International Journal of Computer Applications (0975 — 8887)

Volume 82 — No.8, November 2013

Fuzzy Lattice Ordered M-Group

M.U. Makandar
Assistant Professor. PG,
KIT's IMER.

Shivaji University, Kolhapur.

ABSTRACT

In this paper we introduce the notion of fuzzy lattice
ordered m-groups and investigated some of its basic
properties. We also study the homomorphic image, pre-
image of fuzzy lattice ordered m-groups, arbitrary family
of fuzzy lattice ordered m-groups and fuzzy lattice
ordered m-groups using T-norms. We introduce the notion
of sensible fuzzy lattice ordered m-groups in groups and
some related properties of lattices are discussed.
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1. INTRODUCTION

A fuzzy algebra has become an important branch of
research. A. Rosenfeld 1971 [9] used the concept of fuzzy
set theory due to Zadeh 1965 [5]. Since then the study
of  fuzzy algebraic substructures are important when
viewed from a Lattice theoretic point of view. N. Ajmal
and K.V. Thomas [1] initiated such types of study in the
year 1994. It was latter independently established by N.
Ajmal [1] that the set of all fuzzy normal subgroups of a
group constitute a sub lattice of the lattice of all fuzzy sub
groups of a given group and is Modular. Nanda[8]
proposed the notion of fuzzy lattice using the concept
of fuzzy partial ordering. More recently in the notion
of set product is discussed in details and in the
lattice theoretical aspects of fuzzy sub groups and fuzzy
normal sub groups are explored. G.S.V. Satya Saibaba [3]
initiate the study of L-fuzzy lattice ordered groups and
introducing the notice of L-fuzzy sub I- groups. J.A.
Goguen [4] replaced the valuation set [0,1] by means of
a complete lattice in an attempt to make a generalized
study of fuzzy set theory by studying L-fuzzy sets. A
Solairaju and R. Nagarajan [11] introduced the concept of
lattice valued Q-fuzzy sub-modules over near rings with
respect to T-norms. Dr M.Marudai & V. Rajendran[6]
modified the definition of fuzzy lattice and introduce the
notion of fuzzy lattice of groups and investigated some of
its basic properties. Gu [12] introduced concept of fuzzy
groups with operator. Then S. Subramanian, R Nagrajan
& Chellappa [10] extended the concept to m fuzzy groups
with operator. In this paper we introduce the notion of
fuzzy lattice ordered m-groups and investigated some of
its basic properties. We study the homomorphic image,

A.D. Lokhande, Ph.D
H.O.D. Dept of Mathematics.
Y.C.Warana Mahavidyalaya

Warananager

pre-image of fuzzy lattice ordered m-groups, arbitrary
family of fuzzy lattice ordered m-groups and fuzzy lattice
ordered m normal groups. We introduce the notion of
sensible fuzzy lattice ordered m-groups in groups using T-
norms and some related properties of lattices are
discussed.. We introduce here the notion of fuzzy lattice
ordered m-groups and investigated some of its basic
properties.

2. PRELIMINARIES

Definition 2.1: Let u: X — [0, 1] be a fuzzy set & G
€ p(X) = Set of all fuzzy sets on X. A fuzzy set pon G is
called a fuzzy group if i) i (X y) > min {pu (X), u(y)} ii) 4
(xH>px), forallx,ye G.

Definition 2.2: Let p: X — [0, 1] be a fuzzy set & G
€ p(X). A fuzzy set u on G is called a normal fuzzy
subgroup if pu (xtyx)>p(y) for all x, ye G
Definition 2.3: A lattice ordered group is a system (
G,.,9)if i) (G, ) isagroup ii) (G,<) is a lattice . iii ) x <y
implies a x b <a y b ( compatibility)

Fora, b, x,ye G

Definition 2.4: Let p: X — [0, 1] be a fuzzy set & G
is a lattice ordered set, G € p(X). A function W on G is said
to be a fuzzy lattice ordered group if i) W (X y) > min {p
(), KO} i) 1 (x ) = p (x) for all x, ye G

Definition 2.5: Let G be a group, M be any set if i)
mxeG.i)mXxy)=(mx)y=xmy forall X, ye G, me
M. Then G is called a m group.

Definition 2.6: - Let u: X— [0, 1] be a fuzzy set
& G be a M group G. A fuzzy set on G, G € p(X)) is called
a fuzzy m group if i) B (M(X y)) > min {p (M x), p (My)}
i) L (mx™) > p (mx) for all X, ye G, me M
Definition 2.7: A t-norm T, we mean a function T :
[0, 1] x [0, 1] [O, 1] satisfying the following conditions:
(T T(O,X)=0

(T2 T(X, YY) T(x,2)ifyz

(M) T, y) =T (v, x)

(T4) T(x, T(y, 2)) =T (T(X,y), 2), forall x, y, z € [0, 1].
Definition 2.8: Let T be a t-norm. A fuzzy set A is
said to be sensible under T if Im (A) CA T.

Where AT={ae [0,1]/T(a,0)=a}
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Definition 2.9: For any fuzzy m group G and te [0,
1], We define the set U(u : t) ={x € G | u(mx) >t} which is
called an upper cut off pu and can be used to the
characterization of .

Definition 2.10: Let e : X— Y be a map. A and B
are fuzzy lattice ordered m groups in X and Y respectively.
Then the inverse image of B under o is a fuzzy set defined
by

0" (B) = 4,18 (X) = 1 © ()

Definition 2.11: Let p, be a fuzzy set of G. Let e
G—G’be a map.
Define the map . : G—[0,1]1 by 1,6 (X) = ps © (X)

Definition 2.12: Let £ G— G’ be a lattice group
homomorphism and A be a fuzzy lattice of G’ then Af(x)
=(Aof) () =FA) (0.

Definition 2.13: Let p: X to [0, 1], G € p(X), M C
X. A function pon G is said to be a fuzzy lattice ordered
m-group if

i) (G, -) is a M-group.

ii) (G,-, <) is a lattice ordered group.

iii) p (m(x y) ) 2 min {p (mx), p(my)}

V) (Mx)™)= p(mx)

V) p(mxvmy)>min {p(mx), p(my)}

Vi)u (M X Amy)>min {u (mx), p(my)} For all x,
yeG

3. PROPERTIES OF FUZZY LATTICE
ORDERED M-GROUP

Proposition 3.1: Let G and G’ be two fuzzy
lattice ordered m-groups and :G—G’ be a m-
homomorphism defined by e (mx)=me(x ) .IfBisa
fuzzy lattice ordered m-group of G’ then the pre-image e
Y(B) is a fuzzy lattice ordered m-group of G.

Proof- Assume B is a fuzzy lattice ordered m-group of
G’. Letx,yeG

) He-18) (M(XY)) = up o (M(xy))

=ug (Mo (xy))

=ug(me(x) e (y))

>min{ug(me (X)), ug(Me (y))}

>min { ug (e (MX)), ug(e (My))}

>min {fe-18) (MX), He-18) (MY)}

iDg-1m) (MX)") =g o (MX)?)

= ug (0 (MX)*

= ug (Mo (x))*

> pg (Mo (X))

> ug (o (MX))

2 Ho-1e) (MX)

iii)ie-1) (MXVMy)=uz e (MXVMy)
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= ug 6(Mx) v e(my)

>min { ug o(MX), ug o(MY))

> min {Pg-1g) (MX), Po-18) (M Y)}
iV)le-1g) (MXAMY)= g0 (MXxamy)
= g (M X) A o(my)

>min { up 6(MX), ug o(MYy))

= min {Pg-18) (MX), K1) (MY)}
Therefore o™(B) is a fuzzy lattice ordered m-group of G.

Proposition 3.2 Let G and G’ be two fuzzy lattice
ordered m-groups and e:G—G’ be a m-epimorphism. B is
a fuzzy set in G°. If o'}(B) is a fuzzy lattice ordered m-
group of G then B is a fuzzy lattice ordered group of G’.
Proof- Let x , Y € G’, therefore there exist an element a,
b €G such that
e(a) = x and
o(b)=y.

i) g (M(xY))
=y (Mo (ab))
= g o (M (b))
= te-1(e) (M(a b))
>min { 4 -1(g) (MA)), -1(s) (M b))}

>min { ug e (Ma), uz e (Mb)}
Zmin { 4z Mme (), uz me (b)}

>min { gy (MX), up (My)}

iug (MY = ug(Mme ()"

= ug (e (ma))?

= up(e(ma)’)

= Po1(g) (MA)*

> Ho-1(p) (M Q)

>upge(ma)

>ugme(a)

> u g (MX)

iiuy (MxXvmy)=u, (me (a) vme (b))
=ug (6(ma) v e (mb))

=ug (6 (mavmb))

=He-1() (Mavmb)

> min {u 1) (MA), 4-1(s) (M b)}

>min { uy 6( Ma), ug o( M b))

>min { up Me(a), £z Me(b))

>min { ug(Mx), ug(My)}

V)ug (MXAamy)=u, (me (a) aAme (b))
=ug (6(ma) A e (Mmb))

=ug (6 (Maamb))

=He-1() (Maamb)

>min {u 1@ (Ma), 4,18 (M b)}

>min { up 6( Ma), g o( M b))

>min { up Me(a), £z Me(b))

> min { s5(M X), (M Y)}

B is a fuzzy lattice ordered group of G’.

= g (M(e(@) o(b))

32



Proposition 3.3: If {A} is a family of fuzzy lattice
ordered m-group of G then NA; is a fuzzy lattice ordered
m-group of G where NA; ={x,au,, (X)/xeG}
Proof- X, yeG
DN pai) MEXY) = Ay M(XY)
= A (MXxmy)
Zamin{pg (MX), pa; (M) 3
Zmin{(N g )(MX), (N gy )(My)}
(N 1ag ) (MX)"= A g (M)
> A pg (MX)
(N pa; ) (MX)
(N g ) (MXVMY) =apy (MXvmy)
zamin{py (MX), ug (M)}
Zmin { (N pgg) (MX), (N pg) (MY) 3
V(N g ) (MXAmMy)=apg(Mxamy)
Zamin{ g (MX), pa (My) }
>min { (N p,;) (MX), (N u,,) (MyY) }

Proposition 3.4:1f A is a fuzzy set in G such that all
nonempty level subset
U (A ;1) is a fuzzy lattice ordered m-group of G then A is

fuzzy lattice ordered m-group of G.

Proof- Letx, yeU(A;t),wehave Amx)>tand A (
my)>t. So that A (m(x y)) >t

A (m(x y))>t

>min {t,t}

>min { A(m x), A(my)}

iA (mx)™h) >t=A(m x)
iA(mxvmy)>t

>min{t,t}

>min { A(m x), A(my) }

iVJA(mXxamy)>t

>min {t,t}

>min { A(m x), A(my) }

Therefore A is a fuzzy lattice ordered m-group.

Proposition 3.5:Let A be a fuzzy lattice ordered m-
group of G. Let A* be a fuzzy set in G defined by A* (x) =
A(X) + 1 —-A (e) for all x €G. Then A* is a fuzzy lattice
ordered m-group of G containing A.

Proof —Let x,yeG

DA* (m(x y))=A (m (xy)) +1- A (e)

> min{A(m x),A(my)} +1 -A(e)

>min {A(m x) +1-A(e), A(my )+1 -A(e)}
>min { A*(m x),A*(my) }

iA*(mx)H= A ((mx)™) + 1 - A(e)
>A(mx)+1-A(e)

> A*(mx)

ii)A* (mx v my))= A(mxvmy))+1- A (e)
> min{A(m x),A(my)} +1 -A(e)

>min {A(m x) +1-A(e), A(my )+1 -A(e)}
>min { A*(m x),A*(my) }

iV)A*(m x A my))=A (mx amy)) +1- A (e)
> min{A(m x),A(my)} +1 -A(e)

>min {A(m x) +1-A(e), A(my )+1 -A(e)}
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>min { A¥(m x),A*(my) }

Also A(x) < A*(x) for all x € G.

Therefore A* is a fuzzy lattice ordered m-group of G
containing A.

Proposition 3.6:1f A is a fuzzy lattice ordered m-
group of G and e is a m-homomorphism of G then the
fuzzy set A° = {<mx; u,, (MX) > xeG }isafuzzy
lattice ordered m-group.

Proof- Letx,yeG
Dige (M (XY)) = a0 (M(XY))
=u, me(Xxy)

=u, m(e(X)e(y)

>min { x4, me(x), u, me(y)}

>min { x4, o(MXx), 1, e(my)}

>min { 1, (MX), 1,0 (MY)}

e (MX)'=py 0 (MX)*

=g (6 (Mx)*

= u, (Mo(x)*

>y (M o( X))

>y 6(MX)

> pyge (MX)

iuge (MxvmMy)) =pge(Mxvmy))
=y e (Mx)ve (Mmx)

> min {py 0 (MX), Wy o (MY))

> min {pge (MX), pgo (MY))

e (Mxamy)) =p 0 (Mxamy))
=pge(Mx)ae(mx)

> min {py 0 (MX), Wy o (MY))

> min {ge (MX), pge (MY))
Therefore A° is a fuzzy lattice ordered m-group of G.

Proposition 3.7:Let T be a continuous t- norm and let
f be a m-homomorphism on G. If p is a fuzzy lattice
ordered m-group on G then ' is a fuzzy lattice ordered m-
group of f (G).

Proof- Let A, =fi(my,), A, =f'my,), Ap = f
Y(m (y1Y2)
Consider Ai/A;={mxeG/mx=mx; mX, for mx;eA,,
m X, EA2 }

IfmxeA/Aythen mx=mx; mx, &
fmx)=f(mxmxy)=f(Mxy) f{(mx,)

=my,my, =m(y1Y2)
mxe £3(m (y,y,) therefore AJA, C Ay,
D’ (M (y12)

=sup {p(mx)/mxefim(yry,)}
=sup{u(mMx)/mxe A, }

>sup{pu(mMx)/mxe AjA }

>sup { L (Mxy MXy)/ mXxeAy, mXeAy }

= sup {T (1 (M X1), T(R(M X2)) / M X1€A1, M X €A, }

> T [sup{p (M Xgy/ M XA}, sup{p (M Xz) / Mx;eA; }]
> T[sup{p (M Xqy / M Xz FH(m y1)},sup{p(m x2)/ m xp € f
my2) 1]

>T {p"(myy), 1 (my,)}

i (my)?)
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=sup { p(mx)*/(mx)*e Fi(my)'}

=sup{ p(mx)*/(mx)e Fi(my)}

Zsup { p(mx) /(mx)e fi(my)}

=u"(my))

iip" (my; v myy))

=sup{u(mx)/mxefi(my,vmy,) }
=sup{p(Mmx)/mxe Ay, }

>sup{pu(Mx)/mxe AijvA, }

>sup{t (Mx;vmXy) / mxieA, mx;eA; }

>sup {T (1 (M X0)), T(H(M Xz)) / M X1€Aq, M X €A, }
>T[sup{t (M Xg) / M x;€Aq}, sup{p (M Xz) / M XA, }]

> T[sup{H (M Xy / M xge FH(m y1)},sup{p(m xz)/ m x € f
{mys)

>T {u' (my) 1" (my)}

VI (Myamyz)) =sup {u(mx)/mxefimy am
y2) }

=sup{p(mx)/mxe Ay, }

>sup{pu(Mmx)/mxe AjaA }

>sup {H(m X amX,) / mxieA, mx;eA; }

>sup {T (1 (M x1)), T(U(M Xp) / M XA, M X €A, }

> T [sup {p (M Xy / M XA, sup {H( M X))/ mXx;eA,
3

> T[sup{p (M Xyy / M X;¢€ f'l(m yo)hsup{p(m x)/ m x, € f
Ymyz) 3

=T {u'(mys), 1 (my)}

Thereforep' is a fuzzy lattice ordered m-group of f (G).

Proposition 3.8:

Let T be a t-norm.

Then every sensible fuzzy lattice ordered m group is fuzzy
lattice ordered m-group of G.

Proof-A is sensible fuzzy lattice ordered m-group then
we have

DA (m(x y)) > T [ A(mx),A(m y)]

iA ((mx)™h>A (mx)

iiA(mxvmy)>T[A(mx), A(my)]
iVVA(Mxamy)>T[ A(mx), A(m y)]

i)min{A(m x),A(my)}
=T[min{A(mx),A(my)},min{A(mx),A(my)]

=min {T[A(m x),A(my)], T[A(m x),A(my)]}

=T [A(mx),A(my)]

<A (m(x y))

iA ((mx)™h)>A (mx)

iilmin{A(mx),A(my)}
=T[min{A(mx),A(my)},min{A(mx),A(my)=" min{T[A(m
X)L AMY)LTIA(M x),A(my)]}

=T [A(mx),A(my)]

<A(mxvmy))

iv)min { A(m x),A(my)}
=T[min{A(mx),A(my)},min{A(mx),A(my)}]=min{T[A(m
X)L A(MY)], TIA(mX), A(my)]}

=T [A(mx),A(my)]

<A (mxaAmy))

Therefore A is a fuzzy lattice ordered m-group of G.
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Proposition3.9:
An onto m-homomorphic image of fuzzy lattice ordered m-
group with sup property is a fuzzy lattice ordered m-group.

Proof: Letf: G — G’ be a onto

m-homomorphism of G and let A be a fuzzy

lattice ordered m-group of G with sup

property.

Let mx’, my’ € G’

Let mxge fimx’) ,myye fimy’)

be such that

A(M X )=sup {A(mx)/ mxefimx’) } &
A(myo)=sup{ A(my) mye fi(my’)}
DA"(M(x’y"))=sup{ A(z) / z € F(m (x’y’))}

=sup { A@@) / z e Fi(m x’ my’))}

>sup { A(M Xo MYyg) / Mxg e Fimx’) , myg e F(m y’) }
>sup { A(mxg Yo) / MXg € F(mx’), myg € Fi(my’) }
>sup { min {A(m xp) A(M Yp))/ mxg e

fi(mx’), myse fimy’) }

> min{sup {A( m xg) / Mxq €

f(m x’)} sup{A( myg) /my € F(m y’)

>min { AT(mx*), Af (mx*)}

A (mx)H=sup {A(mxo) ™/ (mxg)te Fi{mx)}
=sup {A(mx)t/ (mxe)e Fi{mx)}

>sup { A(MXo) /(mxo)e F(mx)}

2 A" (mx)

iiA"(m x* v my’)) = sup { A(z) /

zefi(mx vmy’))}

>sup {A@)/zef mx) vimy))}

>sup { A(mxoVmMYyg)/ mxoe fimx’), mygefi(my’) }
>sup { A(mxoVmyg)/ mxge fimx’), mygefi(my’) }
>sup { min {A('m xp) A(M Yy)) / mx,

efi(mx), my, e f{(my’) }

> min {SUp{A( M Xg) / mxgq €

f(m x*)},sup{A( myo) /my, € F(m y’)

>min { A"(mx’), AT (mx’)}

VAT (mx’ amy”)) =sup { A(z) / z €

fi(mx* Amy))}

>sup { A(z)/ze fimx’) A fimy))}

>sup { A(mxoA MYg)/ MXg e Fimx’), myge fi(my’) }
>sup { A(mxg A MYyg)/ Mxg e Fimx’), myge fi(my’) }
>sup { min {A('m Xp) A(M Yy)) / mx,

efi(mx’), my, e f{(my’) }

> min{sup {A( m xg) / Mxq €

fi(m x*)},sup {A( myg) /myo € F(m y”)

>min { AT(mx’), AT (mx’)}

Proposition 3.10: Let f: G—G’ be a lattice group m-
homomorphism and A be a fuzzy lattice ordered m-group
of G’ then f*(A) is a fuzzy lattice ordered m-group of G.
Proof -Let m x, m y € G and A be a fuzzy lattice
ordered m-group of G’.

DFYA) (M(xy) = Af(m(xy))

=A(f(mx) f(my))

= A (mf(x) mf(y))

=A(mf(x) f(y))

> min { A (mf(x)), A( mf(y))}

>min { A (f{m x)), A(f(my))}

34



>min { f}(A) (mx) , F1(A) (mx) }
DFYA) (M) = Af((mx)™Y)
=A(f(mx)*

=A(mf(x)*

> A (mf(x))

> A (fl mx))

>fY(A) (mx)

ii)f'l(A) (mxvmy)) =Af(mxvmy))
= A (f(mx) v f(my))

=AMF(x) vmf(y))

> min { A (mf(x)), A( mf(y))}
>min { A (f{m x)), A(f(my))}
>min { f}(A) (mx) , F1(A) (mx) }

iiNfi(A) (mxamy)) =Af(mxamy))

=A(f(mx) A f(my))

=A(MTF(x) Amf(y))

> min { A (mf(x)), A( mf(y))}

>min { A (f(m x)), A(f(my))}

>min { f1(A) (mx) , FY(A) (mx) }

Therefore f1(A) is a fuzzy lattice ordered m-group of G.

4. DIRECT PRODUCT OF FUZZY
LATTICE ORDERED M-GROUP

Definition: 4.1 Let A; be a fuzzy lattice ordered m-
group of G;, fori = 1,2,...... ,n. Then the product A; (i =

1,2,.....n) is the function Ajx A 5x ........ X Ap: Gix G X
........ x G, — L defined by (AiXAox ........ x Ay ) m (X
1X2 X n) = min{A; (M X 1) Ax(MX ) . An(mx o)}

,,,,,,,,,,,,,,,,,,,,

Proposition 4.2:The direct product of fuzzy lattice
ordered m groups is a fuzzy lattice ordered m-group.

Proof-Letx=(x1x2___ Xa), y=(Y1 Yo Ya)e€

GiXGoX........ xG,

Let AiXAoX ........ XA A

DA y)=AM(X1Y1 X Y5 XY 1))

=min {A; (M X1Y1), Ao (M X2y 2)senenennnne ,An(MX oy}

> min{min [Ay(m X1 ), Ay (M y;) ], min [A; (M X 5 Ay(my
2)],...min[ Ap (M X 1), A (My )] }
> min {min [A;(M X1 ), Ay (M X 3 .

An (M X )], min [Ag(mys), Ao (MY .. Ad (MY ) I}
Zl’nil’l{(AlezX ........ XAn)m(lexz

>min {A(mx),A(my)}

iA Mx)t = Am(x? x,0 X0
=min{A;(mx. Y, As(mx ™), ,

A, (Mmx ™}

>min {A; (M Xy), Ao(M X 5) ,...ennn. ,

An (MX )}

>Am(Xy, Xogeenannnns ,Xn)

> A (mx)

iiA(Mxvmy))=A(mx vmy;
MXoVMy, . MX,Vmy,))
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=min{As(mx,vmy,),Ax(Mx,v my,),.......... ,Ap(MX,vmy
n) }

> min{min[A;(MX;), Ay(m y;) ], min [A; (M X Ay(m
Y2)],...min[ Ag(m X o)A, (MY )] }

> min{min[Al(mxl ),Az(mXZ), An(mx n)], min [Al(m Y1

LA (Mmy, A,(my) 1}
> min {(A]_X A2X ........ XAn ) m(le

,,,,,,,,,,,,

>min {A(mx),A(my)}

iV AImxamy)) =A(MXamy; mX,amy, ... mx
nA MY ,))
=min {A; (M X ;amy;), Ay (M X 5 AMY,),.......... , Ap (MX
nAmyg)}

> min{min [Al(m X1 ), Al (m yl) ], min [A2 (m X 2), Az(m y
2],...min[ Ap (M X 4), Ay (My )]}
>min {min [A;(MXy), Ay (M X .
(Mmy1), Ao (myo, . A(myn) ]}

> min {(A]_XAzx XAn)

,,,,,,,,, Xn), (AXAx ... x Ay)

Mm(yiya. .. Yn)
>min {A(mx),A(my)}

A, (M x )], min [A;

5. CONCLUSION

In this paper we studied the notion of fuzzy lattice ordered
m-groups and investigated some of its basic properties.
We also studied the homomorphic image, pre-image of
fuzzy lattice ordered m-groups, arbitrary family of fuzzy
lattice ordered m-groups and fuzzy lattice ordered m-
groups using T-norms.

Applications: Lattice structure has been found to be
extremely important in the areas of quantum logic,
Erogodic theory, Reynold’s operations, Soft Computing,
Communication system, Information analysis system,
artificial intelligences and physical sciences.
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