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ABSTRACT

In this paper the authors study the existence and asymptotic
stability in p-th moment of mild solutions to stochastic neutral
partial differential equation with impulses. Their method for
investigating the stability of solutions is based on the fixed
point theorem.
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1. INTRODUCTION

The study of existence, uniqueness and stability of mild
solutions of stochastic partial functional differential equations
due to their range of applications in various sciences such as
physics, mechanical, engineering, control theory and
economics and many significant results have been obtained
[1-4]. However many dynamical system not only depend on
present and past states but also involve derivatives with
delays. Neutral functional differential equations are often used
to describe such systems. In addition, impulsive phenomena
can be found in a wide variety of evolution processes, for
example medicine and biology, economics, mechanics,
electronics and telecommunication etc., in which sudden and
abrupt changes occur instantaneously, in the form of impulses.
Many interesting results have been obtained, for example [5-
7]. There are only few works on the stability of mild solutions
to stochastic neutral partial functional differential equations
[8, 9]. In [10] authors studied the asymptotic stability of
impulsive stochastic neutral partial differential equations with
infinite delays and in [11] Global attracting set and
exponential stability of stochastic neutral partial functional
differential equations with impulses. Motivated by the above
papers, the authors study the existence and asymptotic
stability of impulsive stochastic neutral partial differential
equations.

2. PRELIMINARIES

Let X and Y be two real separable Hilbert spaces and L(Y, X)
be the space of bounded linear operators from E intoX,
equipped with the usual operator norm ||-||. Let (Q,T,P) be a
complete probability space furnished with a normal filtration
{l}t=0 generated by the Q -Wiener processw on (Q,T,P)
with the linear bounded covariance operator Q such that trQ <
co. In order to define stochastic integrals with respect to the Q
-Wiener process w(t), we introduce the subspace Y, = Q¥/2 Y
of Y which, endowed with the inner product (u,v)g, =

(Q~Y/24,Q~1/2y); , is a Hilbert space. We assume that there
exist a complete orthonormal system {e;};>;in E, a bounded
sequence of nonnegative real numbers {A;} such that Qe; =
Aeg,i=1,23,.., and a sequence {B;} of independent
Brownian motions such that
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(w(t),e) = ‘{il\/fi(ei, e)p,(t), e €Y
and T =T",where ["is the sigma algebra generated
by{w(s); t = 0}. Let L) = L,(Q'/? Y;X) denote the space of
all Hilbert —Schmidt operators from Q/2Y to X with the
inner product (s, d) g = tr(UQo *). Let LP(Q, T, X) is the
Hilbert space of all I-measurable square integrable random
variables with values in a Hilbert space X.

Consider the following stochastic neutral partial differential
equation with impulses of the form
d[x(t) + u(t, xp)] = [Ax(t) + f(t, x)]dt + g(t, x ) dw(t)
L= 0,t#ty,
Xo(s) = d(s) € €3, ([~T,01;X)

Ax(ty) = x(t ) — x(t ™) = Lx(t ), (1)
whereA: D(A) € X — X is the infinitesimal generator of an
analytic semigroup of linear operator (S(t))t>0 on a Hilbert
space X; fuw:R* xX - X andg: Rt xX - L(Y,X) are all
Borel measurable:X—>X and 0<t; <. <tp<
limy_,, ty, = oo; x(t t)and x(t,, ™) represent the right and left
limits of x(t) at t =tk =1,2,.. respectively. Herely
represents the size of the jump. Let T > 0 and C([—7, 0]; X)
denote the family of all continuous X -valued random
functions ¢ from [—1,0] to X with the norm ||}l =
supte(-r0 ElG(®lx. Let CP ([—T,0];X) be the family of all
almost surely bounded, I',-measurable, C([—T, 0]; X) - valued
random variables.

Definition 1. A stochastic process {x(t),t € [0, T},
0 < T < o, is called a mild solution of the system (1), if

(i) x(t) is adapted to I, t = 0.

(ii) x(t) € X had cadlag paths on t € [0, T] almost surely, and
for each t € [0, T] , x(t) satisfies the integral equation

x() = SO[$(0) + u(0, )] — ult,x)
— J5 AS(t — 5) u(s, x;)ds
+ [ St =) f(s,x5)ds + [ S(t — 5) g(s, x;)dw(s)
+ Zo<tt S — ti) L (x(t 7)) @)

For any x0() = ¢ € C} ([-7,0];X).
To prove the stability of mild solution of (1) the following
assumptions are impose

(H1) A is the infinitesimal generator of a semigroup of
bounded linear operators {S(t); t = 03, in X such that

0 € p(A), the resolvent set of —A, and
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IS < Me™3t t > 0 for some constants M > 1
and 0 < a € R*.
(H2) There exist a constant K for any x,y € X and t =0
such that
If(tx) — fe Il < Klx—yll ,
llg(tx) — gt VIl < Kllx —yll.
(H3) There existsan a € (0,1] and K; > 0 such that for
anyx,y € X andt =0 u(t,x) € D((—A)*) and
I(=A)*u(t,x) — (=A)*u(t Il < Kqllx = yll.
(H4)There exists a constant qy such that
() — LIl < qkllx — yll foreachx,y € X,
k=(1,2,3,...,). Moreover it is assumed that
u(t,0) = f(t,0) = g(t,0) = L(t,0) =0.

LEMMA 1. [12] For any r > 1 and for arbitrary L3- valued
predictable process ¢ (-) such that

2r
SZFO}?t] El”os d(wdw(u) ”X

r t 1/]‘ r
< (r@2r-1) ( Iy (Ello&)11Z) ds) .
LEMMA 2. [13] If (H1) holds then for any B € (0, 1]
(i) Foreachx € D((—A)P), S()(—A)Px = (—A)PS(D)x
(ii) | (—A)PS(D)|| < Mgt=Feat | t>0

3. ASYMPTOTIC STABILITY OF THE
MILD SOLUTION

In this section the asymptotic stability in p-th moment of mild
solutions of (1) by using the contraction mapping principle is
considered. Let H be the space of all F,- adapted process

P(t, W): [—T,0) x Q - Rwhich is almost surely continuous
in t for fixed W € Q. Moreover (s, W) = ¢(s) for each s €
[—T,0] and E||Qy(t. W)||P - 0 ast — oo.

THEOREM 1. If (H1)-(H4) hold for some €
(1/p, 1], p = 2, and the inequality

p—-1
- - — -1
SN C-A)<P it (1 (14 258) )

+MPKPa™P + MPC,KPa™ + MPL] < 1

is satisfied, then the mild solution of (1) is asymptotically

2a(p 1))1—E
- 2

stable in pth moment.Where C, = ( =

PROOF. Define an operator : H — H by
() (1) = S®[$(0) + u(0, $)] — ult,x)
- fot AS(t —s) u(s,xs)ds + fOtS(t —s) f(s, xs)ds
+ Jy S(t = 5) g(5,%)dW(S) + Tocpeer St — ti)l(x(tic )

=X L. ®)
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In order to prove the asymptotic stability, it is enough to prove
that the operator Tt has a fixed point in H.To prove this result,
the contraction mapping principle is used. To apply the
contraction mapping principle, first the mean square
continuity of 1 on [0, ) is verified.

Letx€H ,t; =0 and [r| is sufficiently small then
EllmGO(ty + 1) — G ()R

< 6P71YC EllL(t + 1) — LR

It is seen that E[|L;(t; + 1) — Li(t)II} = 0, i=1,2,34,6 as
r = 0. Moreover by using Holder’s inequality and lemma 1,

Ellls(ty; + 1) — Is(t) Iy

< 236, [ (Bl -9 - 50 -
2 (p/Z)
e ag)

(")
|

2
+2°P71C, [ft?”(Ens(tl 1= el P as

—-0asr—-0.
Thus, T is continuous in p-th moment on[0, o).
Next, it is shown that T(H) < H. From (3)

El(m) @y < 6P LEIS®[d(0) + u(0, d)]Il §

—6P2E|lu(t, x) 1%

6P 1E || fy ASCt — ) u(s,x)ds ||
+6PIE || [y () (s, x)ds ||
+6°1E || ['5(t— ) (s, Xs)dw(s)”z

+6P71 Yo<te<t E”S(t - tk)lk(x(tk_))”;z (4)

Now, the terms on the right hand side of (3) are estimated
using(H1), (H3), (H4) and lemma 2. Then

6P EIS(D[6(0) + u(0, )] IP
< 6P~ IMPe (1 — K, [|(—A)DPlllIP > 0 as t - o, (5)

6P E[lu(t, x)lIP < 6P PII(=A)T|IPElIx.|IP - 0

ast—-ow, (6)
6P~ To<t<t ENISCt — i) (x(ty DIIP

< 6p—1Mpe—ap(t—tk)q£ E||x (tk)”p - 0astoo, (7)
By lemma 2, (H3) and Holder’s inequality, for H3 ,

Up+l/g=1,1<q<2

6P-1E ||f0t —AS(t —s) u(s, xs)ds”lD
< 6771E || f3(=AI0S(t — 5) (~A)%uls, xs)ds|”

P/
< 6PIMP_ K, P (fye 209t - 5)ae-ads)
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t e
x Je a(t=9)E||x,||Pds

p

PO~ (1(1 4+ qu — q)) /a

< 6P7IMP_ K;Pa
x f; e "29E||x|[Pds
For any x(t) e H and t> 0, there exists t; > 0 such that
Ellx()|IP < t for t > t;. Hence
P
6P1E ||f0t —AS(t—s) u(s,xs)ds”
—pa=P P

< 6P~ IMP_ K,Pa" P74 (I(1 + qa — @) /a

t —alt—
x fy" e 9 |x,||Pds
p
+6P7IMPY__K,Pa™P% (I(1 + qa — q)) lag (8)
It is seen that e™@t — 0 ast — oo. By condition of theorem 1,
there exists t, > t; such thatfor t >t,
_pa_P p
6P IMP_ K, Pa” P T (I(1 + qoc — ) /a

t
X f e “A=9E|1x. |IPds
0

<e—6PIMP_ K,PaP* (I'(1+ qa— q))p/q € 9)

From (8) and (9) forany t >t, ,

6P-1E “fot —AS(t —s) u(s, xs)ds”p <e

That is 6°~1E || [} —AS(t — s) u(s, x,)ds|| - 0ast— .
(10)
Now by (H1),(H2), the Holder’s inequality, and lemma 1,

6P-1E ”fOtS(t —5s) f(s,xs)ds”p

< 6P7MPE [} et Kgds|”

p-1
< 6P~1MPKP (fot e_a(t_s)ds) fot e 29E||x,||P ds

t
< 6P-1MPKPa(—D) j e-aE-9E|1x, [P ds
0

For any x(t) € H and t> 0, there exists t; > 0 such that
E|lxs]|P < € for t = t,, then

6P~ 1E ”fOtS(t —s) f(s, xs)ds”p

— — ti _a(t—
< 6PTIMPKPa(P) [ e 9E||x [P ds
+6P~IMPKPa~Pg

It is seen that e~ — 0 as t — oo. By condition of theorem 1,
there exists t, > t; such thatfort > t,

6P—1MPKPa(1-P) foti e AE=9E||x||P ds
< &-— 6P IMPKPaPg

Foranyt >t,,
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t p
6P~1E f S(t—s)f(s,x)ds|| <e
0
p
ie, 6P~1E ”fOtS(t —s) f(s, XS)dS” —»0ast->w (11)
and

6P-1E ||f0ts(t —s)g(s, xs)dw(s)”p
. (@)P/z (fot e=2P(t=9) (E[|g(s, x,)[1 ) /P dS)g

P
2(p-1) 21
< 6p—1Mpcpr (fot e_( p—2 )a(t—s)ds>z

x [ e 29K |Ixg|IP ds

< 6P~IMPC,KP (%) fot e a9 ||x, |IP ds

Similarly 6P~E ||f0ts(t —s) g(s,xs)dw(s) ”p —>0ast— o

(12)

Thus from (5)-(7) and (10)-(12),
Ell(mx) ()|} - 0 ast — oo . Hence m(H) < H.

Next it is proved that T is a contraction mapping. To see this,
Letx,y € H,

sup

sefog ENmO® - @Ol

< 5Pt oy ElluCxo — uCyoll?

45p-1 SUP [ ||f0t —AS(t—s) (u(s, xs) — u(s, YS))ds“p

sefo,t]

+5071 20 g | fES (e~ ) (fCs,x5) — fCs,y))ds |

s€(o,t]
P
+5p71 S0P E ”fOtS(t —9) (g(s,xs) — g(s, ys))dw(s)”

+5P~1 SESFOI:.,t] E ||20<tk<t S(t—ti) (Ik(x(tg)) B
Ik(Y(tE))) ” ’

@-1\\"
a—
< 57| KY + KfamP (r (1 + pp — >> M;_,

+ MPKPa™P + MPC,KPa™ + MPE])

X e (0, FXO ~ YOI

m
where [ = e™2PTE ( Iqu||p>

k=1
Thus,  is a contraction mapping and hence there exist a
unique fixed point x(t) in H which is the solution of the
equation (1) with E|[x(t)]| )‘; — 0 as t— co. This completes
the proof.
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COROLLARY 1. If hypothesis (H1)- (H4)hold for
some a € G,l], then the impulsive stochastic system (1) is
mean square asymptotically stable if

[S(Kfll(—A)‘“IIZ +K2a=2%(I'(20 — 1))MZ_, + M2K?a~2

m
+ M2K2371 4 M2e—2aTE (lekuF)]
k=1

<1

4. EXAMPLE

The following neutral stochastic partial functional differential
equation with impulses is considered.

62
d[x(t) + a;x¢] = [ﬁ x(t) + azxt] dt + azx.dw(t);

0<z<mt=0,t+#ty,

Ax(t) = Ie(x(te) = 2 x(t), t =tk =123,..,
x0(s) = @(s) € C2, ([~7, 0], 12[0,m)),
x(t0)=x(tm=0 —-—1<s<0

where a; > 0,i = 1,2,3,b; < 0 are constants and w(t)denotes
the standard one dimensional Brownian motion.

LetH = 12[0,x], H, = W22[0,7] n W,*[0,7]
Define bounded linear operator A: H; — H by
9%x
Ay —EE H;forallx e H
It is well known that ||S(t)|| < e™™t for each t > 0.
=)<l < (r(@) ™" j LSO lldt < 2,
0
Obviously, (H1) — (H4) hold. By corollary 1, we obtain that
if

a?n* + ain2%(F(2a— 1)) + a3n~2 + a3n?

& 1
+ e-2Tg (lebkllz) <z
k=1

then the mild solution is mean square asymptotically stable.

5. CONCLUSION

This paper investigates the asymptotic stability in p-th
moment of mild solutions to stochastic impulsive neutral
partial functional differential equations by fixed point theory.
In addition an example is provided to illustrate the theory, in

which some earlier results are generalized and improved.
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