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1. INTRODUCTION

After the introduction of fuzzy set theory by Zadah[7] in 1965,
fuzzy concepts evolved in almost all fields. Hiroshi Hasimoto[2]
used implication operator in fuzzy set and extended it to fuzzy
matrix theory and obtained results in sub-inverse of fuzzy ma-
trix using fuzzy relational equation. Atanassov[l] generalized
fuzzy set theory to intuitionistic fuzzy set theory. S.Sriram and
P.Murugadas[4,5,6] developed this implication operator to intu-
itionistic fuzzy set and extended it to IFM. The authors [3] have
studied dual implication operators in IFS. In this paper we intro-
duce a bi-implication operator to I F'Ss and study some properties
of it.

DEFINITION 1.1. [1] An Intuitionistic Fuzzy Set(IFS) A in
FE(universal set) is defined as an object of the following form
A = {(z,pa(z),va(x))/z € E},where the functions: p4(x) :
E — [0,1] and v4(x) : E — [0,1] define the membership and
non-membership of the element z € E respectively and for every
z€FE:0< pa@) +valr) <L

For simplicity we consider the pair (z, m’) as membership and non-
membership function of an IFS with z + 2" < 1.

DEFINITION 1.2. [6] Let {(a,a’), (b,b') € IF'S define
(a,a’) — (b, ¥)

(1,0) if (a,d’) < (b,b)
(b,b) if (a,a’) > (b,¥)
and (a,a’) + (b,b') = ((b,V) = (a,a’)).
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2. BI-IMPLICATION OPERATOR <+

DEFINITION 2.1. Let (a,a’), (b,b') € TF'S define
(a,a’) <> (b, = ((a,a’) + (b,0)) A ({a,a’) — (b,b')) that is

(b, by if (a,a’) > (b,V)
(a,a') < (b,b') = ¢ (1,0) if (a,a’) = (b,V)
(a,d") if (a,d’) < (b¥)

Easily (a,d’) <> (b,V') = (b,V) < (a,a’).
PROPOSITION 2.2. Let (a,a’), (b, V), (c,

(@) © (e, ) A ((0,5) &
PROOF.

case 1. If {(¢,d) # (a,d'),(b,b) then({a,da’) A

((b,b) + {c, c’>>) = (a,d’) AN{bV') A{c,d) < {(a,d') A (b,b) <

) € IFS, then
{e.d)) < ({a,a') & (b,1)).

case 2. If (c,c) = (a,d’) but (c,c) # (b,¥/) then ({a,a’)
(e, ) N (V) < (c,d)) = ((b,b) & (¢,¢)) = ((bY) <
(a,a)) = ({a,a’) < (b,0')
case 3. If (¢,d) # (a,d’) but (c,d) = (b, V) then ({a,a’) <
() A (b, V) & (e, ) = (a,a') & (¢,¢) = (a,d) < (b, V)
case 4. If (a,a’) = (b,b') = (¢,d) then ({a,a’) < (¢, ) A
((0,0) & {e,¢)) = ((a,d) < (b,0)) A ({e;¢) < (¢, ) =
(a,a’)y < (b,0') O

PROPOSITION 2.3. Let (a,a’), (b,b') € IFS, then
(a,a’) A ({a,d’) <> (b,V)) < (b V)

PROOF.
(@) A (o) o (1)) = {0 L) =

<{®b). O

LEMMA 2.4.

(@, )N (B, Y)) + (e, ) = ((a,a') < {(c,))N{(b, V) + <022c’i))

PROOF. case 1.
Assume (a,a’) < (b, V)

sub case 1.
If (b,b') < {(c,c), then (a,a’) < (c,c),s0
(a,a) = (e,¢) = {a,a’) A (b, )

(a,a') = (a,d’).
sub case 2. If (a,a’) < (c,c), then (b,b') > (¢,c) or (b,b) <
(¢, c) consider(b,b) > (c, ), then



(a,d) (e, )
can prove when (

[
—~
R

a
b)) <

S

sub case 3. If (¢, ¢) # (a,

(a,a) < (c,c) = ({a,a’) <= (b,0)) A ({¢,c) < (e, )
(a,a) < (b,¥) = ({a,a) < (b)) A (1,0

(a,a’) = (a,a’) A (1,0)

(a,ad") = (a,d’). ,
sub case 4. If (c,c ) =
(a,a) + (c,¢) = ((a,a)

— (a,
(a,d') = (a,a’) = (1,0) A (1,0)
(1,0) = (1,0). Hence (2.1) holds.

1)
case 2. Assume (a, a’) > (b,
(c

b
sub case 1. If (b,¥') > (c,c) then (a,a’) > (¢, ), (b, V) «
{¢,d) = (1,00 A (1,0),(1,0) = (1,0)
sub case 2. If (a,a’) > (¢, ) and (b,0") < (c,c),(b,b) «
(¢,¢) = (L,0) A (b, V), (b,b') = (b,1)
sub case 3. If (a,a’) < (c,c) then (b, V') < (c,c),(b V) +
(¢,d) = {a,a’) N (b,), (b,b') = (b, V)
sub case 4. if (c,c) # (a,d’) and (c,c/) = (b, V), (b,b) <«
(c,¢) = ((a,a’) < (b, b)) N((b,') < (b, V), (b, 1) < (b, V) =
(1,0) A (1,0 (1,0) = (1,0)
sub case 5. if (¢,d) = (a,d') and (c,c) # (b,b), (b, b) «
{e,¢) = ((a,a") « {a,a)) A ((b,Y) + {a,a)),(bV) «

<a7 a/> = <17 0> A <b7 b,> ’ b7 b> = <b7 b,> .
Hence (2.1) holds. O

REMARK 2.5. Lemma(2.1)Can be

(A fai, ;) (e, ) = N({ai, 7)< (¢, )

3

generalized as

LEMMA 2.6. 1.((a,d’) A (b,V)) — (¢,d) = ((a,d) —

{e,d)) vV ((b,1) = (e, ) (22)
PROOF. case 1. assume(a,a’) < (b, ')

sub case 1. If (b,0') < (c, (), then (a,a’) < {c,c),

(¢,d),{a,d) —
{¢,¢) =(1,0) v(1,0),(1,0) = (1,0).
sub case 2. If (a,a’) > (c,c) then (b,¥/) > (c,c),(a,ad’) —
(¢,¢) =(c,c) V{e,d),{c,¢) = (¢, )
sub case 3. If (a,a’) < (c,c) and (b,V') > (c,c),(a,a') —
(¢,d) = ((1,0) v {c,¢)), (1,0) = (1,0)
sub case 4. If (c,c/) # (a,d’) and (c,c') = (b, V'), (a,a’) —
(c.c) = ((a,a") = (b,0) vV ((b;¥) — (b,V)), (a,d) —
(b,t') = (1,0) v (1,0), (1,0) = (1,0)
sub case 5. If (¢,c/) = (a,d) and (c,c) # (b,V'),{a,a’) —
(c.d) = ((a,d) = (a,d)) Vv ((b,V) — (a,a)),(a,a’) —
(a,a’) = (1,0) V (a,d’),(1,0) = (1,0)
case 2. Assume (a, a’) > (b, V)
sub case 1. If (a,a’) < {c,c) then (b,V) < (c,c),(b,b) —
(¢,c) = (1,00 v (1,0),(1,0) = (1,0)
sub case 2. If (a,a’) > {(c,d) and (b,V') < {(c,c),(b,b) —
(¢,d) = {c,¢) v (1,0),(1,0) = (1,0)
sub case 3. If (¢,c/) # (a,d’) and (c,c) = (b,b),(b,b) —
(e, ¢) = ({a, ') = (b, )V (b, 1) = (b, B)), (b, ) = (b,) =
(1,0) v (1,0}, (1,0) = (1,0).
sub case 4. If {(¢,¢) = (a,d) and {(c,c) # (b,V), (b, b)) —
(c.d) = ({a,a) = (a,d))V ((b,b) = (a,a)),(b;V) —
(a,d") = (1,0) v (1,0),(1,0) = (1,0
sub case 5. If (a,a’) > (c,c) and (b,b) > (c,c)

then (b, V') — (¢, )

= ((a,a) = (&, )V ({b, 1) = (e, )
=)

= (¢, c/) Ve, )

"Fhflcs7Lc,e>ﬁ1ma (2.2) holds. 0O
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REMARK 2.7. Can be generalized as (A (a;,a})) —
i=1

(e.¢) = V ({asa) > fe.e)

LEMMA 2.8.
((a.a) v (B.1) = (e.¢) = (a.a) = () A (DY) -
(e, ) ..(2.3)

PROOF. case 1. Assume (a,a’) < (b,b)
sub case 1. If (b, ') < (¢, ), then (a,a’) < {c, )
(b,V') = (c,c) = (1,0) A (L,0)
(1,0) = (1,0)
sub case 2. If {(a, a’) ,
(b,0') = (e, c) = (e, ¢) A e, )
{c,d) ={c,c)
sub case 3. If {(a, a’)
(0,b) = (c,¢) = (
{c,d) ={c,c
sub case 4. If

(¢,d) # (a,d) and (¢, ') = (b, V)
(b,0) = (¢, ) = ((a, a’) = (b, 1)) A ({b, ) = (b, V')
(b,b) = (b,b') = (1,0) A (1,0)
(1,0) = (1,0)
sub case 5. If (¢, ') = (a,a’) and {c, ¢') # (b, V/
(b,0) = (¢, ) = ((a,d') = (a,a’)) A ((b, V) = (a,d))
(b,b") — (a,a’) = (1,0) A {(a,d’)
(a,d) = (a,a’)

case 2.
Assume(a,a’) > (b, ¥/
sub case 1. If(b, b") c
(a,a") = (¢, ) = (1,0) A (1,0)
(1,0) = (1,0)

sub case 2. If (a,a’) > (¢, ¢
(a,ad") = {c,c) = (¢, d) A
e,y = (e, )

sub case 3. If (¢, ¢) # (a,

(a,a") = (c,d) = ({(a,a) — (b,
(a,a’y — (b, by = (b,0') A (1,0)
(b, ) = (b,b)
sub case 4. If (¢, ') = (a,d’) and (¢, ') # (b, V)
(a,a") = (c,c) = ((a, ) = (a,a)) A ((b,0) — (b, 1))
(a,a’) = {a,a’) = (1,0) A (1,0)
(1,0) = (1,0) .
Thus Lemma (2.3) holds. O
REMARK 2.9. Can be generalized as (\:} (az,ah)) —
(e.c) = A (fana)) > ()

LEMMA 2.10.
((a,d) v (0.1) « (e,¢) = (la,a) « (e, )V (BY) «
(e, ) (2.4

PROOF. case 1. Assume (a,a’) < (b,b)
sub case 1. If (b, V') < (c, ) then (a,a’) < (¢, ()
(b,b") « (¢, ) = {(a,a’) V (b, V)
{b,8) = (b,
sub case 2. If(a, a’) > (c, ) then (b, 1) > (¢, )
(b,1) — (e, ¢) =1{1,0) v {1,0)
1,0) = (1,0)
sub case 3. If(a, a') < (¢, ) and (b, b') > {(c,c)
(b,b) + (¢, ) = ({a,a’) V (1,0))
(1,0) = (1,0)



(b, V') « {c, c/)
(b,0') < (b, ')
(1,00 = (1,0)
sub case 5 If( d)

sub case 4. If(c, ¢)

Assume(a, a’) >
sub case 1. If(a,
(a,d) + (c,¢) :< > (b v)
(a,d) = (a,d)

sub case 2. If(a, a’) > (¢,
(a.)) + (e.¢) = (1,

(1,0) = (1,0)

sub case 3. If (¢, ') # (a,a’) and (¢, ¢) = (b, V/
(0, ) (e, ) = ({a, @) < (b, )V (b, ) « (b,1))
(a,a") + (b,b) = (1,0) V (1,0)

(1,0) = (1,0)

sub case 4. If(c, ¢') = (a,a’) and {(c, ¢/
(aa)e(cc):(a,a) a,
(a,a’) + (a,a’) = (1,0) V (b, V')
(1,0) = (1,0) . Similarly we ¢
b,0) > (¢, ).

Thus Lemma (2.4) holds. O

<

n
REMARK 2.11. Can be generalized as (\/ (a;,a)) <«
i=1
(e.¢) = V (@i, @) < (¢, )

i=1

PROPOSITION 2.12. Let {(a,a’), (b,b'), (c, ') € IFS then

(0)-(a, a') A (0, b)) (e, &) = [((B, V) ¢ (c, ) A ({a, @) &
(e, NV [(a, > % (e, ) N (b, V) < (c, )]

(id).(a, @) vV (6,1)) ¢ {e,¢) = [({a ') <> (e, ¢)) A (b, 1) =
(e NV [(a, > (e,

) A
PROOF. By using Lemma 2.
) (e, )

(1)-((a,a’) A (b, 1)) > (c,c) = [((a,a') A (b)) = (e, )] A
[({a,a’) A (b,1)) = (¢, )]

= [(a,d) < (¢, ) A (b, V) « (e, )] A [({a,a) = (c,¢)) V
((6,6") — (c,¢))]

= ((a,a') < {¢,¢)) A[((b,V) < (¢,¢)) A ({a,d) = (¢, ) V
((0,0) = (¢, ¢)) A ((b, V) = (¢, )]

= ((a,d) < (¢, ) A [((B, V) = (e, &) A ({a, ) = (e, )]V
((b,0) ¢ (¢, )

= [({a,a') = (¢, ) A ((b,) = (¢, ) A ((a,d') = (¢, )]V
[((a, ') <= {e, &) A ((b,1) < (¢, )]

= [({a,d') & (e, ) A ((0,6) (¢, )]V [({a, @) (e, ) A
((b,b") > (¢, )]

= [((0,0) < (¢, €)) A ({a, ') = (¢, )]V [({a, @) (e, ) A
((b,0) ¢ (¢, ¢))].

It proves (7).

By using Lemma 2.3 and Lemma 2.4

(id).((a, a') V (b, 1)) > (e, )

= [({a, @)V (5,8) « (c, )] A [((a, ) v (b)) = (e, )]

= [({a, @) v {b,1)) = (e, N A [((a, ') v (b)) (e, )]

= [({a, @) = (e, ) A ((b,8) = (e, )] Al({a, @) (e, ) v
((b,)  (e,¢))]

= ({a,a) = (e, ) A[((b, ) = (c,¢)) A ((a,d) = (¢, ¢))] V
((b,) = (e.¢)) A (b, ) (e, )]

= ({a,a) = (e, ) A{[((B, ) = (¢, ¢)) A ((a,@) = (¢, ¢))] V

=N
_~

S

S
~
—~
o

n\
-~
=
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It proves (zz). O

PROPOSITION 2.13. Le
i).({a,a’) < (¢, ) JA((b,

¢, ) < ((a,a) « {c,d) )V
i).({a,d') < (
bv')) < {c,c

-~ =
~

< (<a ) ADY)) <

\/

(
(
(i
(
PROOF. (i). ((a,a’) )A(b, ?’> ) >+>< )

< ((a,a) < (e )
Proposition 2.3(i)

((a,d) < (c,c) if (b,0") > (c, )
=< (¢, ) if (b,b) = (c,c) 2.5)
a,a’) < {c,d))ANbYY if (b V) < (c,c)
(a,a’) AN{bY)) (e, d) = (b)) + {c,¢)
{(c,c’) if (b,V) > (c,c)
=14(1,0) if (b,b) ={c() (2.6)
(b,b") if (b,b) < {c, )
From (2.5) and (2.6)({a,a’) + {(c,d) ) A ((b,b) + (¢, ) ) <
((a,a’) A(bV)) (¢, )
case 2. If(a, a’) = (b, ¥}, then
(a,d’ < ad)y ) AN ((bY) < Ao, d) ) =
(c,d) if (b,b) > (c,c)
(1,0) if b,b) = (¢, )
(b,b") if (b,b) < {(c,c)
= ((a,a’) A (b b)) < (e c).
case 3. If (a,a’) < (b, V')
((a,a) (e, d) ) A ((0,Y) o (od) ) =
(c,d) N((bV) < {c,)))if(a,a) > (¢, )
(¢, ) if{a,a’)y = (¢, ) 2.7)
(e, ,
(a,a") A(,V)) > (e, d) =< (1,0) if (a,a') ={c, ()
(a,ad) if {(a,d’) < {c, )
...(2.8)
By (2.7) and (2.8)({a,a’) < {c,c) ) A ((b,¥) < {c,d)) <
(a,a") A{bY)) + (e, ).
Through compared with we can see for any(a, a’) , (b, V'), (¢, ') €
IFS
(a,a") < (c,d) ) A ((b,b) < (c,d)) < ( a) A (bb)) <

(
(er¢) < ((asa) & (e, ) )V ((0,5) o (eye
(ii). By Proposition 2.3(ii) it is trivial that ( ( a
(e, )8 < ((a, ) ¢+ (c.d) )V ((b,B) > {e,C))
If(a,a’y > (b,b') then
(a,a)) & (e d) )
((a,a') < (c,d)) A (e,
(¢, ) if (b, V) = (c, )
((a,d') < (c,c) ) A (b,

A (b V) < ed) ) =
) if (b, b') > (¢, )

b)Y if (b, ) < (c, )
(2.9)



(a,a) < (c,d) i
By (2.9) and (2.10)({a, a

case 2. If <a,’a’) = (b,
({a;a) < (e, ) ) A ({b,
((a,a") < {c,c)
(a0) © {e.¢)) =
.((a, a) < {c,d) )N

((,0) & (e d))

<870'> ) A (1)
(b b))+ (e, d

IN

a,a’) < (b, V') then

(e,¢) N((b,V) (e

By (2 11) and (2 12

PROPOSITION 2.14. Let (a,a’), (b,0') and (c,c
(¢, d) = ({a,d) < (¢, ) A
= ((a,d) < (¢, )V

PROOF () If

, ') then suppose ({a,
¢ d)) = (a d) < (¢,d) =

s T
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this case

({a,a") v (b, 1)) < (e;d) = ((bYV) < (e, ) = ({e,¢)
(c,d)) =(1,0)

((a,a") < (e, )V ((b,V) <+ (e,c)) = ((a,a') <> (¢, ') V(1,0)
=(a,a’) V (1,0) = (1,0)

hence (%) holds.

If(a,a’) = (b, V') then

({a,a") v (b,b')) < (c,c) = ((bY) VvV (b)) < (c,¢) =
(b,b") + {c,c)

{a,a’y < (¢, d)) V ({b,b) <> (c,c))

=((b, ") <> (¢, ) V ((b,V) <> (c, )

=(<b7 b/> AN <C7 C,>

(<a,,f;’>) vV (bY)) < (c.d) =((a,a') < (¢, )V ((bYV) «

Hence (4¢) holds. Similarly we can prove the other cases also. [J

PROPOSITION 2.15. Let (a,a’), (b,t') and (¢, ') € IFS and
{e,d) #(1,0)
then ((a, ') A (b,1)) > (e,¢) = ((a,a’) < (e, ) A (b, ) <
{e.))
if and only if one of the following condition holds
(i). When {(a, a’) > (b, V'), (b,V') # (c,c)
(ii). When (a,a’) < (b,V), (a,ad’) # {c,c)
(iii).When (a, a’) = (b, V)

PROOE. (i) (a,a’) > (b, V')
If (b,b') = (¢, c)
({a,a’) A (b, b)) 4 (c,c ) (
((a,a)) < (c,d)) A ((b, V) < (¢, )
=((a,a)) < (c,d)) A ({¢, &) < (¢, )
() o GG 1AL
bu7t(c, ) # (1, 0) a contradiction

(t).Assume (a,a’) < (b, V)

if (a,a’) = (¢, )

((a,a") A (b, b)) < (¢, ) = (a,d) < (¢, )

= (¢, ) ¢ {¢,c) = (1,0

(@) {ec) A (b Y) o (e,d)) = ({e.d) & (6e) A
(b, ) > (a,a’)) = (1,0) A ({b, V') < (a,a’)) = (1,0) A {(a,d’)
= (1,0) A er ) = (e,) but (e, ) # (1,0

which is a contradiction

(413) When(a, a’y = (b, )

((a,a’) A (b,0)) ¢ (c,¢) = ((b,) ¢ (¢, €))

({a, @) & (e, ) A ((b,V) < (c,
(b, 8) < (c,¢)) = (b, V) < (¢, )
therefore the conclusmn is obvious. O

PROPOSITION 2.16. Let(a,a’),(b,t') and (c,¢) € IFS
and(c, ) # (1,0)
e (. 0) ¥ 6,)) () = (f0.) 5 )V ()
<:>7 one of the following condition holds
(?).When(a,a) (b by, (b,b) # (c,c)
(41).When(a, a') < (b, b’) (a,a’) # (c,c)
(#17).When(a, a (b,0)

)=

PROOF. (7). If (a,
certainly (b, ') # {(c,
({a,a) v (b,V)) <+
=(a,a’) < (b, V)
=(b,b) = (c.¢)
({a,a')) < (c,c)) Vv
=((a,a’) < (b,V))V
(1,0)
a contradiction.

—~

a) > (bV)
') . Otherwise
(¢,¢) = (a,d) & (c,d)

,0) = <b,b/§v<)1 0) = (1,0) but (¢, ¢') #



(#4). When (a, a’) < (b,V') we have (a, a’) # (¢, )
otherwise ({(a,a’) V (b,b')) <> {c,c) =
0,0 < (a,a’)

>’ V{a,d) = (1,0)

h is a contradiction.

If (a,a’) = (b, V') then

a,a’) v (b,b)) < (c,d) = (b, b) <> (c, )

L) (e, NV ((B,Y) & (e,¢)

) < (e, ) V(B ) < (e, ) = ((b,) < (e, ).
Thus (#i7) holds O
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