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ABSTRACT

In this paper, we consider two sequences of t-order {ai };io

and {3, |7, defined by oty =a,,f, =a,, 0, =a,,
Pr=28,..a =08, Bi=23y

t-1 t-1
Ay =Zﬂn+i ' ﬂmt :Zanﬂ , N ZO’
i=0 i=0

where a;,d,,...,ay_;,a,, are fixed real numbers and te

Z+\{1}. Furthermore, some interesting properties of these
sequences are given
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1. INTRODUCTION

In [1], the authors gave some identities involving the terms of

o0

two sequences {Oti }i:O and {,B, }Zo defined by
o, =3, fy=b,a =¢, B =d,

an+2=ﬁn+l+ﬁn'ﬂn+2=an+l+an!n201 (1)

where a, b, ¢, and d are fixed real numbers.

For example, for N > 0, the authors obtained the following
identities:

3k+2

3K
Aayyn = ZIB| + B Bos = Zazi - Bty
i=0 i=0

In [4], the authors considered the generalized recursive form
of (1). In [2, 3, 7], the authors described new ideas for 3-
Fibonacci sequences. In [8], the authors showed fundamental
properties of 3-Fibonacci sequences. In [5], the authors gave

some properties of two sequences {Oti }?C:O and {ﬂl }iio

which have given initial values a, ¢, e, gand b, d, f, h ( which
are real numbers), and called 4-order sequences.

In [5], the authors obtained some interesting results for two
sequences {ai }ZO and {ﬂ, }Zo which have given initial
values a, ¢, e, g, i and b, d, f, h, j ( which are real numbers),
and called 5-order sequences.

In this paper, we consider two sequences of t-order {ai }:0:0

and {3, }”, defined by oty =@, 3, =a,, &, =&,
:Bl =ay ..., 0y = Ay 4, :Bt = Ay
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]

an+t =

- t-1
ﬂn+i’ﬂn+t :Zam—i' nZO’ (2)
i=0

I
o

where @;, a,,...,8,,_;, &, are fixed real numbers.

Furthermore, some interesting properties of these sequences
are given.

Taking t=2 in (2), the sequences {ai }ZO and {,B, }oo in

i=0
(1) are obtained:

Table 1. The first nine terms of the sequences of 2-order
are shown in table below

n an ﬁl"l

0 a b

1 c d

2 b+d atc

3 a+c+d b+c+d

4 atb+2c+d at+b+c+2d

5 a+2b+2c+3d 2at+b+3c+2d
6 3a+2b+4c+4d 2a+3b+4c+4d
7 4a+4b+7c+6d 4a+4b+6c+7d
8 6a+7b+10c+11d 7a+6b+11c+10d

2. SOME PROPERTIES RELATED TO
THE SEQUENCES OF t-ORDER

In this section, we will give the sums of terms of the
sequences of t-order and some interesting results.

Theorem1. Forevery integer N >0 and0 <k <t ,
Aynik T Bx = Breaynax + - ©)

Proof. Since ¢, + B, = B + &, the given statement is
clearly true when n=0.

Assume that the result is true for some integer N > 1. From
(2) and induction hypothesis, then
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t
a(t+l)(n+1)+k + ﬁk = Zﬂ(t+l)n+k+i +ﬂk
i=1

= a(t+1)n+k+t + ﬂk+t — Oyt a(t+1)n+k+t—l + ﬁk+t—1

— g oot X T Bia — X + By
t

t t
= Za(t+l)n+k+i + Zﬂk+i - Zalm + By
i1 i1

i=1

= ﬂ(t+1)n+k+(t+l) T~ ﬂk+t+l + ﬂk
= By T % — B + B

= ﬁ(t+1)(n+1)+k T Q.

So the statement is true for n+1. Thus it is true for every
positive integer n. i

For example, taking t=3 in (3), we write
24 n +ﬂ0 =ﬁ4n +a0’
Agna T B = Buana + 1,
Cgnia + By = Bansa + 23,

Ayniat Pa = Punis + s

Theorem2. For every integer N >1 and0 <k <t -1,

th+k-1
tn+k - Zﬁ ZatHk ZIBI’
tn+k-1 n-1

ﬂtn+k - ZOC _Zﬂtl+k ZCZ

Proof. The proof is obtained by induction method on N .

Theorem3. For every integer n>0 and
t+1<k <2t+1,

(t+Dn+k-1  (t+1)n+k—t-1

t+1n+k = Zﬁ - Zai’

i=k—t i=k—t

(t+n+k-1  (t+D)n+k—t-1

ﬂ(t+1)n+k = a; — Zﬂu
i=k—t i=k—t

Proof. For N =0, by (2), we have

X
l—*

k—t-1

/3. Za =B+ Bia Tt B = o

—t i=k—t

i
z—

i
Thus the result is true for N =0.

Assume that the result is true for some integer N > 1. From
(2), then
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(t+1)(n+1)+k-1 (t+1)(n+1)+k—-t-1  (t+Ln+t+k  (t+1)n+k
R RS 3 I
i=k-t i=k-t i=k-t i=k-t
(t+D)n+k-1  (t+1)n+k-t-1
Zﬂi - Zai

i=k-t i=k-t

= /B(t+l)n+t+k ot ﬁ(t+l)n+k +

T &tk T T Kta)nak—t
(t+n+k-1  (t+1)n+k-t-1

= Bi= 20+ Bk + Laninik

i=k-t i=k-t
- ﬂ(t+1)n+k - a(t+l)n+k :
From induction hypothesis, then
(t+1)(n+1)+k-1 (t+1)(n+1)+k-t-1

2= 2

i=k-t i=k-t
= ﬁ(t+1)n+k + (1) (n1)rk — ﬂ(t+1)n+k
= Q1) (n+d) k-
Hence the result is true for all integers N > 0.

O

We express the terms of the sequences of t-order {ai }20

and {ﬂl }?0:0 ,when N > 0’ as follows:

2t-1 2t
alyn+a27/n+ +a‘2t17n +a2t7/n '(4)

B =0 +a,07 +..+a, 0 +a,0>" .(5)

Thus, the sequences { ij };io and {5ij }iio
are obtained.

1<j<2t)
Now, we will show how these sequences are related to each
other.

Theoremd. For every integer N >0 and1 <1<t
Syt =ra. S =ya ©)

2 and6” =yt

Proof. For i=1, we prove 5,} =7

We shall apply induction method on N .

For n=0, sincedy =0 =yZ,00 =1=y¢, the result is
true for n=0.

Assume that the statement is true for all integers less than or

equal to some integer N >1. From (2) and induction
hypothesis, then

1 1 1
5n+l yn+7/n—1+"'+7/n—t+l
2 2 2 2
=0, +0, 1+ F 001 = Vi
and

2 2 2 2
é‘n+1 7n +7n—l+"'+7n—t+l

ol 1 1 1
_5n+5n1+ +5n t+1 yn+l'
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Hence the desired statement is true for all integersn > 0.

Similarly, for 2 < 1 <t the proof is obtained.
o

Theorem 5. For every integer N >0 and2 <1<t

1 1 2t-1 2t-1
7/n+l + 5n+l = yn + 5n (8)

2i-1 2i-1 2t-1 2t-1 2i-3 2i-3
7n+1 +5n+1 =( n +5n )+( n +5ﬂ )(9)
Proof. The proof is obtained by induction method on N.

Let W be the integer function defined for every k>0 by

-1, if r=t,

i i
if r=|—|-1, 10
5| @

P(t+1k+r)=1 1

0,  otherwise,

where 1 <1 <2t

Obviously, taking N = (t +1)K +r in (10) , we write

Y(n+)=-¥Y(n)-¥Y(n-)—-..-¥Y(h—-t+1).
Now, we will give the some relations related to the sequences
{}/ij }Zo {5ij }Zo and function ¥ (n).

Theorem 6. For every integer N >0 and 1 <1< 2t

Vo =6, —(=1)"¥(n) (11)

Proof. Using the definition of the function ¥, the proof is
easily obtained by induction on N .

For example, for every integer N > 0, taking t=3 and i=3 in
Theorem 6, we obtain

7e =61 +¥(n),

where ¥ is the integer function defined for every k>0 as
follows:

W@k +r)
0 0
1 1
2 0
3 -1

Theorem 7. For every integer N >0 and 1< j < 2t
. t_l - -
ert = z}/njﬂ - (_1)J \P(n +t),
i-0

n+i

Sl =260 +(-D)I¥(n+1).
i=0
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Proof. To prove this, we shall apply induction method on N .

Using (2) and (11), for n=0, we get

-1 )
i =D ()

i=0

=70 T+t yly (D))

=5 - (-D'Y®) =7

Thus the result is true for N =10.

Assume that the assertion is true for some integer N > 2.
Using (2), (11) and induction hypothesis, then

1 _
zynjﬂﬂ _(_1)le(n+1+t)

i=0

= 7r:-+1 +7/r:-+2 +"'+7/rf+t _(_1)ij(n+1+t)
= 5nj+t+l - (_1) ) \P(n +1+t) = yrf+t+1'

Hence the result is true for all integers N > 0.

Similarly, the proof of the other result is obtained.
O

From (4) and (5), we write

Gn :an +ﬂn (12)
=a,G; +a,G. +..+aG; +..+a,G?,
and
Hn =Q, _ﬁn
(13)

=aH!+a,H’ +..+aH, +..+a,H’,
whereG! = 7!+, H! =y! —5!,1<i<2t.

Now, we define the integer function & for every K >0 as
follows:

-1 ifr=t,
on)=0(t+Dk+r)=<1 ifr=i-1
0, otherwise,

where 1<i <t

Theorem8. For every integer N >0 and1<i<t,

. . i—1
GX=G¥=)G;,. (15)
k=0
HZ* =-HZ =0(n). (16)

Proof. Firstly, we prove equality in (15). From (9) and (8),
then
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2i-1 _ ~2t1 2i-3
C:’n - C:’n—l + Gn—l
2t 2t-1 2i-5
- Gn—l + Gn—z + Gn—2

_ _ 2t-1 2t-1 2t-1
=.=G, +G, +..+G

i—1

=G, +G,, +..+G,;,, =D .G, . (17)
k=0

Adding 72 =87 and 2 = 62, we have

Gt =G? (18)

Thus,by (17) and (18), the claimed result is obtained.
Secondly, we prove equality in (16) .
By (2) and (13), we have

H (t+Dn+k+t+l — Xkt — ﬂ(t+l)n+k+t+l
= Brnnskst — Lkt T Bsnsksra
— Akt o T Brinekn — Xnnke
Using (2) and (3), for 0 < K <t , we write

H ynikn
= Pt — U + Broa = Oes +oot Bra — O
= Uy — P = & — P =H,.
From definition of H ¢ in(13) and (2), we get
fork =0, H, =, — f3,,
for k=1,

H, =0(e, — By) + v, — B),

fork =t—1,

, =0(ay = B) +...+0(e_, — B,)
+Ua, - Biay)s
fork =1,
H, =—(ay = By) — (&, = B) — — (s — By)-
Since

=aH:+a,H? +..+aH} +..+a,H?,
the claimed result H?"™ = —H ' is obtained..

n

Using N=(t+1)k +r and the integer function &, the
desired result is proved.

By (15) and (16), we write
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i-1

i i Gn +0(n)

2i—1=Gr$1+Hr$l:k:0 )

" 2 2 (19)

i1
, . Gl —0(n

2i_Gr12I+Hr?I_§ n-k ()

" 2 2 ’

and

. - i-1
so1_Gat —HE D, Gy —0(N)
n 2 2 1

GZ—HZ >, Gry +0(n)
2 2 '
Hence, from (4) and (19), then

52i —

2t-1 2t
_a17n+a2}/n+ +a2t17n +a2t7n

_ lGl+9(n) ‘a, Ga —0(n)
2
Z .G —06(n)
2

1 t-1
:—(alGi +.ay 2 Gry)
k=0

(20)

0(2)(a —a, +...—ay)

1 t-1 2(t—j)

I

j=0 i=1

19(n) Z(a2| at az.)

Similarly, the result for /3, is obtained.

For example, taking t=2 in (20), we write
a, = %((Gi +O(M)a, + (GL — 0(n)a,
+(GL+GL, +0(n)a, + (G} +G:, - O(n)a, )
From (12), then

= %((yi £ 8t o), + (7 + 51 —0(n)a,

+(7p + 6y + Vna + 604 +0(N))a,
+(7n + 80 +Vna + 004 —49(n))a4)
since y; +3, = F., in[1], then

@y =2 ((Fru+ 0008, + (F, , ~ (),
+(F, +0(m)a, +(F, —6(m)a, ),

32



where Fn is n th Fibonacci number.

3. CONCLUSION

In this study, the sequences of t-order are defined and some
properties are given. In future, we define the sequences of t-
order under different schemes and the results are obtained for
these schemes.
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