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ABSTRACT

In this paper, we introduce My G {*-Interior, My G {*-Closure
and some of its basic properties.
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1. INTRODUCTION

N.Levine [14] introduced generalized closed sets in general
topology as a generalization of closed sets. This concept was
found to be useful and many results in general topology were
improved. Many researchers like Balachandran, Sundaram
and Maki [5], Bhattacharyya and
Lahiri[6],Arockiarani[3],Dunham[9], Gnanambal[10],Malghan
[18],Palaniappan and Rao[21],Park[22], Arya and Gupta[4]
and Devi[8] have worked on generalized closed sets, their
generalizations and related concepts in general topology.

In 2000, V.Popa and T.Noiri [23] introduced the notion of
minimal structure. Also they introduce the notion of my-open
sets and my-closed sets and characterized those sets using
my-closure and my-interior respectively.  Further they
introduced m-continuous functions and studied some of its
basic properties. V.Popa and T.Noiri [24] obtained the
definitions and characterizations of separation axioms by
using the concept of minimal structures. They achieved many
important results compatible by the general topology case.
Some other results about minimal spaces can be found in [1],
[2], [7], [15], [16], [19] and [20].

Already Kokilavani V [12] et al. introduce MxG{*- closed
set. In this paper, the notion of MG {*-interior is defined and
some of its basic properties are studied. Also we introduce
the concept of My G{*-closure in topological spaces using the
notions of MyG(*-closed sets, and we obtain some related
results.

2. PRELIMINARIES

In this paper, we introduce the notion of MyG{*-interior is
defined and some of its basic properties are studied. Also we
introduce the concept of My G{*-closure in

topological spaces using the notions of MyG{*-closed sets,
and we obtain some related results.

DEFINITION 2.1. [17] Let X be a nonempty set and
let my S P(X),where P(X) denote the power set of X where
my is anM -structure (or a minimal structure) on X, if ¢ and
X belong to my.

The members of the minimal structure my are called my-open
sets, and the pair (X, my) is called an

m-space. The complement of my-open set is said to be my-
closed.
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DEFINITION 2.2. [17] Let X be a nonempty set
andmy an M -structure on X. For a subset A of X,my-closure
of A and my-interior of A are defined as follows:
my-cl(A) = N{F: A S F,X-F € my}
my-int(A) = U{F:U € A, U € my}
LEMMA 2.3. [17] Let X be a nonempty set and my
anM -structure on X. For subsets AandB of X, the following
properties hold:
(@ my-cl(X —A) = X — my-int(A)and
my-int(X — A) = X — my-cl(4).
(b) If X — A € my, then my-cl(A) = A and if A € my
then my-int(A) = A.
() my-cl(p) = @, my-cl(X) = Xandmy-int(¢) =
@, my-int(X) = X.
d) If ASB then my-cl(A) € my-cl(B) and my-
int(A) € my-int(B).
(e) A < my-cl(A) and my-int(A) < A.
() my-cl(my-cl(A)) = my-cl(A)andmy-int (my-
int(A)) = my-int(4).
(@) my-int(ANB) = (my-int(A)) N(mx-int(B)) and
(my-int(A)) U (my-int(B)) S my-int(AUB).
(h) my-cl(AUB) < (my-cl(A))U(my-cl(B)) and
my-cl(ANB) € (mx-cl(A)N(mx-cl(B)).
LEMMA 2.4. [16]Let (X, my) be an m-space and A be a
subset of X.Thenx € my-cl(A) if and only if UNA # ¢ for
every U € my containing x.

DEFINITION 2.5. [25] LetX be a nonempty set and
my an M -structure on X. For a subset A of X, am-closure of
A and am-interior of A are defined as follows:

amcl(A) = N{F: A € F,Fisam-closedinX}

amint(A) = U{F:U < A, Uisam-openinX}.
DEFINITION 2.6. A subset A of an m-space (X, my)
is called as

(D)myg*a-closed set [12] if amcl(A) € U whenever A € U
and U is mg-open in X.

(iymy*ga-closed set [12] if amcl(A) S U whenever A € U
and U is myg*a-open in X.

(iii) My G{*-closed set [12] if amcl(A) € U whenever A € U
and U is my*ga-open in X.

The complement of MyG{*-closed set is called as MyG(*-
open set.

DEFINITION 2.7.[13]A subset S is said to be an

My G*-neighbourhood of a point x of X if there exists a
MyG{*-open set U such thatx e U c S.

DEFINITION 2.8. [23] A minimal structure my on a

nonempty set X is said to have the property B if the union of
any family of subsets belonging to my belongs to my.
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REMARK 2.9.A minimal structure my with the

property B coincides with a generalized topology on the sense
of Lugojan.

LEMMA 2.10. [2]Let X be a nonempty set and my
anM -structure on X satisfying the property B. For a subset
Aof X, the following property hold:

@) A € my iff my — int(A) = A.
(b) A € my iff my — cl(A) = A.
(©) my-int(A) € myandmy-cl(A) € my.

3. MxG{ - INTERIOR AND MyGY-
CLOSURE

We introduce the following definition:

DEFINITION 3.1. Letx be a nonempty set andmy an
M -structure on X. For a subset A of X,myag-closure of A
and myag-interior of A are defined as follows:
myag-cl(A) = N{F:A € F,Fismyag-closedinX}
myag-int(A) = U{F: U € A, Uismyag-openinX}.
DEFINITION 3.2. Let Abeasubsetof X. A point
x € A is said to be MyxG{*-interior point of A if A is a
My G(*-nbhd of x. The set of all MxG{*-interior points of A
is called the MyG{*-interior of A and is denoted by
MyIntge(A).
MxIntge(A) = U{F: U € A, UisMxG{*-openinX}.
THEOREM 3.3. If A be a subset of X. Then
My Intge-(A) = U{G: G is MxG{™-open, G < A}.
PROOF. Let A be asubset of X.
x € Mxintge-(A) © xis a My G{-interior point of A.

& Ais a My G{*-nbhd of point x.

othere exists My G{*-open set G such

thatx € G c A.

© x € U{G: G is MxG{*-open,G c A}.
Hence MyIntg¢+(A) = U{G: G is MxG{ -open, G < A}.
THEOREM 3.4. Let A andB be subsets of X. Then
(i) MyIntge(X) = X and MyIntge- (@) = .
(it) MyIntge-(A) C A.
(iii)If B is any MG {*-open set contained in 4, then

B © MyIntge-(A).
(iv)If A € B, then MyIntge(A) © Mylntge-(B).
W)MyIntge(MyIntge-(A)) = MyIntge-(A).
PROOF.
(i) Since X and ¢ are MyG(*-open sets, by Theorem 3.3.
MxIntge-(X) = U{G: G is MxG(*-open,G c X} =
X U {all MyG{"-open sets} = X. That is MyIntge+(X) =
X. Since ¢ is the only MxG{*-open set contained
ing, MyIntgz-(9) = @.
(i)Let x € MyIntge+(A) = x is a MyxG{*-interior point of
A.
= Ais a MxG{*-nbhd of x.
=>x€A.

Thus x € MyIntg-(A) = x € A.Hence MyIntge-(4) c A.
(ii) Let B be any MxG{*-open sets such that B c A. Let
x € B, then since B is a My G{*-open set contained in A. xis
a MxG¢*-interior point of A. That is x € MyIntge-(A).
Hence B ¢ MylIntg¢+(A).
(iv) Let A and B be subsets of X such that A c B. Let
x € MyiIntge-(A). Then x is aMyG(*-interior point of A and
S0 A is MyG(*-nbhd of x. Since B D A, Bisalsoa MxyG{*-
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nbhd of x. This implies that x € MyIntg;-(B). Thus we
have shown that x € MyIntge-(A) = x €
MyIntge+(B). Hence
Myintge-(A) € MyIntge-(B).
(v)Let A be any subset of X. By the definition of MyG{*-
interior, MyIntge-(A) = U{F:U € A, UisMxG{*-
openinX},if A ¢ F € MxG{*0(X), then MxIntge(A) C F.
Since F is My G{*-open set containing MyIntg¢-(A4), by
(iti)MyIntge-(MyIntge-(A)) © F. Hence
MyIntge-(MyIntge-(A)) € U{F:U € A, UisMxG{*-
openinX} = MyIntg.-(A). That is
MyIntge (Mxlntcg*(A)) = MXIntcg*(A).
THEOREM 3.5. If a subset A of space X is MyG(*-
open, then MyIntg.+(A) = A.
PROOF. Let 4 be MyG{*-open subset of X. We know
that MyIntge-(A) € A. Also, A is MyGJ*-open set
contained in A. From Theorem 3.4.
(iii) A © MyIntge-(A). Hence Mylntge-(A) = A.

The converse of the above Theorem need not be
true, as seen from the following example.
EXAMPLE 3.6.Let X ={a,b,c,d} with my-open
set =
{9, X,{a},{b},{a,b,d},{a b,c}}. Then MxG{*O(X) =

{.X,{a},{b},{a, bHa, b,d},{a,b,c}}. Note that MyIntge-({c,d}) =

={c}u{d} U ¢ = {c,d}, But {c,d} is not a MyG{*-open set

in X.

THEOREM 3.7. If A and B are subsets of X, then

MyIntge(A) U MyIntge-(B) € Mylntge-(AU B).

PROOF. weknowthat Ac AuBand Bc AUB. We

have, Theorem 3.4. (iv), MyIntg;-(A) © MyIntg- (AU

B)andMyIntge-(B) € MyIntge-(A U B). This implies that

MyIntge A u MyIntge (B) c MyIntge (AuB).

THEOREM 3.8. If 4 and B are subsets of X, then

MyIntge (AN B) = Mylntge-(A) N MyIntgz+(B).

PROOF. weknowthat AnB c Aand AnB c B. We

have, Theorem 3.4. (iv), MyInts-(ANB) c

MyIntge(A) and Mylntge-(A N B) © Mylntge-(B).This

implies that MyIntg;-(A N B) € Mylntge-(A) N

MyIntge+(B) — (1). Again, let x € MyIntge-(A) N

MyIntge+(B). Then x € MylIntge-(A)and

x € MyIntge-(B). Hence x is a My G ¢*-interior point of

each of sets A and B. It follows that A and B are My G{*-

nbhds ofx, so that their intersection A N Bis also a My G{*-

nbhds of x. Hence

X € MyIntg-(A N B).Thus X € MyIntge-(A) N

MyIntge-(B) implies that

x € MyIntge:(A N B).ThereforeMyIntge+(A) N

MyIntge+(B) € Mylntge-(AN B) = (2). From (1) and(2),

we get MyIntge-(A N B) = Mylntge-(A) N MyIntge-(B).

THEOREM 3.9. I1f 4is a subset of X, then

my-int(4) € MyIntge-(A).

PROOF. Let 4 be a subset of a space X.

Let x € my-int(A) = x € U{G: G is mx — open, G C A}.
=there exists a my-open set G such that x € G c A.
=there exist a My G{*-open set G such that

XEGCAas

Everymy-open set isa My G{*-open setin X
= x € U{G:G is MxG{* — open, G c A}.

= x € MyIntge-(4).
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Thus x € my-int(A) = x € MyIntg-(A4). Hence my-
int(A) € MyIntge-(A).
REMARK 3.10.containment relation in the above

Theorem 3.9.may be proper as seen from the following
example.
EXAMPLE 3.11.Let X = {a, b, ¢} with my-open
set = {¢, X, {a},{a, b}}. Then
MxGS0(X) = {p,X,{a},{a b}, {a,c}}. LetA =
{a, c}. Now MyIntge+(A) = {a, c} and my-int(4) = {a}. It
follows that my-int(4A) € MylIntge-(A) and my-int(A) #
My Intge-(A).
THEOREM 3.12.1f 4 is a subset of X, then
amint(A) © MyIntg-(A) where amint(4) is given by
amint(A) = U{G: G is a am-open, G c A}.
PROOF-. Let 4 be a subset of a space X.
Let x € amint(4) = x € U{G: G is am-open, G c A}.
>there exists a am-open set G such that
x €EG c A
=there exist a MxG{*-open set G such that
XEGCA,as
Every am-open set is a MxG{*-open set in X.
=>x € U{G cX:Gis MxG{* —open, G c A}.
= x € MyIntge-(4).
Thusx € amint(A) = x € Mylntgg-(A). Hence
amint(A) © Mylntgg-(A).
REMARK 3.13. Containment relation in the above

Theorem 3.12.may be proper as seen from the following
example.
EXAMPLE 3.14. Let X = {a, b, c} with my-open
set = {o,X,{a},{b},{a,c},{b, c}}. Then MyG{*O(X) =
{p,X,{a},{b},{c},{a,c},{b,c}and amO(X) =
{9, X,{a},{b},{a,c},{b,c}}. Let A={a b}
Now MyIntg.+(A) = X and am-int(A) = ¢. It follows that
am-int(A) € MyIntge-(A) and am-
int(A) # MyIntge-(4).
THEOREM 3.15. If 4 is a subset of X ,
then MyIntg;-(A) € myag-int(A) where myag-int(4) is
given by myag-int(4) = U{G c X: G is a myag-open,
G c A}
PROOF-. Let 4 be a subset of a space X.
Let x € MyIntge+(A) = x € U{G: G is MxG{* — open, G C
A}
) >there exists a MyxG{*-open set G such that

x € G C A

=there exist a myag-open set G such that x € G c
A, as
EveryMyG{*-open set is myag-open set in X.
=>x € U{G c X:G is myag-open,G c A}.
= x € myag-int(4).
Thus x € MyIntge-(A) = x € myag-int(4).Hence
MyIntge+(A) € myag-int(A).
EXAMPLE 3.16. Let X ={a,b,c} with my-open
set = {(p, X, {a}, {b}}. Then
MxG{0(X) = {p,X,{a}, {b}} and myag0(X) =
{0,X,{a}, (b}, {c}, {a, b}}. Let
A = {a,b}. NowMyInts+(A) =¢ and myag-int(4) =
{a,b}. It follows that MyIntg(4) € myag-int(A) and
myag-int(A) = MyIntge-(A).

Analogous to closure in a space X, we define
My G{*-closure in a space X as follows.
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DEFINITION 3.17. Let A be a subset of a space X.
We define the My G*-closure of A to be the intersection of
all MyG{*-closed sets containing A. In  symbols,
MxClge-(A) = N{F: A S F,FisMxG{"-closedinX}

THEOREM 3.18. Let 4 and B are subsets of a space
X. Then

(DM Clge-(X) = X and My Clgz- (@) = @.

(it) A © MxClge-(A).

(ii))If B is any MxG{*-closed set containing A, then
My Clgz-(A) € B.

(iv)If A c Bthen M Clgz-(4) € MyClge-(B).

(W) My Clgg-(A) = MyClge- (MXCIG{*(A)).

PROOF.

(i)By the definition of MxG{*-closure, X is the only My G{*-
closed set containing X. Therefore ~ MyClge-(X) =
Intersection of all the MxG({*-

closed sets containing X =N {X} = X. That is

My Clge+(X) = X. By the definition of MyG{*-closure,

My Clge+ (@) = Intersection of all the MxG(*-

closed sets containing ¢ = ¢ N any MyG(*-

closed sets containing ¢ = ¢. Thatis MyClgz-(@) = ¢.
(ii)By the definition of My G {*-closure of 4, it is obvious that
A © MyClge(A).

(iii) Let B be any MyxG(*-closed set containing A.
SinceMyClg-(A) is contained in every MyG{*-closed set
containing A, MxClgc-(A)is contained in every MyG{*-
closed set containing A. Hence in particular My Clg¢-(4) < B.
(iv) Let A and B be subsets of X such that A c B.By the
definition of My G{*-closure, MxClg;+(B) = N{F:B €
F,FisMxG{*-closedinX}. If B c F € MxG{*C(X),then
My Clge+(B) € F.Since A € B,Ac B © F € MxG{*C(X),
we have MyClge-(A) © F. Therefore MyClge-(A) € n

{F:B c F € MxG{*C(X)} = MxClge+(B).That is

M Clge+(A) € MyClgs-(B).

(v) Let A be any subset of X. By the definition of Mxg{*-
closure, MxClge(A) =N{F:AcF € MxG{*C(X)}, if
A c F € MxGJ*C(X), then MxClg,+(A) € F. Since F is
MyG{*-closed  set  containing  MyxClge-(A), by
(i) M Clag (M Clg: (A)) c F.Hence

My Clge- (MXCl(;(* (A)) cn{F:ACF € MyG{*C(X)} =

M Clge-(A). That is  MyClge (MyClog-(4)) =
MxClge-(A).
THEOREM 3.19. If a subset A of space X is MyG*-
closed, then My Clg¢-(4) = A.
PROOF. Let A be MyG*-closed subset of X. We know
that A € MyClge+(A). Also, A is MyG{*-closed set
contained in A. From Theorem 3.18. (iil) MxClg:+(A) c A.
Hence My Clg+(A) = A.

The converse of the above theorem need not be true
as seen from the following example.
EXAMPLE 3.20.Let X ={a,b,c,d} with my-open
set = {¢,X,{a},{b},{a,b,d},{a,b,c}}. Then MxG{*C(X) =
{(p,X, {d},{c},{c,d},{a,c,d},{b,c, d}} .
Note that MyClgz+({a, b}) = {a, b}, but {a, b} is not a
My G{*-closed setin X.
THEOREM 3.21. If 4 and B are subsets of X, then
My Clge+(AN B) € MyClge-(A) N MyClge-(B).
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PROQOF. Let 4 and B be subsets of X. Clearly AnB c
Aand AN B c B. We have, Theorem 3.18.

(iv), MxClge-(AN B) € MyClge-(A) and My Clgz-(AN

B) © MxClg¢-(B). This implies that My Clge-(AN B)

My Clge-(A) N MyClge-(B).

THEOREM 3.22. If A and B are subsets of a
space X, then My Clg;+(A U B) = MyClge+(A) U

My Clge-(B).

PROOF. Let A and B be subsets of X. We know that
AcAUBand B c AU B. Hence MxCl;.+(A) U

My Clge+(B) € MyClge+(A U B) - (1).Now to prove
My Clge+(AU B) € MyClge-(A) U MxClge+(B).
Again, let x € MxCl;¢+(A U B)and supposex &

My Clgg+(A) U My Clge-(B).Then there exists My G (-
closed sets A; and B; with A € A,,B < B; and

x¢& A, UB,. Wehave AUB c A; UB; and A; UB;
is MxG"-closed set by the theorem 4.1in [11] such
thatx ¢ A; U B;. Thus x & MyClg.+(A U B) which is
a contradiction to x € MxCls.+(A U B).Hence

My Clge+(AU B) € MyClge-(A) U MyClge+(B) —
(2). From (1) and (2), we have MyClg.+(AU B) =
My Clge(A) U MyClge+(B).

THEOREM  3.23. For an x€X, x€
MyClge+(A)if and only if VnA+#¢ for every
My G{*-open sets V containing x.

PROOF. Letx € X and x € MxCl;;-(A). To prove
V N A+ ¢ for every MxG{*-open sets V containing x.
Prove the result by contradiction. Suppose there exists
a MxG{*-open setV containing x such that V N A = ¢.
Then AcX—-V and X -V is MyG(*-closed. We
have MyCls+(A) € X —V.This shows that x &
My Clge+(A), which is contradiction. HenceV N A # ¢
for every My G{*-open setV containing x.

Conversely, let VN A = ¢ for every MxG{*-
open set V containing x.To prove x € MyClge+(A).
We prove that result by contradiction.  Suppose
x & MxClge+(A). Then there exists a MyG{"-closed
subset F containing A such that x & F.Thenx € X —
Fand X — Fis MxG{*-open. Also X —F)NA = ¢,
which is a contradiction. Hence x € My Clg.+(A).
THEOREM 3.24. If A is subset of a space X, then
My Clge+(A) © my-cl(A).

PROOF. Let A be a subset of a space X. By the
definition of closure, cl(4) =N{F c X:AcF €
CX)}. fAcFe(C(X), thenAc F € MyG{*C(X),
because every my-closed set is My G{*-closed. That is
MxClge+(A) © F. Therefore MyClg.+(A) € n
{FcX:AcFeCX)}=cl(A). Hence

My Clge-(A) € cl(A).

REMARK 3.25.Containment relation in the above
Theorem 3.24. may be proper as seen from following
example.

EXAMPLE 3.26.Let X = {a, b, c, d} with mx-open
set = {o,X,{c,d},{a,b,c}}. Then MyG{*C(X) =
{(p,X, {a},{b},{d} {a, b}, {a,b, d}}. Let 4 =
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{a,b,d}. Note that MxClg,+({a,b,d}) =

{a,b,d} and

my-cl({a,b,d}) = X. It follows that MyCl;.-(A) ©
my-cl(A)and MxClge+(A) # my-cl(A).
THEOREM 3.27. If A is subset of a space X, then
MyClge+(A) € amcl(A), where amcl(A) is given
byamcl(A) =N {F c X:Ac F and F is am-

closed set in X}.

PROOF. Let A be a subset of X. By definition of
am-closure amcl(A) =N {F c X:Ac Fand F is am-
closed subset of X}. If AcF and F is am-closed
subset of X,then A ¢ F € MxG{*C(X), because every
am-closed is MyG{*-closed subset in X. That is
My Clge+(A) C F. Therefore My Clg.+(A) cn
{F c X:AcFandF is am — closed} = amcl(4).
Hence My Clg.+(A) © amcl(A).

REMARK 3.28. Containment relation in the above
Theorem 3.27.may be proper as seen from following
example.

EXAMPLE 3.29.Let X = {a, b, c} with m-open
set = {(p, X,{a},{b}{a,c},{b, c}} .Then

MXCZG{*(A) =

{go,X, {a},{b},{a, b}, {a,c},{b, c}} and amcl(4) =

{(p, X, {a},{b},{a,c},{b, c}} .Let A = {a, b}. Then
MyClge+({a,b}) = {a,b} and amcl({a,b}) =

X. Thatis

My Clge+(A) € amcl(A) and MyClge+(A) #
amcl(A).

THEOREM 3.30. If 4 is a subset of a space X, then
myag-cl(A) € MxClge-(A) where myag-cl(A) is given by
myag-cl(A) =N {F c X:A c F € myaGC(X)}.

PROOF. Let 4 be a subset of X. By the definition of
MyG{*-closure, MyClge-(A) =n{F c X:AcF €
Mygl*C(X)}IfACF e Mygl*C(X), thenACF €
myaGC(X), because every My G{*-closed set is myag-closed
set. That is myag-cl(A) c F. Therefore myag-cl(A) cn
{F cX:AcFeMygl'C(X)} = MxClgs+(A). Hence
myag-cl(A) € MyClg(A).

REMARK 3.31. Containment relation in the above
Theorem 3.30.may be proper as seen from following example.
EXAMPLE 3.32. Let X ={a,b,c} with my-open
set = {¢p,X,{a},{b, c}} .Then

MxClgg-(A) = {ga, X, {a},{b, c}} and myag-cl(A) =

{(p,X, {a},{b},{c},{a,b},{a,c},{b, c}} Let A={c}. Then
My Clge-({c}) = {b, ¢} and myag-cl({c}) = {c}. That is
myag-cl(A) € MxClge-(A) and myag-cl(A) #

My Clgz-(A).

THEOREM 3.31. Let 4 be any subset of X. Then

(D (MxIntge-(A))¢ = MyClge-(A)

(i)MyIntge(A) = (MxClge(A9))©

(li) My Clge+(A) = (MyIntge-(A9))©

PROOF. (i)Letx € (MyIntz-(A))°.Then x &
MyIntge+(A). Thatis every My G{*-open set U containing x
such that U ¢ A. That is every MG {*-open set U containing
x such that U n A° # ¢. By theorem 3.23.,x € MxClg¢-(A)
and therefore(MyIntgz+(A))¢ © MxClge-(A°). Conversely,
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let x € MyClge-(A€). Then by Theorem 3.23., every
MxG{*-open set U containing x such that U n A€ # ¢. That
is every My G{*-open set U containing x such that U ¢ A.
This implies by Definition of MyxG{*-interior of A, x &
MyIntge-(A). Thatis x € (MyIntge-(A))€ and

My Clge-(A€) © (MxIntge-(A))C. Thus (MyIntge-(A))C =
My Clge-(A°).

(ii) Follows by taking complements in ().

(iii) Follows by replacing A by A€ in (i).
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