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ABSTRACT

Hall effects on an unsttady MHD flow of a viscous
incompressible electrically conducting fluid between two
rotating disks with non-coincident parallel axes embedded in a
porous medium have been studied. The governing equations
have been solved analytically using the Laplace transform
technique. The effects of rotation parameter, Hall parameter,
Hartmann number and Darcy number have been considered on
the flow characteristics and illustrated by graphs. It is observed
that the velocity components are significantly affected by Hall
parameter and Darcy number. The velocity components
increase near the lower disk whereas they decrease near the
upper disk with an increase in either rotation parameter of disk
or rotation parameter of axis. Further, the torque experienced by
the disks increases with an increase in either Hartmann number
or rotation parameter while it decreases with an increase in
either Hall parameter or Darcy number.

Keywords: Hall effects, Hartmann number, rotation
parameters, rotating disks, non-coincident, porous medium.

1. INTRODUCTION

The rotating flows over rotating disks or bodies through a
porous medium have numerous applications in meteorology,
geophysical and cosmical fluid dynamics. It is also important in
the areas such as computer storage devices, viscometry and
rotating machinery, aerospace, extraction process of fluid from
the porous ground, lubrication of porous bearings, chemical
engineering as well as biophysics, electrochemistry and
materials processing. The hydrodynamic flow between two
disks, rotating about the same axis, has been studied by
Stewartson [1], Rott and Lewellen [2], Mellor et al.[3],
Erdogan[4], Ersoy [5] and many others. The hydrodynamic
flow between two non-coincident rotating disks embedded in a
porous media has been discussed by Jana et al.[6]. The study of
a magnetohydrodynamic (MHD) flow between two rotating
disks plays a dignified representation of rotating flows with the
axisymmetric solution of the problem. Mohanty [7] has studied
the hydromagnetic flow between two rotating disks with non-
coincident parallel axes of rotation. Guria et al. [8] have studied
the unsteady MHD flow between two disks with non-coincident
parallel axes of rotation. The hydromagnetic flow between two
porous disks rotating about non-coincident axes has been
discussed by Guria et al.[9].

The Hall effects are important when the magnetic field is high
or when the collision frequency is low (Sutton and Sherman
[10]). The current induced in a fluid is usually carried
predominantly by electrons, which are considerably more
mobile than ions. The electron drift velocity in most cases leads
to a second component of the flow velocity, which in turn leads
to a secondary force and causes anisotropic electrical
conductivity in the flow. The current component created by this
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anisotropic conductivity is known as the Hall current. The
dimensionless product a,z, , usually called the Hall parameter,

is an important characteristic number in the MHD design,
where @, is the electron cyclotron frequency and 7, the

electron collision mean free time. On the microscopic scale, the
Hall parameter indicates the average angular travel of electrons
between collisions, while on the macroscopic scale, the value of
o,7, indicates the relative importance of the Hall field and the

Hall current. If both the electron ( @,z, ) and the ion (@,z; ) Hall

parameters are large simultaneously as the case in some weakly
ionized gases, the conductivity is then reduced due to a
phenomenon called ion-slip. Though z; is ordinarily larger than

7,, o, is much smaller than e, . Therefore, the product ez; is

usually negligible (Tillack and Morley [11]). It is obvious from
the above analysis that the Hall effects cannot be neglected
when the electron cyclotron frequency is relatively high. The
problems related to these Hall currents have important
engineering applications in MHD power generation and of Hall
accelerators as well as in flight magnetohydrodynamics. Taking
this fact into account, the effects of Hall currents on the
hydromagnetic flow under different geometries have been
studied by Sato [12], Yamanishi [13], Sherman and Sutton [14],
Gupta [15], Datta and Jana [16, 17], Jana and Datta [18] etc.
Kanch and Jana [19] have investigated the Hall effects on the
hydromagnetic flow between two rotating disks with non-
coincident parallel axes of rotation. The Hall effects on an
unsteady MHD flow between two disks with non-coincident
parallel axes of rotation have been investigated by Das et
al.[20]. Recently, Barik et al. [21] have studied the Hall effects
on an unsteady MHD flow between two rotating disks with
non-coincident parallel axes.

The present paper is devoted to study the effects of Hall
currents as well as rotating axis about which the disk rotates
through a porous medium. The axes are also rotating with an
uniform angular velocity Q. The governing equations have
been solved analytically using the Laplace transform technique.
The effects of various parameters of the problem are discussed.
In the light of our present analysis it is stated that there arises
symmetric motion about the mid plane between the two disks as
referred to the rigid body rotations.

2. MATHEMATICAL FORMULATION
AND ITS SOLUTION

Consider the unsteady flow of a viscous incompressible
electrically conducting fluid through a porous medium between
two parallel disks rotating with same uniform angular velocity
 about two different axes at a distance a apart. The axes are

also rotating with an uniform angular velocity Q. We choose a
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cylindrical polar co-ordinates system (r,0,z) with the axis

normal to the disks situated symmetrically between two axes of
rotation (see Fig.1). The two axes of rotation of the disks are
parallel to the z -axis. A uniform transverse magnetic field B,

is applied perpendicular to the disks.
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Fig.1: Geometry of the problem
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where g=(u,v,w), B=(B,.,B,.B)), J=(j;Jpd), P, P,

k* and v are respectively the velocity vector, the magnetic
field vector, the current density vector, the fluid pressure, the
density of the fluid, the permeability of the porous medium and
the kinematic viscosity.

We assume that the magnetic Reynolds number is small so that
the induced magnetic field is neglected. This assumption is
reasonable for the flow of liquid metals, e.g. mercury or liquid
sodium which are electrically conducting under laboratory
conditions. The electron-atom collision frequency is assumed to
be relatively high so that the Hall effects can be included. The
generalized Ohm's law on taking Hall currents into account is
(see Cowling [22])

i+%<ixé)=a(é+qxé), @)
0

where E =(E,,E,,E,) is the electric field vector, o,

the
cyclotron frequency, z, the electron collision time and o the

electrical conductivity of the fluid.
Maxwell's equations are
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Vxézyej?,VxE:—E,V~I§:O,V~I5:pe, (5)

where g, is the magnetic permeability, D the displacement
current vector and p, the free charge density.
The equation of the conservation of current is

vV-j=0. (6)
The equation of continuity V-g=0 with no-slip condition at
the disks gives w=0 everywhere in the flow. The solenoidal
relation V-B=0 gives B, = constant =B, everywhere in the

flow.
In view of the above assumptions, the equation (4) yields

jr+mj, =c(E, +Byv), ©)
ja_mjr:O_(Ee_Bou)f (8)
J, =0k, 9)

where m=a,z, is the Hall parameter.
Solving for j, and j,, we have

. O
) :m[(ErJFBoV)_m(EH_BOU)]' (10)
. O
Je:1+m2[m(Er+Bov)+(ngBou)]. (11)

The initial and boundary conditions are
u(z,0)=0,v(z,00=0, w=0 forall 0<z<h

u:féa}acosa, v:a)(r+%a3in0j, w=0 at z=0 for t>0,

u:%wacos@, v:w(rféasinaj,W:O atz=h for t>0. (12)

The equation (6) gives j,=constant. This constant is zero since
J, =0 at the disks which are electrically non-conducting. Thus
J, =0 everywhere in the flow. Hence j, =cE, =0 in the fluid

everywhere.
On the use of the equation (5), we get
oE, oE 0 oE
—2 =0, — =0, —(rg,)—-—==0. 13
o o ar( 2 o6 (13)

The equation (13) shows that the electric field is independent of

zZ.

In respect of the initial and boundary conditions (12), we

assume the velocity and pressure distributions as
u=A(z,t)cos@+ B(z,t)sinéb,

vV =r + B(z,t)cosd— A(z,t)sin 9, (14)

w=0 and p=p, +%szr2 + pQaor’ + pg’z,
where p, isaconstantand g" the gravitational acceleration.
Integrating j, and j, between the limits z=0 and z=h and
putting

h, h.

jo j,dz=0 and jo j,dz=0 (15)
we get, on using (10) and (11)

E = f%(a)rh + Pcosd—-Qsing),

EE,:%(Q0050+ Psin ), (16)
where
h h
P= jo B(z,t)dz and Q= jo A(z,t)dz. 17)
It is noticed that the expressions given by (16) for E, and E,
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are satisfied with equations (13).
It can be easily proved that A(z,t) and B(zt) satisfy the

following equations

A _(+20)B
at

e IR R e
a2 p+m?)|Lh h k®

@+(w+2Q)A
ot

:vaz?JraBozz{m(Q—Aj+(P—Bﬂ—vB- (19)
oz°  p(l+m?) h h k*

On the use of (14), the initial and boundary conditions (12)
becomes
A(z,0)=0, B(z,0)=0for 0<z<h,

A(0,t) =f%wa, B(0,t)=0 for t >0,

A(h,t):%wa, B(h,t)=0 for t>0. (20)
Introducing the non-dimensional variables
(oA g Bl Qg P
aw aw h h wah awh
equations (18) and (19) can be written as
%—(K2+2Kf)g
—62f+ M® [(c—f)—m(d—g)]—if (22)
on®  1+m? Da '
a—g+(K2+2Kf)f
or
o'y M? 1
= + mc—-f)+(d-9g)|-—09, 23
o l+mz[( )+(d-9)] 539 (23)
o \? wh?
where M =[j B,h is the Hartmann number, K> =—
PV v

2

. . Oh .
the rotation parameter of the disk, K’=-— the rotation
14

*

parameter of the axis and Da =% the Darcy number.

The initial and boundary conditions (20) become
f(7,0)=0, 9(7,0)=0 for 0<p<1,

f(O,r):—%, 9(0,2) =0 for >0, (24)

f(l,r):%, 9(L,2)=0 for 7 >0.
Combining equations (22) and (23), we get
2 2 2
ai— M 2+i+i mM2+K2+2K12 F
on 1+m® Da 1+m
_oF M?2(1+im) o
or 1+m? '

(25)
where
F=f+ig and n'=c+id=[F(z.0)dp.  (26)

The initial and boundary conditions (24) reduce to
F(7,0)=0 forall 0<7 <1,

F(O,r):—%, F(l,r):% for z>0. 27)

Taking the Laplace transform of the equation (25), we get
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2 2 2
a'i— s+ M 2+i+i mM2+K2+2Kl2 F
on 1+m* Da 1+m
M2(1+im)n’
TToem s (28)

where
F(7.5) = | F(n.0)e "z andn’ =5 j:ﬁ(q,s)dq. (29)

The corresponding boundary conditions for F(z,s) are
F(0,s) ——Land F(L5s) :i, (30)
2s 2s
The solution of the equation (28) subject to the boundary
conditions (30) is

Ey s)—i sinh\/s+a77_sinh«/s+a(1—77)
"7 25| sinhfs+a sinh/s+a
n*M2(1+im)>< 1
1+m? s(s+a)
Xl:sinh«/s+a77+sinh«/s+a(1—77)_1:|

sinh+fs+a sinh+/s+a

C))

where

M? 1 ([ mMm?
= +—+i
1+m? Da \1+m?
On the use of the equation (31) in the equation (29) and on the
evaluation of the integral we get n*=0 which in turn gives
P=0 and Q=0. Substituting the values of P and Q in the
equation (16), we have
E, =—wByr and E, =0, (33)

Substituting n* =0, the equation (31) becomes

+K2+2KfJ. (32)

E( s):i sinh«/s+a77_sinh\/s+a(l—77) (34)
=0 sinh+/s +a sinhvs+a |

where a is given by (32).
The inverse Laplace transform of the equation (34) is

E(.r)~ L[ Sh(a By _sinh(a +ig)1—n)
TS sinh@+if) | sinh(@+if)
& nz(-1)" ¢ . .
sinnzn —sinnz(1—
+n§‘n27r2+a[ s 7(L-n)]
xe{n2n2+(a+iﬁ)2}r' (35)
where
1
1 M2 1Y mMm2 Y |2
B=—= +— | +| K2+2KZ +
“p ﬁ{(1+m2 Daj [ ! 1+m2j}

1

M2 1)\
+ +— . 36
(1+ m? DaH (39)

On separating into a real and imaginary parts one can easily
obtain the velocity components f and g from the equation
(35). If m=0, Da=o (i.e clear fluid) and KZ =0, then the
equation (35) coincides with the equation (26) of Guria et al.
(8].
As 7 — o0, we get the steady state solution as

1| sinh(a +i sinh(a +i8)(1-
Py =) STt O SI@ 1ACn) | ()
2| sinh(a+ip) sinh(a +i5)
If m=0, Da=o and K?=0 then the equation (37) reduces
to the equation (22) of Mohanty [7] after simplification of the
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same.

3. RESULTS AND DISCUSSION

We have presented the non-dimensional primary and secondary
velocities f and g against 7 for several values of squared-
Hartmann number M2, Hall parameter m , rotation parameters
K2, Kf, Darcy number Da and time z in Figs.2-7. It is
observed from Fig.2 that the velocity f increases in the range
0<7<0.5 while the reversed result occurs in the range
0.5 <7 <1 with an increase in squared-Hartmann number M?.
On the other hand, the velocity g decreases in the range
0<7<0.5 while the reversed result occurs in the range
0.5 <7 <1 with an increase in squared-Hartmann number M?.
Fig.3 shows that the velocity f decreases in the range
0<7<0.5 while the reversed result occurs in the range
0.5 <7 <1 with an increase in Hall parameter m . On the other
hand, the velocity g increases in the range 0<7<0.5 while
the reverse result occurs in the range 0.5<7<1 with an
increase in Hall parameter m . It is seen from Figs.4 and 5 that
both the velocities f and g increase in the range 0<7<0.5
whereas the reversed results occur in the range 0.5<7 <1 with
an increase in either rotation parameter K2 or KZ. This means

that both the rotations have a tendency to enhance the velocity
components near the lower disk whereas reduce them near the

upper disk. It is observed from Figs.6 and 7 that the velocity f
decreases in the range 0<7<0.5 while the reversed result
occurs in the range 0.5 <7 <1 with an increase in either Darcy
number Da or time 7. On the other hand, the velocity g
increases in the range 0<7<0.5 while the reverse result
occurs in the range 0.5 <7 <1 with an increase in either Darcy
number Da or time z. Darcy number is the measurement of
the porosity of the medium. As the porosity of the medium
increases, the value of Da increases. For large porosity of the
medium fluid gets more space to flow as a consequence its
velocity increases. It is noted that there is a symmetric motion
about the mid plane between the two disks with the

transparency of the rigid body rotations, which is shown by
Figs. 2-6.
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The non-dimensional shear stresses due to the primary and
secondary flows at the disks 7 =0 and r =1 are given by

[ f I(n' z-)](0,1)

_[Cosha+COsp ) cinha+ Bsin )
cosh2a —cos2f
2 72’ [(-1)" +1]
+ZO MZ 1 2 MZ 2
B s+ — | + K2+2K12+m 5
1+m* Da 1+m

M? 1 M?
x| | 7°n* + > +— |cos K2+2Kf+m s |7
1+m° Da 1+m
2 2
ez rarz e ™M denl ke g okz MM
1+m 1+m
{LELH,ZHZ}
<@ 1+m? Da

(901D,

, (38)
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_( cosha+cosp
cosh2a —cos2p

)(ﬂsinha —asinp)

< 72 n’[(-1)" +1]

Z 2 2 2 \?
0[ﬁ2n2+ M + ! ] +(K2+2Kf+1mM J

1+m?> Da +m?

2 2
o[ 7202+ M 2+i sin K2+2Kf+mM2 T
1+m* Da 1+m

2 2
dkerakz e ™ oos[ k2 v akz+ MM,
1+m 1+m

[ M2 ngnz}
X e 1+m? Da . (39)
The torque required to overcome the transverse shearing stress
on a disk of radius b is

5=2[ [z, r*drdo

3
__lpvwab H coshe +cos 8 j(asinhaJr,Bsinﬁ)

3 h cosh2a —cos2p3
- 7° n°[(-1)" +1]
+Z(; M2 1Y mm? Y’
"l atn? ¢ s+ | | KP+2K + 5
1+m* Da 1+m

2 2
o [ 7202+ M 2+i cos K2+2Kf+mM2 T
1+m° Da 1+m

2 2
ke rarz e ™ denl ke g okz e M,
1+m 1+m

: (40)
e Ao | COSNaHCOSE G psing)
_1pvwab cosh 2o —cos2f
3 h
- 72’ [(-1)" +1]
+Zc; M2 1Y M2 Y
R +— | + K2+2Kf+m 5
1+m* Da 1+m
2 2
o [ 2202+ M 2+i cos K2+2Kf+mM2 T
1+m° Da 1+m
2 2
ke rakz + ™M ginf k2 okz + MM
1+m 1+m
{Lﬂimznz}
xg \bem? D2 41)

The numerical values of the torque 7, at the disks are presented
in Figs.8-12 for several values of squared-Hartmann number
M?, rotation parameters K?, K?, Darcy number Da and time

7 against Hall parameter m . It is seen from Figs.8-10 that the
torque z, at the disks increases with an increase in either M?
or K? or KZ. Figs.11 and 12 show that the torque z, at the

disks decreases with an increase in either Da or 7. Further, it
is observed from Figs.8-12 that the torque 7, at the disks

decreases with an increase in Hall parameter m .
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Fig.12: Variation of torque z, for time T when M*=5,
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It is seen from (40) that in the steady state ( i.e. 7 —> ), the
torque z, becomes

2-1
3 h cosh 2a —cos2/

This steady state is reached through the inertial oscillations with
frequency

=_1 pvQab?® K cosha +cos ](asinha+ﬂsin,b’)} (42)

2
0=K? 12Kz + M
1+

(43)

The equation (42) coincides with the equation (24) of Mohanty
[7] when m=0, Da=o and K =0.

4. CONCLUSION

Hall effects on an unsteady MHD flow through a porous
medium between two disks rotating with the same uniform
angular velocity about two different axes have been studied. It
is observed that both the rotation parameters have a tendency to
enhance the velocity components near the lower disk whereas
reduce them near the upper disk. The torque required to
overcome the transverse shearing stress on the disks increases
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with an increase in either squared-Hartmann number or rotation
parameters while it decreases with an increase in either Hall
parameter or Darcy number. The significance of the study of
this problem of MHD rotating flows is that there exists
symmetric solution of this problem with regard to a rigid body
rotation.
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