H(Vy,Va,...,Vi_1,V; —
ViisViys Viga, .., Vi, E) is co-complete (k + 1)-partite graph.

The almost co-complete k-partite graph G is as shown in Fig. 4.
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Fig.4.

THEOREM 13. Let G = (V1,Va,..., Vi, E) be a k-partite
graph with smallest number k. Then G is almost co-complete k-
partite graph if and only if there exists exactly one i such that
Vi, € Vi € V(G) and d(u;y,vi,) = 2, for any u;,,v;, € Vi,
and if N(u;) N N(v;) € Vi, for any uj,v; € V;, j # i, then
H= (V(G)-V;,E), E' C Eis aco-complete k-partite graph.

DEFINITION 14. Let G be a co-complete k-partite graph. A
vertex v of G is said to be critical vertex if G — v is co-complete
(k — 1)-partite graph. A graph G is called a critical co-complete
k-partite graph if and only if every vertex of G is a critical vertex.

We note that, a complete graph and its complement both are criti-
cal co-complete k-partite graphs. In fact, if G is a co-complete k-
partite graph such that every part in GG contains single vertex, then
G is a critical co-complete k-partite graph.

PROPOSITION 5. Let G = K(n,n,...,n) be a balanced com-

plete m-partite graph. Then G is critical co-complete nm-partite
graph.

Analogous to the friendship theorem, we have the following theo-
rem with reference to the co-complete bipartite graph.

THEOREM 15. Given a group of people. Then there exist two
factions such that either none of them are friends or any two indi-
viduals from the same faction have at least one common friend and
any two individuals from different factions are either friends or the
friend of one individual is not friend with other.

3. SOME CHARACTERIZATIONS

In this section, a characterization of a co-complete k-partite graph
is given.

THEOREM 16. A graph G is a co-complete k-partite graph if
and only if the vertex set V of G can be partitioned into parts
Vi, Va, ..., Vi, such that (V;) is either K, or each pair of vertices of
V; are at distance two and for each i # j, there exist two vertices
v € V; and u € V; such that d(v,u) # 2.

PROOF. Let G = (V1, Va, ..., Vi, E) be a graph. Suppose that
(V;) is either K or each pair of vertices of V; are at distance two
and for each 7 # j, there exist two vertices v € V; and u € V; such
that d(v,u) # 2. It follows that for any u,w € V;, there exists
v € Vj such that (u,v,w) is a path. Since for each ¢ # j, there
exist two vertices v € V; and u € V; such that d(v,u) # 2, k is
minimum number. Therefore G is a co-complete k-partite graph.
Conversely, suppose that G = (V1, V4, ..., Vi, E) is a co-complete
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k-partite graph, then G is with minimum number of parts such that
V; = {u}, for some 4, i < k, or for any u,v € V;, there exists
w €V}, j # i such that (u,w, v) is a path. Therefore each part V;
induces either K; or each pair of vertices of V; are at distance two
and for each ¢ # j, there exist two vertices v € V; and u € V; such
that d(v,u) #2. DO

4. CONCLUSION

The concept of a co-complete k-partite graph can be extended to
other graph valued functions, namely, co-complete k-partite line
graph, co-complete k-partite middle graph, co-complete k-partite
total graph, etc.
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