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ABSTRACT

The aim of paper is to prove a weak convergenceresult for
finding a common of the set of fixed points of a nonexpansive
mapping and the set of solutions of a variational inequality
problem for a monotone, Lipschitz continuous mapping.
Using an example in C++, validity of the result will be
proved. Also, we shall find a common element of the set of
fixed points of a nonexpansive mapping and the set of zeros
of a monotone, Lipschitz continuous mapping.
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1. INTRODUCTION
Let H be a real Hilbert space with inner product (.,.) and
norm || . || , respectively. Let C be a closed convex subset of H.
The variational inequality problem is to find u € C such that <
Au,v-u>>0, vV veC.

The set of solutions of variational inequality problem VI(C,
A) is denoted by Q. The variational inequality problem has
been extensively studied in literature, see, for example,[1, 2,
5, 10] and references therein.

Definitions. Let A: C — H be a mapping of C into H. A is
called monotone if

<Au- Av,u-v>>0 V u,veC.

A is called a-inverse-strongly-monotone [1, 5, 9] if there
exists a positive real number o such that

<Au-Av,u-v>>af|Au-Av ||? Vv uveC.

It is easy to see that an a-inverse-strongly mapping A is
monotone and Lipschitz continuous but converse is not true.
A mapping S : C—C is called non-expansive [10-11] if

||Su—SV ||§||u—v|| vV uveC.

We denote by F(S) the set of fixed points of S. A mapping S :
C— C is called Lipschitz continuous if there exists a real
number L > 0 such that " Su — Sv || <L ||u -V " v
u,veC.

Takahashi and Toyoda [12] introduced the following iterative
scheme for finding a common element of the set of fixed
points of a nonexpansive mapping and the set of solutions of
the variational inequality problem for an a-inverse-strongly-
monotone mapping in a real Hilbert space.

Theorem 1.1. [12] Let C be a closed convex subset of a real
Hilbert space H. Let A be an a-inverse-strongly-monotone
mapping of C into H and let S be a nonexpansive mapping of
C into itself such that F (S) N VI(C, A) # ¢. Let {x,} be a
sequence generated by Xo =X € C,  Xps1 = 00X,y + (1-0,)S
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Pc(Xn - MAXy), (1.1) for everyn=0,1,2,........ where {A.}
c [a,b] for some a,b € (0, 20) and {a,} < [c,d] for some c,d €
(0,1). Then, the sequence {x,} converges weakly to some
pOint Z€ F(S) N VI(C,A), Where, z= limnaw PF(S)ﬁVI(C, AXn:
Further liduka and Takahashi [4], introduced an iterative
scheme to find a common element of the set of fixed points of
a nonexpansive mapping and the set of solutions of the
variational inequality for an inverse-strongly-monotone
mapping in a Hilbert space.

Theorem 1.2. [4] Let C be a closed convex subset of a real
Hilbert space H. Let A be an a-inverse-strongly-monotone
mapping of C into H and let S be a nonexpansive mapping of
C into itself such that F (S) N VI(C,A) # ¢. Suppose x; = X €
C and let {x,} be a sequence generated by

Xne1 = Pe(onX + (1-0)SP (X - AnAXp)), (1.2)

foreveryn=1,2,........ where {a,} is a sequence in [0, 1) and
{\n} is a sequence in [0, 2a]. If {o,} and {A,} are chosen so
that {\,} c [a,b] for some a, b with 0 <a <b <2a,

o0 o0

M. o = 0, D, =0 . Y |a,. —a,
n=1 n=1

o0

2.

n=1

Then {x,} converges strongly to Pgs)nvicc, X

<o

Ay =4

n+1~ “n <™

Motivated by above results, we shall prove the weak
convergence theorem for finding a common element of the set
of fixed points of a nonexpansive mapping and the set of
solutions of the variational inequality problem for a monotone
and Lipschitz continuous mapping in a real Hilbert space.
Also we shall give a numerical example to show the existence
of solution. Further, we consider the problem of finding a
common element of the set of fixed points of a nonexpansive
mapping and the set of zeros of a monotone and Lipschitz
continuous mapping.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product <., . > and
norm ||.||. Let C be a closed convex subset of H. We shall
write X,— x to indicate that the sequence {x,} converges
weakly to x. x,— x implies that {x,} converges strongly to x.
It is well known that for any x € H, there exists a unique
nearest point in C, such that

"u— ch”: inf{ "u - y" :yeC}

Pc is called the metric projection of H onto C.
Pc is characterized by the properties:

PcxeC,
<X-PeX,y-Pcx><0,forallxeH,yeC,
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||x— y||2 2” x- Pex ||2+ || y - chllz,for all xe H, yeC.
The metric projection P¢ of H onto C satisfies

<X -y, PcX-Pey>> || Pex - Pey || 2, for every x,y € H,

Let A be a monotone mapping of C into H. In the context of
the variational inequality problem, it is easy to see that u € Q
<> u=Pc;(u-)XAu), foranyi

It is known that H satisfies the Opial condition [7] that is, for
any sequence {x,} with x,—x, the inequality, lim,_, inf || x,-
x|| <lim, . inf||x, - y|| holds for every y € H with y # x.
We also know that, if {x,} is sequence of H with x, = x and
|| Xn || — || X || , then there holds that x,, — x.

A set valued mapping T : H — 2" is called monotone if for all
xyeH, feTxandgeTyimply<x-y, f-g>>0.A
monotone mapping T: H—2" is maximal if its graph G(T) is
not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping T is maximal
if and only if for (x, f) e Hx H, <x -y, f— g > >0 for every
(y, 9) € G(T) implies f e Tx.

Let A : C— H be a monotone, k — Lipschitz continuous
mapping and NV be the normal cone to C at v € C, that is Ncv
={weH:<v-u,w>>0,VueC}

Av+Ny, ifveC
9, ifveC

Define, Tv =

Then, T is maximal monotone [8-9] and 0 € Tv if and only if v
e VI(C,A).

Now we give some lemmas, which will be used in the proof
of result.

Lemma 2.1 [6] Let C be a closed convex subset of a real
Hilbert space H. Let S be a nonexpansive mapping of C into
itself such that F (S) # ¢. Then F(S) = F(PcS).

Lemma 2.2. [12] Let H be a real Hilbert space and let D be a
non empty closed convex subset of H. Let {x,} be a sequence
in H. Suppose that, for all u € D,

s~ ull = 1o u]l

for every n = 0,1,2,......... Then, the sequence {PpX,}
converges strongly to some z € D.

Lemma 2.3. [3] Let H be a real Hilbert space, C be a
nonempty closed convex subset of H and T: C — H be a
nonexpansive mapping. Then, the mapping I—- T s
demiclosed on C, where I is the identity mapping; that is, x,
—~xinEand (I -T)x, = yimplythatxe Cand (I -T)x=

y.
3. MAIN RESULT

Now, we prove a weak convergence theorem for a
nonexpansive mapping and a monotone mapping.

Theorem 3.1. Let C be a closed convex subset of a real
Hilbert space H. Let A be a monotone k-Lipschitz continuous
mapping of C into H and let S be a nonexpansive mapping of
C into itself such that F (S) N VI(C,A) # ¢. Let {x,} be
sequence generated by X=X € C,

Xn+1 = Pe(onXn + (L - an)SPc(Xq - ApAXy)), (3.1.1)
for every n = 0,1,2,........ where {A,} < [a,b] for some a,b €
(0, 20) and {a,} < [c,d] for some c¢,d € (0,1). If {a.} and {\,}
satisfy the following conditions:
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o0
lim,... oy =0, lim,_., 2, =0, )
n=1
sequence {x,} converges weakly to some point z €
F(S)NVI(C,A), where, z = lim,_,, Prs)nvie, ayXn-

At —/1n| <00 then, the

Proof. Let y,= Pc(Xy- Ay AXy) for everyn=0,1,2,3,............
Let u € F(S)NVI(C,A).

Now,

Iy wll <l o 20 Ao | % | X0 20 AXa -y |2

= [xn-ull ] 20A% - 2 20 x40 U, Axy> - [|x0- v ]
A A || + 2 A< X = Yoy AX >

=[[x0- ull % Yall*+ 2 20< Xo - Yo X+ U, AXy >
=[x wlllIxa- yall* + 2 20< Axy u -y >

=1 %0- ul| %[ X0 - Yal|?+ 2 Aa(< AXy- Au, U - X, > + < Au, U -
Xn>+<AXn1 Xn'yn>)

<[lxa- ull?-{|%0- Yal|?+ 2< Mg, Xq- Yo >

:”Xn'ullz' "Xn'yn”2+2< Xn+}\'nAXn'ynv Xn=Yn>+ <Yn-
Xn, Xn'yn>

<[l xa-ull®-xa- yall?~ 1x0- vall®
=[[xn-ull*- 2] x0- yal|®

S" Xp-U || 2 for everyn=0,1,2, ..... 1)
Now, using (1), we obtain,

l[xnes - u|®

= [[Pc(@nxa + (1- ap)Syn) - PeSul|?

Il (oo + (2- 0)Sys) - Sul|?

[| ot X — u) + (1- @) (Syn — Sw) ||?

= [lon(xa =) + (1- an)(yn — w)[|?

< anf| 0= u [ *+(1- o) [y~ u|?

< anf|xn-u [+ (@ o[l x0- ul]?- 2] x0- ya 1)

<[l % 1% 2(2- o) | %0 - Ya|? @)

< [[x-ul®

IA

S0, [[xwa-ufl< [[xa-ul]

So, there exists ¢ = lim,_.., ||, - uland hence the sequences
{xn}, {yn} are bounded. From equation (2),

201- o) - Yoll < - ull? - - u?

Since, lim,_, || x,- ul|?=lim,_.. || xps1 - u|®

So we obtain, X,-y,— 0.

Since A is lipschitz continuous, so Ax, - Ay, — 0.

Now,

Iy = Yoall < [IPc(0 — 2AXo) - Pe(Xn1 — Ao ||

< [l xn = A0 - (Xns — Ans Ao ||

= || %0 = Xn1) = A% — A1 Ao ) ||

= || (%0 — Xn1) = AXn — A1+ MAXp g = Ay 1A% ||
< [0 =X [| +2all Ay = Axqa || + [ A0 A | || Axoa ]|
< M) [ G = Xen) [| + [ R0 Ao || A |
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Using the given conditions, we obtain,
” Yn—Yn1 " < " (X — Xp-1) ” . (3)
Since,

||Xn+l - Xn” < ||Xn+1 - yn" + ”yn - Xn” — 0asn — o, 50 (3)
implies,

||yn7yn_l|| — 0asn— oo, 4)
Now, using (4) and given conditions:

%0 - PeSyall < | %0 - PeSYnall+ [| PeSyns - PeSya|

< Op1 || Xn1 - SYn1 || + || Yn1-Yn || — 0asn— oo,

Also, ||yn - PcSyn || < || Xp - PcSyn ||+ " Vi - Xn " —0asn—
5

o0,

As {x,} is bounded, we have that a subsequence {X, } of

{x,} that converges weakly to z. Then, we shall prove that z €
F(S) N VI(C,A).

Firstly, we shall show that z € VI(C,A).

Since X,- Yy, — 0, we have, yni — 7. Let
Av+Ny, ifveC
0, ifveC

Then T is maximal monotone. Let (v, w) € G(T). Since w -
Av € Nev and y, € C, so we get

Tv =

<V-y, W-Av>2>0.
On the other hand, from y,, = Pc(X;-AAX,), We have that

< Xpn- MAXp- Yo Yn- V>2>0 and hence, <V - Y,, (Yn- Xp)/Ay +
AXx,>=>0.

Therefore, we have

<v-Yy, ,w>2<v-yn’,Av>

2<v-Y, JAV>-<v- Yo, ,(yni-xn’_)/},n[ +tAX, >
:<v-ynl_,Av-Ax,,i-(ym-xni)//in[ >
:<V'yn,.vAV'Ayn,>+<V'yn,’Ayn,- -AX,>-<v-
Voo (V= X, WA, >

2V Yo AV, cAX, > -<V-y (Y, - X, ) Ay >,

Hence we get, <v -z, w>>0, asi— o,

Since T is maximal monotone, we have z € T0 and hence z ¢
VI(C,A).

Next we shall show that z € F(PcS).

Since yni — z and ||yn - PCSyn” — 0 as n — oo, so by

demiclosedness of | — S, we get z € F(PcS).
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By using Lemma 2.1, we obtain z € F(S).

Let {an } be another subsequence of {x,}, such that { an

}— 7’. Then, z’¢ F(S)NVI(C,A). Let us show that z = z’.
Assume that z # z’. From the Opial condition, we have

lim,_,. " Xn - z"

= lim;_.,. inf || X,, - z|
<lim;_., inf || X, -7 I

= lim,_,, ||xn -z || =lim; _, inf || an -z || < lim; inf”
an - z": lim,_,, "Xn- z”

This is a contradiction. Thus we have z = z’. This implies,
X,— Z € F(S) N VI(C,A).

Now, put U, = Pgs) n vicc,a%n:

We show that z = lim,_,., Up.

From, U= PF(S)HVI(C,A)XH and z € F(S) n VI(C,A), we haVe, <z
- Uy, Uy- X, >>0.

By lemma 2.2, {u,} converges strongly to some z, € F(S) N
VI(C,A).

Then, we have, <z -z, zg—z>>0.
And hence z = z,.

Remark. We know that every inverse-strongly-monotone
mapping is monotone and Lipschitz continuous, but converse
is not true. So our result is the generalization of Theorem 1.1
given by Takahashi and Toyoda [12] and Theorem 1.2 given
by liduka and Takahashi [4].

4. NUMERICAL EXAMPLE

Now we prove the validity of our main result with the help of
a numerical example and a program in C++.

Example 4.1. Let H = R be a real Hilbert space with usual
inner product defined on R. Let C = [0, 1] be a closed convex
2

subset of H. Let Ax =

be a monotone, Lipschitz-

1+X
- . . X
continuous mapping of C into H and let Sx = E be a
nonexpansive mapping of C into itself. Let {a,} = {A} =

1 be two sequences satisfying the conditions of theorem
n+

3.1

Now using the iterative scheme (3.1.1), we obtain the
following data given in table 4.1. when initial approximation
is taken as xo = 0.1.

44



International Journal of Computer Applications (0975 — 8887)

Volume 91 — No.8, April 2014

Table 4.1
n Xn+1 an I:>C(Xn - AnAXn)
0 0.1 0.05 0.1
1 0.045455 0.045455 0.090909
3 0.022727 0.022727 0.045455
98 2.868585e-31 2.868585e-31 5.73717e-31
99 1.434293e-31 1.434293e-31 2.868585e-31
100 7.171463e-32 7.171463e-32 1.434293e-31
279 9.359196e-86 9.359196e-86 1.871839¢-85
280 4.679598e-86 4.679598¢e-86 9.359196e-86
770 1.463897e-233 1.463897e-233 2.927795e-233
771 7.319487e-234 7.319487e-234 1.463897e-233
1071 4.940656e-324 4.940656e-324 9.881313e-324
1072 0 0 4.940656e-324
1073 0 0 0
1074 0 0 0

Thus we see that the sequence {x,} converges to z = 0, which
is a fixed point of S as well as a solution of variational
inequality problem.

5. APPLICATION

Theorem: Let H be a real Hilbert space. Let A be a monotone
k-Lipschitz continuous mapping of H into itself and let S be a
nonexpansive mapping of H into itself such that F (S) N A™0
# ¢. Let {x,} be a sequence generated by Xxo=x € H and let

X1 = Pe(anXn+ (L - 0p)S(Xn - AAXp)),

for every n = 0,1,2,........ where {A,} c [a,b] for some a,b €
(0, 1/k) and {a,} < [c,d] for some c,d € (0,1). Then, the
sequence {x,} converges weakly to some point z € F(S) N A
'0, where, z = lim, . Py n a™ oXn-

Proof. We have A0 = VI(H,A) and Py =I. By Theorem 3.1,
we obtain the desired result.

Remark. Notice that F(S) N A0 < VI(F(S),A). See Yamada
[13] for the case when A is strongly monotone and Lipschitz
continuous mapping of H into itself.
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