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ABSTRACT 
In this paper the authors study the existence and asymptotic 

stability in p-th moment of mild solutions to stochastic neutral 

partial differential equation with impulses. Their method for 

investigating the stability of solutions is based on the fixed 

point theorem.   
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1. INTRODUCTION 
The study of existence, uniqueness and stability of mild 

solutions of stochastic partial functional differential equations 

due to their range of applications in various sciences such as 

physics, mechanical, engineering, control theory and 

economics and many significant results have been obtained 

[1-4]. However many dynamical system not only depend on 

present and past states but also involve derivatives with 

delays. Neutral functional differential equations are often used 

to describe such systems. In addition, impulsive phenomena 

can be found in a wide variety of evolution processes, for 

example medicine and biology, economics, mechanics, 

electronics and telecommunication etc., in which sudden and 

abrupt changes occur instantaneously, in the form of impulses. 

Many interesting results have been obtained, for example [5-

7]. There are only few works on the stability of mild solutions 

to stochastic neutral partial functional differential equations 

[8, 9]. In [10] authors studied the asymptotic stability of 

impulsive stochastic neutral partial differential equations with 

infinite delays and in [11] Global attracting set and 

exponential stability of stochastic neutral partial functional 

differential equations with impulses.  Motivated by the above 

papers, the authors study the existence and asymptotic 

stability of impulsive stochastic neutral partial differential 

equations.  

2. PRELIMINARIES 
Let   and   be two real separable Hilbert spaces and        
be the space of bounded linear operators from   into  , 
equipped with the usual operator norm    . Let         be a 

complete probability space furnished with a normal filtration 
        generated by the   -Wiener process  

 
on         

with the linear bounded covariance operator
 
  such that     

 . In order to define stochastic integrals with respect to the   

-Wiener process     , we introduce the subspace            

of    which, endowed with the inner product          

                 , is a Hilbert space. We assume that there 

exist a complete orthonormal system        in E, a bounded 

sequence of nonnegative real numbers      such that     
    ,            and a sequence     

 
of independent 

Brownian motions such that  

                          
 
                      

and      
 ,where   

 is the sigma algebra generated 

by          . Let   
      

         denote the space of 

all Hilbert –Schmidt operators from        
 
to   with the 

inner product                  . Let            is the 

Hilbert space of all
 
  -measurable square integrable random 

variables with values in a Hilbert space  . 

 Consider the following stochastic neutral partial differential 

equation with impulses of the form  

                                                                                       

                                                                        

                    
             

                 
       

          
                (1)                                                               

where           is the infinitesimal generator of an 

analytic semigroup of linear operator       
   

 on a Hilbert 

space  ;             and               are all 

Borel measurable.      
 

and           
          ;     

  and     
   represent  the right and left 

limits of      at     ,         respectively. Here    

represents the size of the jump. Let     and             
denote the family of all continuous

 
  -valued random

 functions  
 

from        to   with the norm      

                   . Let
 
   
            be the family of all 

almost surely bounded,
 
  -measurable,            

 
- valued 

random variables. 

Definition 1. A stochastic process                  
     , is called a mild solution of the system (1), if  

(i)       
 
is adapted to       . 

(ii)         had          paths on         almost surely, and 

for each        
 
,     

 
satisfies the integral equation 

                                    

                      
 

 
          

                     
 

 
                   

 

 
             

                             
                                          (2)                                         

 For any              
           . 

To prove the stability of mild solution of (1) the following 

assumptions are impose 

        is the infinitesimal generator of a semigroup of     

          bounded linear operators           , in   such that     

           0      ,
 
the resolvent set of   , and 
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                        ,     for some constants
 
   

     

             
and       . 

 
     There exist a constant   for any      

   
and

  
        

          such that           

                                 , 

                                . 

     There exists an             and        
such that for     

         any      
   

and
 
                    

 
and 

    

           
                                 .

 
    There exists a constant    such that 

                               
 
for each      ,

  

                      . Moreover it is assumed that 

                                        
 
. 

LEMMA  1. [12] For any
 
    and for arbitrary

 
  
 - valued 

predictable process     
 
such that 

     

   
       

            
 

 
 
 

  
       

                                     
 
             

   
 
  

  
 

 
 

 

. 

LEMMA    2.  [13] If      holds then for any
 
         

 

(i)
  

For each           ,                       
 

(ii)                
        ,                                        

 

3. ASYMPTOTIC STABILITY OF THE    

      MILD SOLUTION 
In this section the asymptotic stability in p-th moment of mild 

solutions of
 
(1) by using the contraction mapping principle is 

considered. Let   be the space of all   - adapted process
  

                     which is almost surely continuous 

in   for fixed     . Moreover
 
              for each   

      
 
and                as    .

 

THEOREM  1. If
 
    -     hold for some   

         ,     , and the inequality
  

       
              

 
         

      

   
  

   

    
 

 

                                        
            

 is satisfied, then the mild solution of (1) is asymptotically 

stable in pth moment.          
       

   
 
  

 

 
 

 

PROOF. Define an operator
 
     

 
by  

                                     

           
 

 
                   

 

 
          

            
 

 
                              

         

                
 
      .                           (3) 

In order to prove the asymptotic stability, it is enough to prove 

that
 
the operator    has a

 
fixed point in  .To prove this result, 

the contraction mapping principle is used. To apply the 

contraction mapping principle, first the mean square 

continuity of
 
 

 
on       is verified. 

     
Let    

 
,     

  
and

 
   

 
is sufficiently small then

 
                       

 

 

                                                           
  

    

It is seen that                    
 
  ,             as 

   . Moreover by using Holder’s inequality and lemma 1,  

     
                   

 
      

                                       
  
 

                                  
 
 
     

   
 
 
   

 

                

                             
  

    

  

     
   

 
 
   

 

    as     .
 

Thus,   is continuous in p-th moment on     . 

Next, it is shown that       . From (3)  

           
 

                            
 

 
      

                                      
  
   

                                     
 

 
          

 

  

       

                                   
 

 
          

 

  

 

                                   
 

 
             

 

 
       

                                           
    

 

 
              (4) 

Now, the terms on the right hand side of (3) are estimated 

using    ,     ,      and lemma 2. Then 

                            
 

  
  

                       
            as    , (5) 

 

              
 
 
  
       

               
         

                                                                          as     ,     (6)                                      

                      
    

 

 
                

                             
 
          

    as     ,    (7) 

By lemma 2,      and Holder’s inequality, for    , 

 
    

     ,       
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For any       
 
and      , there exists      such that 

            
for      . Hence 

               
 

 
          

 

  

 

         
 

  
  

     
 

             
 
      

                                       
   

  
                            

          
       

 
  

                 
 
                     (8)                                                         

 

It is seen that         as    . By condition of theorem 1, 

there exists       such that for           

        
 

  
  

     
 
             

 
    

                
   

  

 

 

             
 

  
                 

 
                    (9) 

                                                                               

From (8) and (9) for any       , 

               
 

 
          

 

  

    

That is                
 

 
          

 

  
                                                        

                                                                                             (10)                                            

Now by     ,    , the Holder’s inequality, and lemma 1,  

               
 

 
          

 

  

         

                         
 

 
      

 
 

                                                            

                             
 

 
 
   

              
  

 
     

                             
 

 

 

   

For any        and    , there exists      such that  
     

   
  

for       , then  

             
 

 
          

 

  

       

                                          
   

 
    

                               

It is seen that         as    . By condition of theorem 1, 

there exists       such that for       

                            
   

 
        

                                       

For any       ,  

             
 

 

          
 

 

    

ie,              
 

 
          

 

 
    as                 (11)                                                                              

and 

             
 

 
             

 

 
  

          
      

 
 

 
  

                      
  
 
   

 
   

 

 
 

          
    

  
      

   
        

  
 

 
 

 

 
  

     

                                         
  

 
   

 

          
  

       

   
               

  

 
     

Similarly                
 

 
             

 

 
   as                                              

                                                                                             (12)               

      

Thus from (5)-(7) and (10)-(12),  

           
 
  

 
as     . Hence        . 

Next it is proved that   is a contraction mapping. To see this, 

Let      
 
,  

   

       
                      

 
 

 
 

 

              
       

                    
 
 

 
 

               
       

           
 

 
                    

 

  

    

                
       

         
 

 
                    

 

  

 

               
       

         
 

 
                       

 

  

 

                
       

           
              

    

                                                                        
     

 

 

 

 

        
 
   

 
         

      

   
  

   

    
 

              
           

 
   

       
             

 
 

                                                                                                                                                                                         

 

                      
 

 

   

  

Thus,   is a contraction mapping and hence there exist a 

unique fixed point      in   which is the solution of the 

equation (1) with         
 
 

 
   as 

 
   . This completes 

the proof. 
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COROLLARY 1. If hypothesis     –      hold for 

some    
 

 
     , then the impulsive stochastic system (1) is 

mean square asymptotically stable if      

     
             

                  
         

                       
 

 

   

  

    

4. EXAMPLE 
The following neutral stochastic partial functional differential 

equation with impulses is considered.   

              
  

   
                             

                                                         , 

                         

               
   

  

  
     

                                                                           

               
                   

                             

where                   are constants and     denotes 

the standard one dimensional Brownian motion. 

                               
           

Define bounded linear operator           

               
   

   
               

 It is well known that           
                . 

               
  
                  

 

 

  

Obviously,      –     
 
hold. By corollary 1, we obtain that 

if  

  
        

                 
       

    

             
 

 

   

  
 

 
 

then the mild solution is mean square asymptotically stable. 

5. CONCLUSION 
This paper investigates the asymptotic stability in p-th 

moment of mild solutions to stochastic impulsive neutral 

partial functional differential equations by fixed point theory. 

In addition an example is provided to illustrate the theory, in 

which some earlier results are generalized and improved.   
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