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ABSTRACT

The aim of this paper is to establish some coupled fixed point
theorems in G-metric spaces using (¢,%)) contractions for a
mapping F' : X X X — X. The result of this paper is conversion
of the result of Phakdi Charoensawan [5] into G-metric space.
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1. INTRODUCTION

Banach contraction principle is one of the core subject that has
been studied. One of the remarkable generalizations, known as ¢-
contraction, was given by Boyd and Wong [2] in 1969. In 2006,
Gnana-Bhaskar and Lakshmikantham [6] introduced the notion
of coupled fixed point and proved some fixed point theorems
under certain conditions. After this many author worked on
coupled fixed point theorems and gave very useful results in the
arena of fixed point theory. Mustafa and Sims [8]] introduced the
notion of generalized metric space or simply G-metric space as a
generalization of the concept of metric space.

2. PRELIMINARIES

DEFINITION 2.1 [8]]. Let X be a nonempty set, and let G :
X x X x X — R™, be a function satisfying:

(Gl) G(z,y,2) =0ifr=y==z

(G2) 0 < G(z,z,y), forall z,y € X; withx # y,

(G3) G(z,z,y) < G(zx,y, 2),
forall z,y,z € X withz # y,

(G4) G(z,y,2) =G(z,2,y) = Gy, z,z) = ...
(symmetry in all three variables), and

(GS) G(z,y,2) < G(z,a,a) + G(a,y, z), for all
z,Y, 2,0 € X, (rectangle inequality),

then the function G is called a generalized metric, or, more
specifically a G-metric on X, and the pair (X, G) is a G-metric
space.
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DEFINITION 2.2 [8l. A G-metric space (X, G) is symmetric if
(G6) G(z,y,y) = Gz, z,y), forall z,y € X.

DEFINITION 2.3 [6ll. An element (z,y) € X x X is said to be
a coupled fixed point of the mapping F': X x X — X if

F(z,y) =z and F(y,z)=y.

DEFINITION 2.4. Let (X,G) be a G-metric space and F :
X x X — X be a given mapping. Let M be a nonempty subset of
X*. We say that M is an F-invariant subset of X* if and only if,

forall z,y,u,v € X, (z,y,u,v) € M
:> (F(a;? y)7F(y7 x)7F(u7 v)7F(U’u)) E M'

DEFINITION 2.5. Let (X, G) be a G-metric space and M be a
subset of X*. We say that M satisfies the transitive property if and

only if,
forall z,y,u,v,a,b € X,

(z,y,u,v) € M and (u,v,a,b) € M = (z,y,a,b) € M.

DEFINITION 2.6 [6]]. Let (X, <) be a partially ordered set
and F' : X x X — X be a mapping. F' is said to have the mixed
monotone property if F(z,y) is monotone non-decreasing in x and
is monotone non-increasing in vy, that is, for any x,y € X,

r1 < w2 = F(w1,y) < F(a2,y), forxy,x2 € X and
Y1 <y2 = F(z,y2) < F(z,y1), foryi,y2 € X.

By following, Matkowski [[10]
Let ® denote the set of all functions ¢ : [0, 00) — [0, 00) satisfying

(ig) ¢ is continuous and non-decreasing,
(iip) ¢(t) = 0if and only if ¢ = 0 and,
(itig) ¢t +s) < o(t) + ¢(s) forallt,s € [0,00)

and ¥ denote the set of all functions ¢ : [0,00) — [0, c0) which
satisfy

(i) lim t(t) > 0 forall » > 0, and
t—0+

(iiy) lim (1) = 0.



3. MAIN RESULTS

THEOREM 3.1. Ler (X, <) be a partially ordered set and
suppose there is a metric G on X such that (X, G) is a complete
G-metric space. LetF : X x X — X be a mapping for which
there exist ¢ € ® and v € V¥ such that for all x,y,u,v € X with
($7y7u7v) € M.

(G(F(% ), F(u,v), F(u,
+G(F(y,z), F(v,u), F(v,u))

2
G(x,u,u) + G(y,v,v
g 4Glem) + Gluns) _

suppose either

(a) F is continuous or

(b) for any two sequences {x,} and {y,} with
(mn+l7yn+17mn7yn) S M; {xn} — T and {yn} — y
Soralln > 1implies (z,y,Tn,Yn) € M foralln > 1.

If there exists (xo,y0) € X x X such that (F(xo, o), F(yo, Zo),
Zo,Yo) € M and M is an F-invariant set which satisfies the
transitive property. then there exists x,y € X such that x =

F(z,y), y = F(y,z).

PROOF. Let (z9,%0) € X x X. Since F'(X x X) C X, we can
choose z,y € X such that z; = F(x,yo) and y1 = F(yo, xo).
Again from F/(X x X) C X, we can choose z2, y2 € X such that
T = F(z1,y1) and y2 = F(y1, x1).

Continuing like this we can construct sequences {z, } and {y,,} in
X such that

Tn =F(xpn_1,yn—1) and y,, = F(Yyn_1,%n_1) foralln >1

)

If there exist k € N such that x;, = x,_1 and yp = yr_1 then

T = Tp-1 = F(@p_1,yk-1) and yp = Yr—1 = F(Yr-1,Tp-1).

Thus (z_1, yx—1) is a coupled fixed point of F. Then our result is

proved. There we may assume that x;, # x;_1 and yi # yg_1 for

alln > 1.

Since

(F($07 y0)7 F(y07 1,'0), Zo, yO) = (xh Y1, %o, yO) € M
and M is an F'-invariant set, we have
(F(z1,91), F'(y1,71), F(z0,0), F'(y0,0))
= (22,Y2,%1,41) € M
Continuing like this, we obtain
(F(@n,Yn)s F(Yn, Tn), F(@n-1,Yn-1), F(Yn-1,Tn-1))
= (Tnt1sYnt1,Tn,Yn) € M foralln > 1.
Now, let the sequence of non negative real numbers, {4,, }°°_; given
by

5n+1 _ G(l‘n+1,$n,$n) ;‘G(yn-&-laynayn)7 n>0. (3)

Since (xny Yns Tn-1, ynfl) € M then

(G(F(xmyn)vF(mnflaynfl%F(xn—lvyn—l)) )
+G(F(ynaxn)vF(ynfly$n71)7F(ynfla$n—l))
2

_ G($n+1,iﬂn,$n) +G(yn+17yn7yn) _ 6
= 2 — Un41
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So, from the right hand side of (1), we have
<G(ZEn, Tn-1, xn—l) + G(yn7 Yn—1, yn—l) )
¢ 2
_ w (G(:Bn7 Tn—1, "L‘nfl) + G(yny Yn—1, ynfl) )

2
= $(0n) —P(9n).
Therefore the sequence {d,, }2°_; satisfies
O(0nt1) < d(6n) — ¥ (0,) < @(d,,), foralln >0. (4)

From (4) and (i), it follows that the sequence {d,}2° ; is non
increasing. So, there is some § > 0, such that

lim 6n = lim G(xnv Tn—1, .Tn—l) + G(y,,“ Yn—1, yn—l)

n—oo n—oo 2
= . ©)

Now, we shall show that § = 0. Let if possible § > 0. Then taking
the limit as n — oo (equivalently, §,, — §) of both sides of (4) and
by the property (i) and (iy), we get

¢(8) = lim ¢(6,,)
< lim [¢(8n-1 — P(6n-1)]
= 8(8) =, lim_9(0,1)
< ¢(9)

which is a contradiction. Thus § = 0, that is

hI’Il 671 _ hm G(xny Tn—1, mn—l) + G(yna Yn-1, yn—l)

n—o00 n—00 2
—0. 6)

Now, we will show that {x,,} and {y,} are cauchy sequences in
X. Let if possible at least one of {x,,} and {y,} is not Cauchy
sequence, then there exist an ¢ > 0 for which we can find
subsequences { @, k) } and {x,, (k) } of sequence {z,, } and {yn(x) }
{Ym(r) } of {yn} with n(k) > m(k) > k such that

1

§[G(ﬂfn(k>, Tn(k)s Tm(k)) + GUn(k)> Ymk)> Ymk))] = €. (7)

Now, corresponding to m(k), we can take n(k) in such a way that
is the smallest integer with n(k) > m(k) > k and satisfying (7).
Then

1
SIG(Znk)-1, Tm(k), Tm(k)) T G(YUnk)-1, Um(k), Ym(k))] < €

2
®)

1
Let E[G(xn(k)a Tn(k)s Tm(k)) + GUnk)> Ymk)> Ymk))] = Th-
Using (7) and (8), and the triangular inequality, we get

e<rE

1

= §[G(-’En(k>, Tm(k)> Tmk)) + GUn(k)s Ym(k)» Ym(k))]

1
< i[G(wn(k%xn(k)—lv Tne)-1) + G(Tnk) -1, Tm(k) > Tm(k))]

1
4

§[G(yn(k)7 Yn(k) -1 Yn(k)-1) + GUn) -1, Ym(k)> Ym(k) )]

IN

1
i[G(wn(k% Tn(k)=1) Tn(k)-1) + G(Yn(k)s Yn(k)-1> Yn(k)-1)] + €.
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Taking k£ — oo and using (6), we obtain Now, using (10) and property (iii, ), we obtain
£ < lim 7y A(rx) < (On(k) + Om(k))
o 1 ( G(Zn (k) 415 T (k)+15 T (k) 41) )
< lim {E[G(xn(k%xn(k)flvmn(k)*l) +G(yn(k)vyn(k)flyyn(k)fl)] +o FGWn(e)+1: Ym)+1, Ym()+1) (12)
+ I}glolos =0+e=c¢, 2
that is From (11) and (12), we get

O(rr) < SOn(k) + Omr)) + &(ri) — V(1K) (13)

Taking £ — oo in (13), and using (6) and (9), and property of ¢
©) and v, we have

b(e) = Jim o(re)

. . 1
,}5{‘0 T < gl_fgc I:i[G(xn(k)zmm(k%mm(k)) + G(yn(k)aym(k)aym(k)):|
=c.

By triangle inequality, we get

G(Zn (k) Tm(k)s Tm(k)) - ¢(1}§§ork>
S Gl@n(k)s Tn 41, Tnio+1) + G@n 11, Tmi) 1, Tm( +1) < Hm [@(0n k) + Omry) + S(rk) — 9 (re)]
+ G(Tm)+15 Tm(k), Tm(k)) e
Similarly, =9 |:71§7‘01C(5n(k) + 6m(k)):| + (i’(llgrolo(wk)) - ,lgrolo 1/)(7%)
G(yn(k)7 Ym(k)> ym(k)) =¢(0) + ¢(e) — gg{}c P(re) < ¢(e)
< GUn(es Yn(k) 15 Yn () 11) + GUn(i) 11 Yms) 41, Ym (i) 1) which is a contradiction. This shows that {z,} and {y,} are
+ G(Ymk)+1> Ym(k)» Ym(k)) cauchy sequences. Since X is complete G-metric space, there exist

. z,y € X such that
This shows that
lim z, =2 and limy,=vy.
n—0o0

1 n—o0
T:*Gmn y Tm, y T, +Gn yIm yIm
* 2[ @nce) ) ) () Yy Y] Now, condition (a) holds. Then
1 . .
< 5 G(Zn(kys Trh)+1> Tr(k)+1) + G(Tnk)+1> Tmk)+1> Tm(k)+1) z = lim 2,41 = lim F(z,,y,) = F(z,y)
n—0o00 n—0o0
+ G(Zmk)+1> Tm(k) Tm(k)) T G(Yn(k)s Yn(k)+1> Yn(k)+1) and
+ G(yn(k)+17 Ym(k)+1» ym(k)Jrl) + G(ym(k)Jrh Ym(k), ym(k)) Yy = lim Ynt+1 = lim F(yn, xn) = F’(y7 x)
1 n—o0 n—o0
= On(k) + Om(r) + §[G(m“(k)+1’ T (k)15 Tm(k)+1) Suppose condition (b), holds, we get that a sequence {z,} — =
+ GYn(k)+15 Ym(k)+1, Ym(k)+1)] (10) and {y, } — y by the assumption, we have (2, y, 2, y») € M for
alln > 1.
Since n(k) > m(k) and M satisfies the transitive property from Since ¢ is non decreasing and (1), so
1
(Tr(k)s Yn(k)s Tn(k)—1> Yn(k)-1) € M @ {g(G(az,F(m,y),F(az,y)) — G(x, Tpt1,Tny1)
and +G(y7 F(y7 .’13), F(y7 :II)) - G(y7 yn+17yn+l))]
(xmk+l7ymk+17xmkaymk)EM7 1
(et AmEety B I <6 |5(C(F @n,ya). Fla,y), Fo,y))
‘We have (mn(k),yn(k), wm(k),ym(k)) e M, by (1), we get L
. +G(F(yn, zn), F(y,z), F(y,z)))]
] i(G(CL‘n(k)-Q—lvxm(k)+17$m(k)+1) +G(yn(k)+1aym(k)+17ym(k)+l)):| <o %(G(mn,w,m) + G (Yn,v,))
1 L i
= a G F n yIn 7F m yIm aF m yIm 1
¢ 2 CE@n®:Ynw) F @m0 ymw) F(@m(w, Ym)) — [g(G(xn,x,m) + G(yn,y,y))}
1 _ _
a G F n yn 7F m s m 7F m ym 1
+ 2( (FWnw), @ne)s EWmw), Bm ) FGm ey, @ W”] <o E(G(;rmx,x)—FG(ymy:y))
1 L ]
<¢ §(G(xn(k)7 T (k)> Tmk)) T GUnk)s Ym(k))s Ym(k)) Letting n — oo, in the above inequality, We get
) 1
1
=¥ 5 (G@nm) Tmk)> Tm(ry) + GYn(hs Ym(k))» ym(@)] ¢ {5(0(% F(z,y), F(z,y) + Gy, , F(y,2), F(y, x)))]
= ¢(re) — (). (11) < ¢(0) =0.



which shows, from (i,) and (iiig), that
v=F(z,y) and y=F(y,x)
O

THEOREM 3.2. In addition to the hypotheses of Theorem 3.1
suppose that for every (z,y), (2',y) € X x X there exist a
(u,v) € X x X such that (z,y,u,v) € M and (z',y/,u,v) € M.
Then F' have a unique coupled fixed point.

PROOF. From Theorem 3.1,the set of coupled fixed points of F'
is non empty. Suppose that (z,y) and (2/,y') € X x X are two
coupled fixed points of F'. We shall show that x = 2’ and y = ¥/'.
Since (z,y), (¢/,y') € X x X, there exist (u,v) € X x X such
that (u,v) is comparable to (x,y) and (2/,y').

Now, we construct the sequences {u,} and {v,} like as ug = u,
Vg = U, Upy1 = F(un,v,) and Un+1 = F(vm uy) forall n > 0.
Now, set xp = z, Yo = ¥, 5 = &', Y, = ¥ and in similar way,
construct the sequences {z,}, {yn} {z.,} and {y.,}. That is as
above for all n > 0,

Tn4+1 = F(m'ruyn) Yn+1 = F(ynaxn)a

:I’Jn-'rl - F( n7yn) y,n+1 = F(y,rux;’t)y

Since M is F-invariant and (x,y, u,v) = (x,y, uo, Vo) € M, we
get (F(z,y), F(y, ), F(uo, vo), F'(vo, uo)) = (2, y,u,v) € M.
It is easy to show that (x, y, un,v,) € M.

Therefore, by Theorem 3.1,

1
¢ {E(G(ac, Un i1, Untp1) + G(yvvn+lyvn+1)):|

=6 |3 (G (.3), Flun,02), Pl )

+G(F(y,x>,F(vn,un»F(vmun»)}

< 0| 3Gl 1) + G010

¢ B(G(:ﬂ,umvn)+G(yavmvn))} (14)

Using the property of v, we get
1
@ {g(G(ﬂf, U1, Unt1) + G(yvvn+l7vn+1)):|

< 0 3Gt ) + Gl 00|
As ¢ is non decreasing, so
B(G(«T7un+hun+1) + G(Y, Vni1s Un+1))}
% [G(x, un,upn) + G(Y, v, V3]
Let
n = 5 [G (@, tn ) + Gy vrwn)], >0,

So {4, } is non-decreasing. Hence, there exist a > 0 such that

lim §,, = lim % [G(z,Un, upn) + G(Y, vn,vpn)] =a.  (15)

n—00 n—00
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now, we shall show that o = 0. Let if possible, v > 0. Taking lim
asn — oo in (14). By (15), we hae

9(a) = lim {d) (G(ﬂc,unﬂ,unﬂ);G(y,vnﬂ,unﬂ))}
< Jim o [ Clontste) £ O]
Cm {G(w,un,un);-G(y,vmvn)}
— 5(a) — lim ¥ [G(m,un,un);G(y,vmvn)}

By property of ¥, we get ¢(a) < ¢(a), which is a contradiction.

Hence oo = 0, that is

n—00 n—00

which shows that

lim G(z,up,u,) = lim G(y,v,,v,) =0

n—0o0 n—0o0

Similarly, we get

lim G(2, un, u,) = lim Gy, vn,v,) =0

n—00 n—00
andhencex =2’ andy =v¢'. O

EXAMPLE 3.3. Let X =R, G(z,y,2) =
|z —z|,and F : X x X — X be such that

lz =yl +ly— 2]+

r+y

F = X2

ey ="1Y (wy)e

The mapping F' does not satisfy the mixed monotone property. It
t

is easy to show that F satisfies (1) with M = X*, ¢(t) = 3

t
P(t) = 5 and (0,0) is the unique coupled fixed point of F.
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