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ABSTRACT

Among numerical sequences, the Fibonacci numbers have
achieved a kind of celebrity status with such fabulous
properties, it is no wonder that the Fibonacci numbers stand
out as a kind of super sequence. Fibonacci numbers have
been studied in many different forms for centuries and the
literature on the subject is consequently, incredibly vast. The
Fibonacci sequence has been generalized in a number of
ways. The purpose of this paper is to demonstrate many of the
properties of Coupled Fibonacci sequences of r' order, which
can be stated and proved for a much more general class.
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1. INTRODUCTION

Fibonacci numbers have been studied in many different forms
for centuries and the literature on the subject is consequently,
incredibly vast. The Fibonacci sequence has been generalized
in a number of ways. In 1985, Attanasov [1] introduced a new
view of generalized Fibonacci sequences by taking a pair of
sequences {a;}izoand {B;}iLowhich can be generated by
famous Fibonacci formula and gave various identities
involving Fibonacci sequence called the coupled Fibonacci
sequences. With some initial values a, b, c and d four different
schemes [2] were defined as below vV n>0.

The four schemes are following

FOI’O(O =a,a = b,ﬁo = C,ﬁl = d

First scheme is

Aniz = Pnir + Pn and Priz = py1 tap,Vn=0 (1-1)
Second scheme is

Onyz = Apiq + Pn ANA Briz = Ppyr + @,V =0 (1.2)
Third scheme is

Upiz = Ppyrtay and fpip = apyq + B, V=20 (1.3)
Fourth scheme is

Onyz = Qg+ AN Bryp = Py + B,V =0 (1.4)

In recent years many authors have been generalized coupled
Fibonacci sequences in third, fourth and fifth order. In this
paper, the coupled Fibonacci sequence has been generalized
for r'" order with some new interesting properties.
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2. COUPLED FIBONACCI SEQUENCES

OF r'" ORDER

Attanasov,K.T.[1][2][3] introduced new generalized coupled
Fibonacci sequences.

In the same way, here we let two sequences with initial
conditions

Xy = Ap,01 = A1, Ap = Ay Ar_q = Ap_1

and By = by, p1 = by, B = by Br_1=Dbr_1

Then generalized coupled Fibonacci sequences defined by

r—1
Untr = Zﬂnﬂ' = Bnt Bnsr+ Brvz + Brwz + - Prir—
i=0

+ ﬁn+r—1

r-1

.1

Bnir = Z Anii = Ant anig + Anyo T Apiz + o Apyrz

i=0
+ An+r-1

(2.2)

First few terms of the sequences are given below

n Antr Bur
0 by+ by +b,+b._q apg+ay; +a; +--a,_q
1 (a0+a1+a2+a3 (a1+a2+a3
+ o tayy) + o +a_yg)
+ (by + by + bs + (by + by + b,
+oe +br—1) + o +b_q)
2 (ag + 2a4 + 2a, + 2a; (ag + ay + 2a, + 2a;
+ - 42a,_4) + - +2a,_4)
+ (bg + by + 2b, + (b + 2by + 2b,
+ - +by_q) + - +2b,_4)
3 (2ap+3a, + 4a, (2ap+3a, +3a, + 4a;
+ - +4a,_q) + - +4a,_q)
+ (2by + 3b; + 3b, + (2by + 3b, + 4b,
+4bs + - +4b,_4) + - +4b,_;)
4 (4ay+5a, + 7a, + 8as (4a9+5a, + 7a, + 7a;

+8ay + - +8a,_1)
+ (4by + 6b; + 7b,
+ 7b3 + 8b,
+ - +8b,_;)

+8ay + - +8a,_1)
+ (4by + 6b; + 7b,
+ 8b3 + 8b,
+ - +8b,_;)
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3. MAIN RESULTS

Many authors have been constructed the identities of coupled
Fibonacci sequences under addition. In this section many of
other fabulous properties can likewise be established by
induction method.

Theorem 3.1.For every integern > 0,7 > 0
Anr+1) T Bo = Buer+1) + Qo
Proof: 1fn =0, then result is true because
ao + Po = Po + ao

Assume that the result is true for some integer n>1
Now by Equation
Uty = er;ol Br+i and Bpir = er;ol An+i
Using induction method forn = n + 1, then

A(n+1)(r+1) + By = [ﬁn(r+1)+r + Bn(r+1)+r—1 +
Bn(r+1)+r—2 + et Bn(r+1)+1] + :80

= [an(r+1)+(r—1) T Unr+1)+@-2) T An@r+1)+G-3)
+ et Xn(r+1)+1 + an(r+1)]
+ [.Bn(r+1)+r—1 + .Bn(r+1)+r—2
+ ﬁn(r+1)+r—3 +- ﬁn(r+1)+1]
+ Bo (By equation 2.1)

= [an(r+1)+(r—1) t+ ane+n+e-2)
An(r+1)+(r-3) + et an(r+1)+1] +
[ﬁn(r+1)+(r—1) + ﬁn(r+1)+(r—2) + ﬁn(r+1)+(r—3) + et
.Bn(r+1)+1] + Xn(r+1) + .80

Anr)r+1) T Bo=[@nren+a-1) + Tneren+e-2) +
Unren)+er—3) T+ Cnanaa] + [Bagren+e-1) +

Brner+v+-2) + Baars+e—3) T+ Bungrrvy+1] T Brueen +
Qg (By induction hypothesis)

= [ n+0-1) + Tneren+e-2) +
Anr+D+r-3) T F Aneren+1] +
Anr+1)+r T Ao
= ﬁn(r+1)+(r+1) + g
= Bm++1) T Qo
Hence the result is true for n = n+1.
Theorem 3.2 For every integern > 0,7 > 0
Anr+1)+1 T B1 = Pna+)+1 T 1
Proof: 1fn= 0, then result is true because
a+p=phta

Assume that the result is true for some integer n>1
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Now by Equation

Anyr = er:_()1 n+i and Bnir = Zfz_()l An+i

Using induction method forn = n + 1, then
A r++1 T B1 = Ongrn+er+2) + b1

= [ﬁn(r+1)+(r+1) + ﬁn(r+1)+r + ﬁn(r+1)+r—1 +oet
ﬁn(r+1)+2] + ﬁl

= [aneriner + Tngranror-1) F Tnerinee-2) T
+ An(r+1)+2 + an(r+1)+1]
+ [Bn('r+1)+'r + ,Bn(r+1)+(r—1)
+ .Bn(r+1)+(r—2) + et .Bn(r+1)+2] + .81

(By equation 2.1)
:[an(‘r+1)+r + In(r+1)+(-1) + An(r+1)+@-2) +et
an(r+1)+2] + [.Bn(r+1)+r + .Bn(r+1)+(r—1) + .Bn(r+1)+(r—2) +
ot Bzl T g+ T B

Ay r+1+1 + B[ @nirner + Tnrn+e-1) +

Anr+1)+(@r—-2) Tt Oneen+2] + [.Bn(r+1)+r +
Brnara+a-1) T Bn+n+er-2) T F Brgran+2] +

Bne+n+1 T a1 (By induction hypothesis)

= [an(r+1)+r + An(r+1)+(r-1) + An(r+1)+(r-2) +oet
An(r+1)+2] T An(r+1)+(r+1) +a

= Bner+0)+@+)+1 T 4
= Br+e+1)+1 T A
Hence the result is true for n = n+1.

In the similar way, it could be proved for the following
results by induction method.

Theorem 3.3 For every integern > 0,7 > 0
Anr+1)+2 T B2 = Brgran+2 T @2

Theorem 3.4 For every integer n > 0,7 > 0
Anr+1)+3 T B3 = Brer+1)+3 + 3

Theorem 3.5 (General Theorem)

On the basis of above results, some important result
For every integern > 0,7 > 0 are
Aner+1)+p T Bp = Bnir+1)4p T % (3.1)
Where p is also some non negative integer.
Proof: If n =0, then result is true because
ap+ By =Pp + ap
We assume that the result is true for some integer n>1

Now by Equation
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— -1 —
Inyr = {:0 n+i — .Bn + ﬁn+1 + ﬁn+2 + ﬁn+3 +
---ﬁn+r—2 + ﬁn+r—1

r—1

Brsr = Z Apyi = O+ Apyg + Apiz + Az + 0 A
i=0
+ apyro1

Using induction method forn = n + 1, then
Am+1)r+D)+p T .Bp = Up@r+1)+(@+p+1) T ﬁp

= [ﬁn(‘r+1)+(r+p) + ﬁn(r+1)+(r+p—1) + ﬁn(r+1)+(r+p—2) +
i ﬁn(r+1)+(p+1)] + Bp

= [an(r+1)+(r+p—1) + AnGr+1)+@+p-2) T An@+D)+@+p-3) T
ot an(r+1)+p] + [Bn(r+1)+(r+p—1) + ﬁn(r+1)+(r+p—2) +
,Bn(r+1)+(r+p—3) + et Bn(r+1)+(p+1)] + Bp (By equatlon 21)

:[an(r+1)+(r+p—1) + An(r+1)+(r+p-2) + An(r+1)+(r+p-3) +
et an(r+1)+(p+1)] + [Bn(r+1)+(r+p—1) + ﬁn(r+1)+(r+p—2) +
,Bn(r+1)+(r+p—3) + ot Bn(r+1)+(p+1)] + An(r+1)+p + Bp

A(n+1)(r+1)+p + Bp: [an(r+1)+(r+p—1) + An(r+1)+r+p-2) +
nr+D)+@+p-3) T+ Ang+)+@p+n] T

[ﬁn(r+1)+(r+p—1) + Bn(r+1)+(r+p—2) + .Bn(r+1)+(r+p—3) +
R ﬁn(r+1)+(p+1)] + ﬁn(r+1)+p + ap

By induction hypothesis
= [an(r+1)+(r+p—1) t A+ 1)+@+p-2) T An@r+)+@+p-3) T
ot an(r+1)+(p+1)] + An(r+1)+(r+p) + ap

= .Bn(r+1)+(r+p)+1 t+ap
= B v)r+)+p T X

4. SPECIAL CASES

4.1. In this paper two Generalized Fibonacci sequence has
been assumed. If r = 3 in the scheme 2.1 and 2.2 then the
third order coupled sequences

An43 = Pn+ Brvr + Bur2

Bniz = Qn + Anyy + apye

and in similar way, results from above theorems which will
be like as 3-order sequence

(@ ayn + Bo = Ban + ao
(D)asn+1 + b1 = Pan+1 + 1
(auniz + B2 = Pansz + @z
(Daunsz + B3 = Bantz + az
4.2. 1f r= 4 then sequence becomes
nta = Pn + Bn+1 + Butz + Brss

Bnia = Qn + Apyqr + Anyp + Anys

and results are
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(@asn + o = Psn + g

(D)asnsr + b1 = Psnsr + 1
(Oasnia + P2 = Pon+z + @2
(D snss + P3 = Psnss + a3

4.3. 1f r = 5, then sequence becomes
Anis = ﬁn + Bn+1 + Bn+2 + ﬂn+3 + ﬂn+4

Bris = an+ Qg1+ Anyz + gz + Anya

and results are

(@agn + fo = Ben + a0
(D)asns1 + b1 = Bons1 + 1
(agniz + B2 = Pen+z + @2
(D t6nss + Ps = Pon+s + a3

In previous years these results has been proved by many
mathematicians [6] with the help of same technique.

On the basis of these now we can construct the relations for
different ordered coupled Fibonacci sequences.

5. CONCLUSION

There are many known identities for coupled Fibonacci
sequences. This paper describes comparable identities of
generalized coupled Fibonacci sequence of r'" order, the
special cases for lower order were also discussed. Simply the
ideas can be extended for generalized coupled Fibonacci
sequences of r'" order with negative integers.
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