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ABSTRACT

The authors of the above article proposed the improved
(G'/G) - expansion method and found some traveling

wave solutions for each of two nonlinear evolution equations
in mathematical physics, namely the Regularized Long Wave
(RLW) equation and the Symmetric Regularized Long Wave
(SRLW) equation. In the present article, we have noted that if
we use a suitable transformation, the improved (G’/G)-
expansion method can be reduced into the well -known
generalized Riccati equation mapping method which provides
us with much more traveling wave solutions, namely twenty
seven solutions for each of these two nonlinear evaluation
equations. Comparison between the results of these two
methods is presented.
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1. INTRODUCTION

Traveling wave solutions for nonlinear evolution equations
play an important role in many phenomena in physics such as
fluid mechanics, hydrodynamics, optics, condensed matter
physics, plasma physics and so on. In recent decades, many
effective methods [1-25] have been established to obtain the
exact traveling wave solutions of these equations. In Ref. [19]

!
the authors proposed the improved (G /G)- expansion
method and found some solutions for each of two nonlinear
evolution equations, namely the nonlinear RLW equation and
the nonlinear SRLW equation.  This method can be
summarized as follows: Suppose that a nonlinear evaluation
equation has the following from:

Fu,u,u.,u,.u,,..)=0, 1.1)

where F is a polynomial in u =U(X,t) and its partial
derivatives in which the highest order derivatives and
nonlinear terms are involved. The wave transformation

u(x,t)y=u($).&=x —at, (12)
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where @ is a nonzero constant, reduces Eg. (1.1) to the
following nonlinear ordinary differential equation (ODE) for

u(s)
H@u,u'u".)=0 , (1.3)
where H is apolynomial in U(f) and its total derivatives

with respect to & .

The authors [19] assumed that Eq.(1.3) has the formal
solution:

e

o .
where ! are all real constants to be determined such that
, F i . i i
o O, while G (é) is the solution of the following
nonlinear auxiliary ODE:

GG"=AG?*+BGG'+CG", (L5)

C;tl,’

while the positive integer 4 in Eq. (1.4) is determined by
balancing the nonlinear terms and the highest order
derivatives. The authors [19] have obtained the following
formulas:

Case1.WhenB %0, A=B2+4A(L—C) >0, then

where A, B and C are real parameters such that

G©_ B

G() 20-C)

) 8 VA clexp(€§]+czexp[—\/§§] :
e Clexp(féj—czexp(—ffl

(1.6)
Case2.WhenB #0, A=B?+4A(1-C) <0, then
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G(©__B
G() 20-C)

B\/_ ic cos[ng]—czsin(\/?fj
2(1_ ) iclsin(\/z_Agjwzcos(\/;_A(fJ

1.7

Case3.WhenB =0, A=A(C —1) >0, then

G A ¢, cos(VAZ)+c,sin(VAZ)
G() @-C) clsin(\/Zf)—cz cos(\/Kg)

(1.8)

Case4.WhenB =0, A=A(1—-C) >0, then

G'(&) Ny iclcosh(\/zf)—czsinh(\/—_Af)
G(&)  (1-C)| ic,sinh(v-Az)~c,cosh(v-a¢) |

1.9)

where c1 and c2 are arbitrary constants, and I =+v-1 while

C il. After a careful revision of the cases (1.6) - (1.9),
we have found that the constant” B" in the second terms of
(1.6) and (1.7) should be omitted in order that both (1.6) and
(1.7) satisfy the auxiliary ODE (1.5).

With reference to Sec. 3 of Ref. [19], the authors applied the

improved ( ) expansion method (1.4) and (1.5) and
found the solutions(3.5)-(3.11) of [19] for the RLW equation
(3.1) as well as the solutions (3.17)-(3.21) of [19] for the
SLRW equation (3.12) which contain some minor errors due
to the error in (1.6) and (1.7).

Let us now rewrite down the solutions (3.5)-(3.11) of Ref.
[19] in the following corrected forms:

_Rp2 _
I1f we choose B # 0 and A =B +4A 4ACZO,

then we have the solutions :

ebwA,
2a

ux,t)=

2
By A
DA, |ce +Ce

2a E(x “at) —E(x “at)
ce 2 —Cce ?

(1.10)
we choose B #0 and A, = B%2+4A —4AC <0 ,

we have the solutions:
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b,

ulx,t)= 2

2

ic cos\/_(x —at)— csm\/_(x —at)
|cls|nJ_(x —at)+c, cos‘/_(x —at)

(111)
If we choose B =0and A, =A(C —1) >0, we have

the solutions
U(xt)= —2bwA,

6b @A, clcos(\/z(x —cot))+czsin(\/z(x —a;t)) ‘
- clsin(\/z(x —a)t))—c cos(\/E(x —a)t)) .

(1.12)
If we choose B =0 andA, =A(C —1) <0, we have

wA,

+

the solutions

U(X,t):%

beA ic cosh(ﬁ(x wt)) c S|nh(J_(x fa)t))
a ic smh(ﬁ(x a)t)) c cosh(x/_z(x fa)t))

(1.13)
where A, B ,C, C;, C, are real parameters and a, b are
positive constants while & equalstolor 3,50 is A. If €
equals to 1, we should choose @ = (DA, +1)7, while if
€ equals to 3, then @ = (L—bA,)™
equal to L or 3, @ is (1—4bA,)™ or (1+4bA,)™"

respectively.

. Similarly, if A is

If we choose C; = —C, , then the solution (1.10) becomes in

the form:
A
(X 1) = sboh, DA, tanh? VA (x —at),
2a 2a 2
(1.14)
while if we set C;, =C, , we have the solution:
A
U(X ,t) _ é'bCl)Al _SbCOAl Coch E(X —(d) ’
2a 2a 2
(1.15)

Also, we rewrite down the solutions (3.17)- (3.21) of the
SLRW equation (3.12) of Ref. [19] in the corrected forms as
follows:

If we choose B #0 andA, = B?+4A —4AC >0,
then
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@’ +1-2w°A

ux,t)=
2
C e@wm +C 67@(%(4)
+3wA| 2 2
Brpeay A
ce —Ce

(1.16)
If we choose B #0 and A} = B?+4A —4AC <0,
then

®° +1-20°A
ic cos\lz_(x —awt)—c sm\/_(x —at)
ic,sin \/ZT(X -at)+c, cos\/_(x —at)

ux,t)=

—3wA

(1.17)

If we choose B =0and A=A(C —1) >0, then

2 2
u(X,t):w +1+8w°A
C12wA c,cosVA(X —at)+c,SinVAX —at) |
¢, sinA(Xx —at)—c, cosvA (X —at)

(1.18)

If we choose B =0and A=A (C —1) <0, then

2 2
u(x,t):a) +1+8w°A

ic, cosh(\/—A(x —a;t))—czsinh(\/—A(x —a)t)) ’
-12wA .
ic, sinh (V=A(x —at)) ~c, cosh (V=A(x —at))

(1.19)
If we set C; = —C,, into (1.16), we get the solution
2 +1-20°A A
u(x,t) :u+3wAtanh2§(x —at).
(1.20)

We have noted that the auxiliary nonlinear ODE (1.5) used in
Ref. [19] can be rewritten in the form of the following

generalized Riccati equation for (G'/G) as:

G" G’ G'Y
(5) -~A+B (Ejﬂc —D(aJ - a2
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!

If we use the simple transformation a = ¢(§) , then Egs.

(1.4) and (1.21) can be rewritten in the form:

U =Y @' ().

(1.22)
where ¢(&) satisfies the generalized Riccati equation
#(&)=A+Bp(&)+(C -Dgp*(S). (1.23)

It is well -known [20-25] that the models (1.22) and (1.23)
form the generalized Riccati equation mapping method where
Eq. (1.23) has the following well- known twenty seven exact
solutions:

Type 1. When A=B?—-4A(C -1)>0 and
B(C —1)#0 or A(C —1) # 0 we have

[B +VA tanh(£§)]

[B +vJA coth(*/_ ),

®,(¢) = 2(1 C)

D,(5) =

2(1 C)
D, (&) = 2 C)[B+J’ A(tanh(v/AE) i sech(vA&))],

D, (&) = [B +VA(coth(vAE) £ csch(vAE))],

2(1 C)

7 f

D, (&) = [2B +/A (tanh(—§)+coth(—§»]

4(1 C)

NG E— [_B+W—A1~/Kcosh(\/§§)]’

2(1-C) A,sinh(v/A&) +B,
1 JAB? —A2) +A A cosh(+/A)
() =- [-B - _ 1
2(1-C) A, sinh(+/AE) +B,

where A1 and Bl are two non-zero real constants satisfying

B, -A>0,

2A cosh(ﬁé)
q)s (f) = \/Z 2 \/Z ’
\/Zsinh(7§) —B cosh (7 &)

JA

—2A sinh(Té)

(139(5) = !
B sinh(“/zZ SENN cosh(JZK <)
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Ja

2A cosh(— &)

(<) = JAsinh(v/AE) - Bcosh(\/_ §)+|J_
JA

2A smh(— &)

®,,(8) = B Slnh(\/_§)+\/ZCOSh(\/_§)+\/_
N VA

4A sinh(T &) cosh(T &)

q)lz (5) = !
2B sinh(g &) cosh(%g) +2JA cosh?(‘/zZ &) -JA

Type 20 When A=B?+4A(1-C)<0 and
—B(@-C)#0or —A(1—C) #0 we have

[- B+Ftan(£§)]

D,(&) = 2(1 C)[B +\/ICOt(£§)]
1
D () =- 21-C) [-B
+y=A(tan(v-A¢&) £sec(v-A8))],
(D16(‘§) = Z(JiC ) [B
+V=A (cot(V=AE) £ cse(V=AE))],
@, (8)=- . C)[ -2B +\/—_A(tan(£§)
—COt(gf))],
1
D, () =- 21-C) [-B
+\/m A «/Icos(«/—_Ag)]
A, sin(v-A&) +B,
1
q)lg(é:) :_m[_B

_i,/—A(AZ 2) - A\/—_ASIn(\/—_Ag)]

A sm(\/—_A§)+ B,

where A, and B, are two non-zero real constants satisfying

A?-BZ>0,
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Navy

2A cos(T &)

(I)zo(ég) == !
\/—_Asin(\/;_Ag) +B cos(\/;_Aﬁ)

J-A

2A sin(Tgf)

(D21(§) = )
-B sin(\?g) +VJ-A cos(\?ef)

Nary

2A cos(T &)

J=Asin(v=A&) + B cos(v-A&) A
I

2A sm(—f)

©a(6)= —B sin(v-A&) + \/ECOS(\/I@ ty-A"

(Dzz(é) ==

NN ary

4A sin(T &) cos(T &)

(DZA(QE) =
(2 H§)+2«/7_Acosz(ﬂé)f«/f_A

-2B sm(Tff) cos(T

Type3: When A =0and B (1-C) #0 we have

Bd
(1-C)[d +cosh(B &) —sinh(B &)]’
B [cosh(B &) +sinh(B &)]
(1-C)[d +cosh(B &) +sinh(B &)]’

(Dzs (ég) =

q)ze (‘f) =

where d is an arbitrary constant.

Type4:When A =B =0and (1-C) #0 we have

1
(1_C )é: —C, I

where ¢, is an arbitrary constant.

D, (5) =

The objective of this article is to apply the generalized Riccati
equation mapping method (1.22) and (1.23) instead of the
improved (G'/ G) - expansion method (1.4) and (1.5) used
in Ref. [19] for finding several solutions of the nonlinear
RLW equation and the nonlinear SRLW equation.

Comparison between our results in this article and the well
known results obtained in Ref. [19] will be given in Sec. 3.

2. APPLICATIONS

In this section we will apply the generalized Riccati equation
mapping method (1.22) and (1.23) to construct several
solutions of the following nonlinear evolution equations:

2.1. Example 1. The nonlinear RLW equation
This equation is well- known [19] and has the form
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2
u, +u, +a), —bu,, =0 (2.1)
where a and b are positive constants. The wave transformation
(1.2) reduces Eq. (2.1) into the nonlinear ODE:

Q- +2auu’+bau™ =0. (2.2)
Integrating (2.2) once with respect to f with zero constant of
integration, we get

(1-w)u +au®+bwu"=0.

(2.3)

Balancing U" and U” we have £ = 2. So Eq. (2.3) has the
formal solution

U($) = o + (&) + g’ (S), 2.4)
where &, Q;, (¢, are constants to be determined, such that

a, #0.

Substituting (2.4) along with Eqg. (1.23) into Eq. (2.3),
collecting all the terms with the same order

¢k (k =0,1,2,...) and setting all the coefficients to zero,
we have the following algebraic equations:

Q*:6apw(l-C)*+ac’ =0
Q°®:bw(-10a,B (1-C)+2a,(1-C)?) + 2ac,cx, =0
> ba[-8a,A(l-C)+4a,B*—3a,B(1-C)]
+(-w)a, +a(a? +2a,a,) =0
Q: ba[6a,AB —20,A(1-C))+,B?]
+2a0,0, + (1-w)a, =
Q°%:bw(AB +2a,A%) +aa? + (- w)a, =

By solving these algebraic equations with the aid of Maple or
Mathematica we can distinguish different cases as follows:

Case 1
_ _bo[B?-2A(1-C)] = 6Bbw(l-C)
o a T a ’
_ Bbo(l-C)? e 1
? a " [1+4Ab(1-C)+bB?]
Case 2
6Abw(1-C) 6Bbw(1-C)
0 =, al =,
a a
6bw(1-C)? e 1
? a " [1-4Ab(1-C)-bB?]

2.1.1. Exact solutions of the nonlinear RLW equation
(2.1) for case 1.
By using case 1 and according to the values of solutions of

type 1when A=B?+4A(L—C)>0 , we obtain the
following solutions :
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0 (x t)—bﬁ{i 3ta h(£§)

u,(x,t) = bziaA{l—Scothz(gf)

ba)A(

Uy(X,t) = 1-3ftanh(VAE) £i sech (VA 5)])

U, 1) = 22 (1-3eoth(VA) = csch (VALIT )

3{& NN

u.s(x,t):bziaA 1_Z tanh(Tf)icsch(Té) ;

U (x t) = b“’A 1—3{ VA +BL A, CON(A2)
A,sinh(\/AE) + B,

A, sinh(\/A&) + B,

oty =D 1_3{«/812—A12+Alcosh(\/Z§) i
2a

where A; and B; are two non-zero real constant and satisfies

B/ -A?>0.

beo 12AB(C —l)cosh(gg)
ug(x,t)=——1{B?*+2A(L-C)+
a WA sinh(ge;)— B cosh(ge;)]
24A2(1—C)Zcosh2(£ 13)
+
[\/_smh(£§) BCOSh(\/_é)]2
b 12AB(C —1)sinh(gaf)
Ug(X,t)=——{B?*-2A(1-C)~
a B sinh(ge;) -Ja cosh(g )l
24A%(1-C)?sinh? (£§)
[B smh(£§) \/—COSh(£§)]2
i

12AB(C -1) cosh(7 &)

[VA sinh(V/A&) - B cosh(v/AE) i V/A]
JA

24A%(C -1)?cosh? (—5)

" [Va sinh(VAg) - Bcosh(f &)xi AT

b
Uy (x t)_—?“’ B2-2A(1-C)+
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Ja

12AB (C ~1)sinn(*>£)

[VA cosh(v/AZ) - B sinh(v/AZ) £ /A]
JA

4A%(1-C)?sinh? (—5)

[J_cosh(J_f) Bsmh(«/_rf)h/_]

b
(X 1) =~=2 1B ~2A(0L-C)+

NIy

12AB (C ~Dysinh(*. " &)

= B5|nh(£§)+2«/_cosh (J—é) VAl

Ja

uu(x,t):—b?w B?-2A(1-C)+

24A%(1-C)*sinh? ( &)

[ Bsmh(£§)+2«/_cosh (‘/_5) VAT

By using case 1 and according to the values of solutions of

type 2when A=B*+4A(1-C) <0, we obtain the
following solutions :

13( t)_ |:1 +3tan (gﬁ)}

\/__Aé)}

u,(x,t)= bzw {1+3 tZ(T

U (X t)— [1+3[tan(ﬁ§)+sec(\/_ ar];
U(x.t) = “’A[1+3[cot(J_ &) xesc(V AL |

u17(xvt)_b2wA[1 Z(t (\/_5)_ \/_ ];

2
b wA +JAZ B2 —A, cos(v-AE)

U,(x,t)=——1+3
w0 = A, sin(v-A¢&) +B,

2
0 (x t)_bcoA 143 +JAZ B2 —A sin(v=AE)
BT 2a A, sin(v—A&) +B,

where A; and B, are two non-zero real constant and satisfies

A?-B’>0.

b 12AB cos(@g)
Up(x,t)=——1B*-2A(1-C)~
a NN sin(@g)m cos(gg)]

Navy

24A%(1-C)?*cos? (T &)

[Esin(J__A e

T;‘)Jr B cos( 5

+

ar
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Nary

12AB sin(—é)
= BS|n(J_§)+J_ cos(£§)]
223

bw
uZl(X vt) =_?

B2-2A(1-C)+

24A%(1-C)?sin?( &)

[-B Sln(r§)+4_c05(£§)]

+

Nary

12AB cos(T &)

[W=Asin(v=A¢&) + B cos(v-A&) £ -A]

Up(X, t)_—b?‘” B2-2A(1-C)-

24A2(L—C ) cos? (v=A&) }
"= sin(=A. §)+Bcos(J_ &) £-AF

Navy

12AB sin(Té)

[V=-A cos(v-A&) - B sin(v-A&) £-4]

Uys (X ,t):—b?w B?-2A(l-C)-

24A2(1—C)2sin2(§§)
i [V=A cos(v-A&) - B sin(v=A&) £ AT

12AB sin(Eg)

bw
Uy (X, t) =——{B?*-2A(1-C)—
ak - Bsm(£§)+2«/_cos (J_é) N
24A%(1-C )?sin? (‘/_ ) ]

[ BS|n(£§)+2J_cos (‘/_5) VAT

! t
(1+4Ab(1-C)+bB?)
By using case 1 and according to the values of solutions of
type 3when A =0, —B(1—-C)#0 , we obtain the
following solutions :

where & =X —

b { ) 6B%d
Uy (X, t)=— 1B+ -
a@l+bB*) (1-C)[d +cosh(B &) —sinh(B &)]
N 6B d?
[d +cosh(B &) —sinh(B &)
U () = — b 2 {Bu Bz[cosh(B§)+sinh(.B§)]
a(l+bB*?) (1-C)[d +cosh(B &) +sinh(B &)]

B ?[cosh(B &) +sinh(B &)]?
[d +cosh(B &) +sinh(B &)
where d is an arbitrary constant and

é =X —%t

(1+bB?)
By using case 1 and according to the values of solutions of
type 4 when A =B =0, (1-C)#0 , we obtain the
following solutions :
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=] SCr )
[-1-C)&+c. T

where ¢, is an arbitrary constant and £ =X —t .

2.1.2. Exact solutions of the nonlinear RLW equation
(2.1) for case 2.
By using case 2 and according to the values of solutions of

type Lwhen A=B?+4A(L—C)>0 , we obtain the
following solutions:

ul(x,t)=3bwAsech2(\/Z§);
2a 2
U, (x,t) = ’3§§’A cschz(ﬂcf);

Uy (X, t)——[l (tanh(v/AE) £i sech (VAE))?];

uy(x.t) = %wA —[L+ (coth(VAg) £esch (VA)T;

U, (x ,t)_3b‘”A[sech (‘/_ )—cschz(gf)];

1) = 3b26;)A {1{«/&2 TBZ-A, cosh(\/Zr;‘)J };

A, sinh(v/AE) +B,

u,(x,t)= 3b2j:A {1[\/812 —AZ +A COSh(\/ZéZ)JZ};

A,sinh(\/AE) + B,
where A; and B; are two non-zero real constant and satisfies

BZ-AZ>0.

tbo(1-C) 2AB cosh(ﬂé)
Ug(x,t) = A+ Ny Ny
Wa Asinh(=_~£)~B cosh(=,~ )]
4A2(1—C)cosh2(g§)
Wa smh(g &)-B cosh(g O
Ug(x,t) = A- N JA
a B sinh(TAf) ~Ja cosh(TA«f)]
4A2(1—C)sinh2(g§)
Ja Ja

[B sinh (" ¢) A cosh(=-&)Y
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J5

ebw(l—C) 2AB cosh(—cf)

Uy (X, 1) =—— At [VAsinh(vAE) - BCOSh(J—g)HJ—]
VA

4A%(1-C )cosh2(7§)

" [WAsinh(vVAE) — B cosh(VAE) £i VAT

JA
a(x t):6ba)(l—C) 2AB smh(—f)
e a = Bs.nh(J’§)+JZcosh(J_§)+J_]
4A2(17C)sinh2(g§)
[-B sinh(v/A&) + A cosh(g E)+JAT
Bba(l-C) 2AB sinh(ﬁf)
u,(x,t)= A+ \/. \/_
[Bsmh( §)+2J—cosh( &) =A]
J_

4A2(- C)sinhz(—g)

[-B 3|nh(£§)+2J_cosh (‘/_5) JAT
By using case 2 and according to the values of solutions of
type 2when A=B*+4A(1-C) <0, we obtain the
following solutions :

u,(x,t)= 2a csc(

&)

Uy (x )= [1+(tan(J—_A§)+sec(J_ AE);
U (X ,1) = [1+(cot(J—_Ar:)+csc (N=-A8);

x/_ «/_

u17(x,t)=3t;361 sec? (2 & v ese? (2 o)

uls(xat)_%wA{l+ im_Alcos(\/zg) };

2a A, sin(v-A¢&) +B,

U (X.t) = oA {1++4/Bf “AZ + A, c0s(VAZ) | };

2a Alsin(ﬁr;)Jr B,

where A; and B, are two non-zero real constant and satisfies

A?-BZ>0.
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2AB cos(gé)
bt 0280 |, >
2 A sin(@&)w cos(@@]

Navy

4A%(1-C )cosz(%Aé)

[V-A sm(g &)+B cos(g O

2AB sin(Ef)
uzl(x,t):be(l_C) A 2
2 [-B sin(@ £)+\—a cos(@@]

Navy

4A2(1—C)sin2(%A§)

[-B sin(@ &+-A cos(@é)]z

A

fbw(1—C) 2AB cos(%A )

VoA SIN(V=AE) + B cos(V_AE) £ V-A]

Uzz(x )=

=3

4A%(1-C)cos?( 5 )

" [VoASINNEAE) + B cos(V_AE) + VAT

JA

A
Uy, (x t):6|:)w(lfC) AL 2AB sm(Tg)
S [B sin(/=AZ) + V=2 cos(V=AZ) £ V-A]

4A2(1—C)sin2(§§)
" [-B SIN(V=AE) + V-4 cos(N-AE) + VAT

A
hw(l-C) AL 2AB sm(Tg)

Uy (X,t) =
a [—B sin(géwzﬁcosz(?é)fﬁj

Nary

4A2(1—C)sinz(%§)

t
E=X— o=
[1-4Ab(1-C)—bB?]
By using case 2 and according to the values of solutions of
type 3when A =0, —B(1—-C)#0 , we obtain the
following solutions:

International Journal of Computer Applications (0975 — 8887)
Volume 86 — No 1, January 2014

B’d
Uys (X ,t) = GkiTa’ [d +cosh(B §é Z—dsinh(B Y

" [d +cosh(B &) —sinh(B &)
6bw | B?[cosh(B &) +sinh(B &)]
a |[d +cosh(B¢&)+sinh(B&)]

_ B?[cosh(B &) +sinh(B &)1*
[d +cosh(B &) +sinh(B &)J

uze(x 't) =

t
(1-bB?)
By using case 2 and according to the values of solutions of
type 4when A =B =0,—(1-C) =0, we obtain the
following solutions

where d is an arbitrary constantand & =X —

6bw(l—C)?
a[-1—-C)& +c,J?

Uy, (X,t) =—

where c; is an arbitrary constantand £ =X —t .

2.2. Example 2. The nonlinear SRLW equation

This equation is well- known [19] and has the form
u, +u,, +uu, +u.u, +u. . =0,
(2.5)

where a and b are positive constants. The wave transformation
(1.2) reduces Eg. (2.5) into the ODE:

(@® +u" —w(uu’) +0u™ =0.

(26)

Integrating (2.6) once with respect to f with zero constant
of integration, we get

xxtt

2..m __

(@ +Du’—auu’ +wu” =0. @.7)

Balancing U™ and UU’ we have ¢ =2. So Eq. (2.7) has
the formal solution

U(&) = + (&) + a9’ (8) (2.8)
where &, Q;, X, are constants to be determined, such that
a,#0.

Substituting (2.8) along with Eqg. (1.23) into Eq. (2.7),
collecting all the terms with the same order

¢k (k =0,1,2,...)and setting all the coefficients to
zero, we have the following algebraic equations:

Q°:-2d}w(C 1) +24a,(C -1)°=0
Q- a3, (C -1) +2a?B]+ &’[54,B (C -1)°
+6¢,(C -1)°]=0
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Q%: 2a,(1+®*)(C -1) - 0[2aya,(C —1) + /B (C -1)
+30,a,B +2a2A]+ 0’ [40a,A (C —1)* +38a,B *(C -1)
+12a,B (C -1)°1=0

Q%:(1+0")[e,(C -1) +2a,B - w[a,e, (C 1)
+20,0,B +a’B +3a,a,A]+ 0’[52a,AB (C —1)?
+8a,A(C -1)*+7a,B*(C -1)+8a,B°]=0

Q: (l+0*)[aB +2a,Al-wla,oB +2a,0,A + Al

+&’[160,A(C —1)+8a,AB (C —1) +14a,AB 2 + 2 B*] =0
°: 1+ ) A — wa,a A + o [20,A%(C -1)
+6a,A’B +,AB?]1=0

By solving these algebraic equations with the aid of Maple or
Mathematic we have the result:

2 _ 2
,LroBAC B g ey

)
a,=120(C -1, w=0
2.9)

2.2.1. Exact solutions of the nonlinear SRLW (2.5)

By using (2.9) and according to the values of solutions of type
1 when A=B?+4A(1-C)>0 ,

following solutions:

@ +1 2 \/Z

we obtain the

u,(x,t) = —wA[2-3tanh”(—&)];
w 2
2
u,(x,t) =2 +l—a)A[z—:scothz(@(g)];
u,(x t)=——a)A(2 3[tanh(«/_§)+|sech(\/_§)]2)
u, (x t)———a)A(Z 3[coth(f§)+csch(f§)]2)
w
U (X =22 A[Z——[tanh(£§)+coth(£§)]2]
Ug (X t):a)z+1—wA 2-3 ¢A12+Bf—A1cosh(\/Z§) 2 .
o w A, sinh(v/AE) + B, ’

A,sinh(+/A&) +B,

2
2 2 _ A2
u7(x,t):a)+1—wA{2—3 JB; ~AL —A, cosh(VAS) };
w

where A; and B; are two non-zero real constant and satisfies

B/ -AZ?>0.
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24ABw(C -1) cosh(gf)

@ WA sinh(g £)-B cosh(g al

Ny

48A°w(C —1)* cosh® (—g)

J_

2 2
u, (x ,t):1+w [BA(C -1)+B +1]+

[J’ smh(*/_g) B cosh(*.~ T

JA

L+ o'BAC —+B7+1)  24AB0(C -Dsinh(9)

© B sinh(ga -JA cosh(gr:)]
J5

Ug(x,t) =

48A%0(C -1)?sinh? ( &)

[B smh(£§) Ja cosh(£§)]

0 (x t):1+w2[8A(c “D+B*+1] 24AB o(C —1) cosh(v/AE)
o @ [WA sinh(v/A£) - B cosh(\JAE) +i A]
48A%0(C —1)? cosh?(vAE)
" A sinh(JA2)— B cosh(JAZ) i VAT

()= 1+o’[BAC - +B*+1] | 24AB w(C -1)sinh(v/A&)
= ® " IVA cosh(VAZ) — B sinh(yAZ) £ VA]
48Aw(C —1)%sinh?(YAE)
[J’ cosh(vJAE) — B sinh(vAE) + VAT
24AB »(C —l)sinh(%é)

@ VA cosh(gé)fB Sinh(gi)ﬂ/Z]

NIy

48A%@(C ~1)"sinh’ (" &)

[\/Xcosh(gg) -B sinh(gf) —JAT

+o -1)+B*+
1+ o’[8A(C -1 le+

Up(x,t) =

+

By using (2.9) and according to the values of solutions of
type 2when A=B?+4A(1-C) <0, we obtain the

following solutions:

o’ +1 , N—A

u,(x,t)= —wA[2+3tan (Tf)];
(4]
u,(x,t)= o’ +1—a)A[2+3cot2(§§)];

(2 +3[tan(v—AE) £sec(v=AE) ) ;

"+
U (X, t)=

uls(x :t) =

a);+1 (2 +3[cot(N=AE) icsc(ﬂé”)]z)?

a) (2+ [tan(£§) cot(J_é)]J

2
o +1
u17(X )=

A, sin(v=A&) +B,

2
2 + 2 _np2_ —
uls(x,t):a) +1—azA{2+3[_‘/Al BZ —A, cos+/ Ag)} };
@
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ulg(x ,t) =

2
2 + 2_Rp2_ i —
0] 4—1_0)A 943 _JAl -Bl A, sin(v-A&) ;
10} A sinh(/-A&) +B,

where A; and B; are two non-zero real constant and satisfies

AZ-B?>0.

N
1+ w’[BA(C ~1)+B? +1]+ 24AB o(C —1)cos(T§)

© oA sin(@ £)+B cos(@ &)l
=

48A0(C —1)° cosZ(%A.f)

N-A Sin(gcfﬂ B cos(@é)}z

uzo(x )=

+

Nary

. -A
1+ @’[BA(C ~1)+B? <1 24ABw(C —1)sm(T§)

@ oA cos(g &-B sin(gé)]

uZi(X )=

48A%0(C -1)Zsin2(§§)

[Hcos(@ £)-B sin(? or

+

1+@*[BAC ~1)+B2+1] 24AB w(C —1) cos(v=A¢)
1) [W=Asin(v=A&) + B cos(v—AE) £ -A]
. 48A°0(C —1)? cos® (V=AE)
[V=Asin(v=A¢)+ B cos(v-A¢) £ AT

Uzz(x ,t) =

wx.t) _1+o’[BAC -1)+B*+] N 24AB (C —1)sin(v=A&)
= ® (V=4 cos(v-A&) - B sin(v=A¢&) £ y-A]
. 48A%0(C —1)?sin?(J=AE)
[V=A cos(v-A¢&) - B sin(v-A&) £ V-AT

- A-A
1+ @’[BAC ~1)+B?+1] 24AB w(C —1)5|n(T§)
+

@ [Zﬁcos(gg)—B sin(gf)*ﬁ]
3
2

uZA(X ,'() =

18A%0(C —1)’sin’ (=2 ¢)

+
[2J—_Acos(‘/_A§) -B sin(gé) —JEAT

2

By using (2.9) and according to the values of solutions of type
3when A=0,B(C —1)#0 , we obtain the following
solutions :

1+(1+B%) o’ 120B°d
" [d +cosh(B &) —sinh(B £)]
. 12B%d 2
[d +cosh(B &) —sinh(B &))?

Uy (X, t)=

1+(1+B*)w’  12B’w[cosh(B &) +sinh(B £)]
[d +cosh(B &) +sinh(B £)]
128 2o[cosh(B &) +sinh(B &)1
[d +cosh(B &) +sinh(B &)
where d is an arbitrary constant .

U26(X :t) =
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By using (2.9) and according to the values of solutions of type
4 when A=B=0,(C-1)#0 , we obtain the

following solutions

o’ 120(C -1
[C -D&+c)’

where ¢, is an arbitrary constant .

1+
u27(x ,t) =

3. CONCLUSIONS AND DISCUSSIONS
Liu et al [19] have used the improved (G’/G) - expansion

method (1.4) and (1.5) to find the exact solutions of the two
nonlinear evolution equations (2.1) and (2.5) with the aid of
formulas (1.6)-(1.9). We have shown that there is a minor
error in the formulas (1.6) and (1.7) which have been
corrected. This leads to some errors in the solutions of these
equations which have been corrected too.

In the present article we have shown that the improved
(G'/ G) - expansion method (1.4) and (1.5) can be reduced

to the well- known generalized Riccati equation mapping
method (1.22) and (1.23). We have noted that the second
method gives much more solutions of the two nonlinear
equations (2.1) and (2.5) than the first one, where most of
them are new and the others are well-known. Furthermore,
we have shown that some solutions obtained using the second
method are equivalent to some solutions obtained using the
first one as follows:

(i)f we choose £€=1 or £€=3 in (1.14) and (1.15)
obtained in Ref. [19] we deduce that the resultant solutions
are equivalent to our results U,(X,t) and U,(X,t)
obtained in case 1 or case 2, respectively.

(i)If we choose € =1or £€=3 and ¢, =0,C,#0
in (1.11) obtained in Ref. [19] we deduce that the resultant
solutions are equivalent to our result U, 5 (X ,'[) obtained in

case 1, or our result U13(X,t) obtained in case 2,
respectively.
(ii)if we choose &=1 or €=3 and C,#0

C,= 0, in(1.11) obtained in Ref. [19] we deduce that the
resultant solutions are equivalent to our result U, , (x,t)

obtained in case 1, or our result U,,(X,t) obtained in
case 2, respectively .

(iv)If we choose C,=—C, and C; =C, in (1.16)
obtained in Ref. [19] we deduce that the resultant solutions
are equivalent to our results U, (X,t) and U,(X,t) of
Eq. (2.5) respectively.

()If we choose C; =0, ¢, #0 and ¢, =0,C, #0 in
(1.17) obtained in Ref. [19] we deduce that the resultant
solutions are equivalent to our results UlS(X 1) and

Uy, (X,t) of Eq.(2.5) respectively.
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Finally, with the aid of the Maple, we have assured the
correctness of the obtained solutions in this article by putting
them back into the original equations.
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