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ABSTRACT

The aim of this paper is to prove a coupled fixed point
theorem for a pair of mappings in complex valued metric
space, which generalized the results of Marwan Amin Kutbi et
al. [4]
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1. INTRODUCTION

In 2011, Azam et al [1] introduced the notion of complex
valued metric space and proved a common fixed point
theorem for a pair of contractive type mappings involving
rational expressions which is a generalization of the classical
Banach fixed point theorem. Subsequently, many authors
have studied the existence and uniqueness of the fixed point
and common fixed point of self-mappings in view of
contrasting contractive conditions. Some of these observations
are described in [2-6].

In 2006, Bhaskar and Lakshmikantham [9] introduced the
concept of coupled fixed point for a given partially ordered
set X . Recently, Marwan Amin Kutbi et al. [7] proved
common coupled fixed point theorems for generalized
contraction in complex valued metric space. In this paper, we
proved a coupled fixed point theorem for a pair of mappings
in complex valued metric space, which generalized the results
of Marwan Amin Kutbi et al. [7].

2. PRELIMINARIES

Let £ be the set of complex numbers and z,z, € £ . Define
a partial order § on £ as follows:

719 zyifand only if Re(z) <Re(z,), Im(z) <Im(zy) .
If follows that z; § z, if one of the following conditions is
satisfied

(i) Re(z)=Re(z,), Im(z,) <Im(z;),

(i) Re(z)<Re(z), Im(z)=Im(z,),

(iii)  Re(z)) <Re(z,), Im(z) <Im(z,),

(iv) Re(z)=Re(z,), Im(z))=1Im(z,) .
In particular, we will write z; £z, if z # z, and one of (i),
(i), and (iii) is satisfied and we will write z; p z, if and only
if (iii) is satisfied.

REMARK 2.1. The following statements hold:

(i) Ifabe; with a<b,then azp bz, forall ze£
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@iy If0Y z &£z, then |z |<|2z].
@iy 1f 29 2z, z,p z3,then z;p z3.

DerINITION 2.2 ([1]). Let X be a non empty set.
Suppose that the mapping d : X x X — £ , satisfies:

(i) 09 d(x,y), forall x,ye X and d(x,y)=0 if and
onlyif x=y;

@iy d(x,y)=d(y,x),forall x,ye X;

@iii))y d(x,y)q d(x,2)+d(z,y), forall x,y,ze X.

Then d is called a complex valued metricon X ,and (X,d)
is called a complex valued metric space.

ExAamPLE 2.3. Let X =£ . Define the mapping
d:XxX —>£ by d(z,2,)=i|zg—2,| forall z;,z, e£ .
Then (X,d) isacomplex valued metric space.

DEerINITION 2.4. Let (X,d) be a complex valued metric space
and {x,} be asequencein X .

(i) |If forevery ce£ with Op c, thereis ny e¥ such
that, for all n>ny, d(x,,x)p ¢, then {x,} is said to
be convergent to x € X . We denote this by x, — x,
as N —+o0 or limx, =x.

nN—o0

(if) If for every ce£ with Op c there is ny € ¥ such
that, for all n>ny, d(X,,X.m)P C, then {x,} is
called a cauchy sequence in (X,d).

(iif) If every cauchy sequence in X is convergent, then
(X,d) is said to be a complete complex valued metric
space.

LemmA 2.5 ([1]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X . Then {x,}
converges to x ifandonlyif |d(x,,X)|—>0as n—>oo.

LEmMmMA 2.6 ([1]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X . Then {x,} is a
Cauchy sequence if and only if |d(X,, Xym)| =0 as
n—oo.

DerINITION 2.7 ([9]). Let (X,d) be a complex valued metric
space. Then an element (x,y)e X xX is said to be a
common coupled fixed point of f,g: X x X — X if
x=f(xy)=9(xy),
y=f(y,x)=9(y.x),

ExampLE 2.8. Let X =£ and define d: X x X —> £ by
d(z1,2,) =i|zg — 25| with zy =X +iy;, Zp =X, +iy,. Then
(X,d) is a complex valued metric space. Consider the
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mappings  f,g:XxX — X  with f(zl,zz):Lfi,
_ X2,
9(z1,2,) = 7 i.

Here (0,0) is the common coupled fixed point of f and g .

3. MAIN RESULTS

THEOREM 3.1. Let (X,d) be a complete complex-valued
metric space, and let the mappings f,g:XxX — X
satisfying the condition

d(f(xy),9uv) I Aw

L g a0 f (6 )d(u,g(u,v)
1+d(x,u) +d(y,v)

c 40U, F O y)d(x,9(u,v)
1+d(x,u) +d(y,v)

5 40 f (X, y))d(x,9(u,v))
1+ d(x,u) +d(y,v)

d(u, f(x,y))d(u,g(u,v))
R ) 1 d(yy) @

for all x,y,u,ve X and AB,C,D and E are nonnegative
reals with A+B+C+2D+2E <1.Then f and g have a
unique common coupled fixed point.

PROOF. Let x, and y, be arbitrary pointsin X .
Define  Xoq = (X, Vo) » Yokar = (Yo, X2k) and

Xoks2 = 9 (X1, Yoks1) Yok = 9(Yake1s Xoksa) »
forall k=0,12,3,....
Then,
d (XK1, Xok+2)

= d(f (Xas Yok )» 9 (Xak41s Yok+1))

q Ad(sz +Xora1) + A (Yaks Yoks1)
2

+B d (Xais T (X2, Yo ))d (Xok1, 9 (Xok1s Yok+1))
1+ d (Xaks Xok+1) + A (Yaks Yoks1)

+C d (Xak+1, F(Xaks Vo)) d (Xa, 9 (Xoks1s Yok+1))
1+ d (X, Xak+1) + A (Yaks Yok1)

+D d (Xaks F (X2, Yo ))d (Xak s 9 (Xak+1s Yok+1))
1+ d (Xaks Xok1) + A (Yaks Yokt

+E d (Xak+1, F (Xaks Yo ))d (Xaks1s 9 (Xak1s Yok1))

1+ d(Xak: Xak+1) + A (Yak Yaks)

d (Xak» Xak+1) + A (Yois Yor1)
T A >

d (Xak s Xok+1)d (Xok-+1, Xok+2)
1+ d (X Xak41) + d Yok, Yoka)

+B

d (Xak+1s Xoks1)d Xk, Xok+2)
1+ d(Xak Xak+1) + A (Yak, Yok1)
d (o Xak41)d (Xok s Xak+2)
1+ d(Xok, Xoka1) + A Yok, Yok1)
0 (Xoks1s Xoks1)d (k1 Xok+2)
1+ d (Xaks Xak+1) + d(Yak: Yak1)

+D

+E
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q Ad (Xais Xak+1) + A (Yak» Yoks1)
2

d (Xak s Xok+1)d (Xok-41) Xok+2)
1+ d (Xaks Xok+1) + d(Vak, Yake1)
d (Xak s Xok+1)d (Xok, Xok+2)
1+ d (Xai, k1) + A (Yak Yake1)

This implies that

(i)

| d(Xak Xok+1) + A (Yaks Yok+1) |
2

| d (Xak s Xok+1)d (Xok41s Xok+2) |
[1+d(Xak, Xok1) + A (Yak, Vo) |
| d (Xak, Xok+1)d (Xok s Xok+2) |
[ 1+ d (Xoi, Xok1) + A (Yak Yoka1) |

[ d(Xaus1, Xoa2) [ < A

+B

(iii)

Since |1+ d (X, Xox41) +d(Yar, Yoksa) | > | d(Xars Xoks2) | SO
we get

Al d (X Xoien) [ +A]d Yok, Yorsa) |
2

+ B | d(Xaks1, Xok+2) | +D | d(Xai, Xo42) |

| d(Xaks1s Xok+2) | £

Al d (X, Xaisa) | +A]d Yok, Yokea) |
2

+ B | d(Xak1s Xok+2) | +D [ d (X, Xok41) |
+D | d(Xar41, Xok+2) |

A+2D
(L-B-D) | d(Xoks1: Xok+2) | <

| d(Xaks1s Xok42) | <

| d(Xak Xox41) |

A
+ 25 [ d(Yax, Yoxa) |

A+2D
| d(Xaks1: Xk +2) [ < 20-B-D) | d (Xak s Xk 1) |
b 10| (W)
20-B-D) Yok Yok+1
Similarly,
A+2D
[ d(Yaks1: Yoks2) [ < 20-B-D) [ d(Yak: Yaksa) |
b 10| ()
2(1_ B _ D) 2k » A2k +1

Also,

d (Xak+21 X2k +3)
= d(9(Xaks1s Yarar ) T (Xaks2: Yokr2))
= d(f (Xak+2, Yaka2) 9 (Xoks1s Yok1))

q Ad (Xak+2s Xok+1) + A (Yak+2, Yoke1)
2

+B d (Xoks2s F (Xokr2, Yore2)) d (Xok1s 9 Kok, Yok1))
1+ (o2, Xokan) + A (Yaa2s Yoksa)

+C d (Xow1s F (Xokr2, Yor+2)) d Kok 2, 9 Kok Yors))
1+ (Xos2: Xoka1) + A (Yaks2s Yokaa)

D d(Xok+2, F (Xok+2, Yoks+2)) d (Xorr2s 9 (Xok+1: Yok1))
1+ (Xok+2 Xok+1) + A (Yak+2, Yok+1)

E d (Xak1: T (Xakr2, Yok+2)) d (Xoka1, 9 (Xok1s Yok+1))
1+ (Xok+2 Xok+1) + A (Yok2s Yok1)
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q Ad (Xok+2, Xok+1) + A (Vo2 Yoka1)
2

d (Xak+2, Xok+3) d (Xak+1, Xok+2)
1+ (Xok+2 Xok+1) + A (Yak2, Yok1)
d (Xak+1, Xok+3) d (Xok+2, Xok+2)
1+ (Xak+2: Xoke1) + A (Yorszs Yoks1)
d (Xak+2, Xok+3) d (Xok+2 Xok+2)
1+ (X2 Xok+1) + A (Yakr2, Yok+1)
d (Xak+1: Xok+3) d (Xak+1, Xok+2) (vi)
1+ (Xak+2: Xok41) + A (Yoks2s Yoks1)

+C

This implies that
| d(Xaks2+ Xok+3) |
A A
< 2 | d(Xaks2s Xok42) | + 2 [ d(Yaokr2, Yoks) |

| d (Xoks2s Xok+3) | - | d(Xok+1, Xok2) |
|1+ d(Xakr2, Xoks1) + A (Yoks2, Yokea) |
| d (Xoks1s Xok+3) * A (Xok1s Xokr2) | (vii)
[1+d(Xokr2, Xok1) + A (Yoa2: Yoaa) |

+E

Since
[ 1+ d (Xar+2, Xoks1) + A(Varazs Yorsn) | > 1 A (Xopans Xori2) |, We
get

A
| d(Xoks2:Xok43) | < > | d(Xaks2+ Xok) |

A
+§ | d(Yaks21 Yoks1) |

+ B d(Xaks2: Xok+3) |
+ B | d (X415 Xok42) |
+ B | d (X2, Xok43) |

A
(L-B-E) | d(Xoxs2, Xoks3) | < > | d(Xaks21 Xok+1) |

A
+§ [ d(Yaks2, Yoksa) |

+ E [ d(Xoks1s Xok+2) |

A+2E
| d(Xak+2: X2k43) | < 20-B-E) | d (Xak 41, Xok+2) |
+ __A [ d( )| (viii)
21-B-E) Yok+1r Yok+2
Similarly,
A+2E
[d(Yaks2: Yoksa) | < 20-B-E) | d(Yaks1: Yoks2) |
+$ | d (Xok41: Xok42) | (ix)
2(17 B— E) 2k+1s A2k +2

Adding (iv)-(ix), we get

| d(Xaks1s Xok+2) |+ d(Yakaa, Yors2) |

A+D A+D
*1_B_-D | d (X2, Xok+1) |+m|d()/2kr)/2k+l)|

| d(Xakr2, Xok+3) | +1 A (Yakr2, Yok+3) |
A+E
“1-B-E
N A+E
1-B-E

| d(Xo10 Xok+2) |

[ d(Yari1r Yoke2) | )
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A+D A+E
1-B-D'1-B-E

On substituting k = max , we obtain

that

| d(xnvxml) | + | d(Yn: yn+1) |
<k(ld(Xn-1. %) [+ 1d(Yn-1.Yn) )
<k?(1d (X2, %n-2) | +1d (Va2 Yn-1) |)
M

<k"(1d(xo, %) | +1d (Yo, 1) )

Without loss of generality, we take m>n, since 0<k <1,
S0 we get
[d(Xn Xm) [+ 1d(Yns Ym) |
< | d(XanJrl) | + | d(yn: yn+1) +L
+ | d(xm—lxxm) | + | d(Ym—lv ym) |
<k"(] d(xo,%) +d(Yo, Y1) )
+ K™ (1 d (X0, %) | +1d (Yo, Y1) ) +L
+ k™ d (X0, %) [ +1d (Yo, Y1) )
S (K" + K™+ + k™) d (X0, %) [+]d (Yo, Y1) )
kr‘l
<
1-k

(1d(xo,x0) [ +1d(Yo,y)) ) >0 as n—c0

This implies that {x,} and {y,} are Cauchy sequence in X .

Since X is complete, there exists x,y e X such that
X, >X and y,—>Yy a n-—oo. Next, we show that

x=f(x,y) and y = f(y,x).
Suppose on the contrary that x = f(x,y) and y = f(y,x) so
that Op d(x, f(x,y)) =1, and Op d(y, f(y,x) =1,

I =d(x f(x,y))
T d(X, Xos2) + A (Xopa2s F(X,Y))
9 d(X Xais2) + d(9(Xaks1, Yoraa)s T (X, Y))

d(x A X +d e
1 d(X, Xos0) + A (Xak+1 )2 (Yok+1: Y)

+B d (Xak+1: 9 Kok Vo)) (% F (X, Y))
1+ d (X1, X) + d Yok, V)

+C d (% 9 (Xak+1s Yok+1))d (Kor1s F (X, Y))
1+d(Xok41,X) + d(Yors1, Y)
+D d (Xak+1, 9 (Xok+1, Yor+1))d (Xakas £ (X, Y))
1+ d(Xok41,X) + A (Yor1s Y)
+ £ 906000, o)) (6 (6 Y)
1+ d(Xak41,X) +d(Yoxs1, Y)

0 d (X Xoran) + Ad(X2k+le)';d(y2k+1vy)
d (Xak41: Xor+2)d (% F (X, ¥))
1+ d (Xai41,X) + A (Yors, Y)
C d (X Xoi+2)d (Xoics1s F (X, Y))
1+ d (%41, X) + A (Yorss Y)

+B

d (Xak+1, Xok+2)d (Xaie1s F (%, )
1+ d(Xaus1,X) + A (Yor1, Y)
d (X, X+ 2)d (X, F(X,¥))

1+ d(Xok41,X) +d(Yoks1, V)

+D

+E
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Illlﬂ\ld(xxzk+z)|+ Id(X2k+1,X)I+ [d(Yarss: V) |

LBl d(X2k+le2k+2) [-1d(x f(x Y) |
[1+d(Xok1,X) + d (Yo, V) |
L C1d(Xaui0) [ 1d (o, F(X,Y) |
[1+d(Xoks1, X) + A (Yore1s V) |
LD | d (Xaka1s Xok+2) || d (Xoens F (X Y) |
[1+d(Xaks1, X) + d(Yors1s V) |
L E1d(Xo0) [-1d (X, f(x,Y) |
|1+ d(Xak41,X) + d(Vas1, ) |

By taking k — o0, we get |d(x, f(Xx,y))|=0, which is a
contradiction so that x = f(x,y). Similarly, y= f(y,x).
Similarly, it follows that x = g(x,y) and y=g(y,x). This
implies that (x,y) isacommon coupled fixed point of f and
g . Next, we show that f and g have a unique common
coupled fixed point. Assume that (x",y") e X be another
common coupled fixed point of f and g . Then

d(x,x") =d(f(x,y),9(x",y"))
q Ad(x,x );d(y,y )
d(X f oA, g(x",y")
1+d(x,x )+d(y y )
Cd(X ) d(x,9(x",y)
1+d(xx) +d(y,y)
D d(x, f(xy)d(xg(x,y"))
1+d(x,x)+d(y,y")
d(X fxy)d(X,g9(x",y"))
1+d(xx)+d(yy)

. dx, X)) +d(y,y"
|d(x,x)|sA| ( )2 (y.y)l
gld Fx ) |- [d(x", g, y)) |
[1+d(x,X)+d(y,y")]
|d(X HCSDIRCICEICH]
[1+d(x,X)+d(y,y")]
pld(x f(x y))d(x, gy |
|1+d(x,X) +d(y,y")|
|d(X fOY-1dOC,g(x Yy ) |
|1+d(x,x)+d(y,y")]

Since |1+ d(x, X)) +d(y,y")|>]|d(x,x") |, we get

|dumﬁ|gA““‘x);d(”y)|+C|duJ3|

<[5 age J1atny)

Similarly,

JILICESY

* A
|d(Y:Y)|S[m
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(X [+]d(y,y")]
S(ﬁja d(x,x) ] +1d(y.y") )

which is a contradiction because A+B+C +2D+2E <1.

Thus we get x=x", y =y, which proves the uniqueness of
common coupled fixed point of f and g .

CoroLLARY 3.2. If f is a self-mapping defined on a
complete complex-valued metric space (X,d) satisfying the
condition
d(f(x,y), f(u,v))
q Ad(x,u);d(y,v)
Bd(x, f(x,y))d(u, f (u,v))
1+d(x,u) +d(y,v)
C d(u, f(x,y))d(x, f(u,v))
1+d(x,u) +d(y,v)
N Dd(X’ f(x,y))d(x, f(u,v))
1+d(x,u) +d(y,v)
d(u, f(x,y))d(u, f(uv
+E (1+(§(xyl)1))+(d(y(, ) ) forall x,y,u,ve X
where A,B,C,D and E are nonnegative reals with
A+B+C+2D+2E<1. Then f has a unique coupled
fixed point.

REMARK 3.1.

(i) Theorem 3.1 generalized Theorem 10 of [7] after
subsituting D=E =0.
(i) Theorem 3.1 generalized Corollary 11 of [7] after
subsituting D=E=0and f =g .
(iif) Theorem 3.1 generalized Corollary 2.2 of [8] after
subsituting B=C=D=E=0and g=f .
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