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ABSTRACT

The aim of this paper is to prove strong and A-convergence
theorems of modified S-iterative scheme for asymptotically
quasi-nonexpansive mapping in hyperbolic spaces. The results
obtained generalize several results of uniformly convex
Banach spaces and CAT(0) spaces.
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1. INTRODUCTION AND
PRELIMINARIES

In 1970, Takahashi [11] introduced the notion of convex metri
¢ space and studied the fixed point theorems for nonexpansive

mappings. He defined that a map W :X*x[0,]] - X is a
convex structure in X if

du,W(x,y,4)) <Ad(u,x) + (1—2)d(u,y)
for all x,y,ue X and 2 €[0,1]. A metric space (X, d) together
with a convex structure W is known as convex metric space
and is denoted by (X,d,W). A nonempty subset C of

aconvex metric space is convex if W(x,y,1)eC for all
x,yeCand 1<[0,1].

After that several authors extended this concept in
many ways. One such convex structure is hyperbolic space
which was introduced by Kohlenbach [9] as follows:

A hyperbolic space (X,d,W) is a metric space
(X,d) together  with a  convexity mapping
W : X x X x[0,1] > X satisfying
(W1) d(z,W(x,y,4)<@—A)d(z,x)+Ad(z,y)

(W2) dW(xy, AW (x Y 4))=|4~4|d(xy)

(W3) W(x,y,4)=W(y,x,1-2)

(W4)  dW(x,z,4),W(y,w,2)) <1—A)d(x,y)+ Ad(z,w)
forall x,y,z,we X and 4,4,4, €[0,].

Clearly every hyperbolic space is convex metric
space but converse need not true. For example, if X=R (the set
of  reals), W(X,y,A)=Ax+ Q- A)y and define

x-y]
d(x,y) =2
*y) 1+|x—y|

metric space but not a hyperbolic space.

for x,yeR, then (X,d,W) is a convex

The class of Hyperbolic spaces includes normed spaces,
CAT(0) spaces, Hadmard manifolds, R-trees and Hilbert balls.

A hyperbolic space (X,d,W) is said to be
uniformly convex [8] if for all u,x,ye X, r>0and & <(0,2]

, there exists a & € (0,1] such that d (W (x, y%),u) <@-9)r

\whenever  d(x,u) <r,d(y,u)<rand d(x,y)=er.

A map 77: (0,0) x (0,2] — (0,1] which provides
sucha &=n(r,¢) foru,x,ye X,r>0 ande¢ e (0,2] is called
modulus of uniform convexity of X. We call 77 to be
monotone if it decreases with r (for a fixed & ).

A Sequence {x,} in (X,d) isFejer monotone
with respect to a subset K of X if

d(x,,x) <d(x, ;. X)
Let {x,} be a bounded sequence in a metric space X.
We define a functional r(.,{x.}): X > R" by
r(x,{x.}) =limsup,__ d(x,x, ) forall xe K .The asymptotic

forallxeK .

radius of {x .} with respect to Kc X is defined
as, r({x,}) =inf{r(x{x,}) : xe K}.

A pointy e K is called the asymptotic centre of
{x,} with respectto K < X if
r(y.{x,}) <r(x,{x,}) for all x e K .The set of all asymptotic
centres of {x.} is denoted by A({x.}) .

Leustean [6] showed that bounded sequences have u
nique asymptotic centre with
respect to closed convex subsets in a complete and uniformly
convex hyperbolic space with monotone modulus of uniform
convexity.
A sequence {X,}in X is said to A —converge to
x e X if x is the unique asymptotic centre of {u,} for every

subsequence{u,} of {x,} [11]. In this case, we write x
as A-limitof{X .}, ie, A—lim x, =x.

Also A —convergence coincides with weak
convergence in Banach spaces with opial’s property [7].

Definition1.1. Let (X,d,W)
be a hyperbolic space, C be a convex subset of X .
Then T:C —>Cis
Q) nonexpansive if d(Tx,Ty) <d(x,y)
forall x,yeC.
) quasi-nonexpansive if d(Tx, p) <d(x, p)
forall xeCand peF(T).
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?3) asymptotically nonexpansive if there exists a sequence
{k.}, k, 21, with lim___k =1 and

d(T"x,T"y) <k, d(x,y) forallx,yeCand neN.
Note that {k } is a non-increasing bounded sequence.

4) Asymptotically quasi-nonexpansive if
there exists a sequence {k.}, k, =1

, with lim__,_k =1land d(T"x, p) <k.,d(x, p) for
all xeC,peF(T) and neN .

(5) uniformly  L-Lipschitzian if there exists a
constant L >0 such that
d(T"x,T"y)<Ld(x,y) forall x,yeC and neN .

It should be noted that a nonexpansive mapping must b
e a quasi-nonexpansive and an asymptotically non-
expansive mapping must be asymptotically quasi-
nonexpansive. But converse does not necessary hold.

A mapping T:C —C is said to be demiclosed at
zero, if for any sequence {x.} in C, the conditions X,
converges weakly to xeC and Tx, converges strongly to 0
implyTx=0.

In 1974, Senter and Doston [2] defined that a
mapping T :C —C, where C is a subset of a hyperbolic
space E, is said to satisfy the condition (A) if there exists a
nondecreasing function f :[0,00) —[0,00) with

f(0)=0,f(r)>0 forall r €(0,)
such that d(x,Tx) > f(d(x, F(T))) for all xeC
where d(x,F(T))=inf{d(x,p): peF(T)}and F(T) denotes
the set of fixed points of T.
Now we give some well known iterative schemes in

hyperbolic spaces :
(1.1.1) Modified Picard iterative scheme:

Xp =T"X,, NeN.

(1.1.2) Modified Mann iterative scheme [3]:
Xo =W(X,, T"%,,,), neN
where ¢, €[0,1]

(1.1.3) Modified Ishikawa iterative scheme [4]:
X1 =W T Y, ),

Y, =W(x,, T"%,,3,),neN
where «,,, 5, €[0,1]
(1.1.4) Modified S-iterative scheme [5]:
Xni1 :W(Tnxannynxan)x
Y, =W(x,, T"%,,3,),neN
where o, 5, €[0,1] .
In 2007, Agarwal et. al.[5] showed that the iterative

scheme (1.1.4) converges at a rate similar to the Picard
iteration and faster than Mann iteration for contractions.

Many authors have studied the strong and A —
convergence of various iterative schemes in hyperbolic spaces

(see [1, 6]). The purpose of this paper is to obtain A —
convergence as well as strong convergence results of modified
S- iterative procedure for asymptotically quasi- nonexpansive
mapping in hyperbolic spaces.

We need the following Lemmas to prove our main result.
Lemma 1.1 ([4]) If {r.}, {t.} and {s,}

are sequences of nonnegative real numbers such that
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r

n—o 'n

M <@+t)r +s,, D't <cand >'s <o, then lim
n=1 n=1

exists.
Lemma 1.2 ([1]) Let K be a nonempty closed convex subset
of a uniformly convex hyperbolic space and {x }be a

bounded sequence in K such that A({x.})={y}. If {y.}
is another sequence in K such that lim___r(y,{x}D=p (@
real number), then lim___ y, =Y.

Lemma 1.3 ([1]) Let (X,d,W) be a uniformly convex
hyperbolic space with monotone  modulus  of  uniform
convexity . Let xeX and{a,} be a sequence

in [b,c] forsomeb,c<[0,1]. If {w.} and {z,} are

sequences in X such that limsup,_,, d(w,,x)<r,

limsup, . d(z,,x)<r and lim,__dW(w,,z,a,),x)=r for
some r >0, then

lim,_,_ d(w,z,)=0.

2. CONVERGENCE RESULTS

Lemma 2.1 Let C be a nonempty closed convex subset of a
convex hyperbolic space E. Let T be asymptotically quasi-

nonexpansive self mapping of C with Z(kn—1)<°°-

n=1

Let {x } be defined by (1.1.49) and F(T)=¢

. Then lim___d(x,,q) exists forall qe F(T).

Proof: Letq e F(T). Then
d(xn+1’q) :d(\N(TnXanyn;an)lq)
< (1_an)d(Tan'q)+and(Tnyn’q)
< (@-a,)kd(x,,9) + ok, d(y,,9)
:[(1_an)knd(xnlq)]+anknd(vv(xn’Tan;/Bn)YQ)
< (@=a,)kd(%,,0) + o,k [(1 = 5,)d (%,,0) + £,d (T "%, q)]
= kn[(l_an)d(xn’Q) + an(l_ﬂn)d (an q) + anﬂnd(Tan’q)
< kn[(l_an)d (Xnvq) + c{n(]'_ﬁn)d(anQ) + knanﬂnd(xn'q)
< kn[(l_an +a, (1_ﬂn) + knanﬂn)d(xnvq)]
= I(n[(:l'-"_ (kn _1)anﬂn]d (Xn’q)
<k,[1+k,-1]d(x,.q)
=[1+ (k; —D)d(x,,0).

Since {k,}and hence {k, +1}

is a nonincreasing bounded sequence, Z(kn —1) <ooimplies
n=1

that Z(kf—1)<oo.lt now follows from Lemma 1.1
n=1

that lim,__ d(x,,q) exists forall gqe F(T).

Theorem 2.2. Let C be a nonempty closed convex subset of a
uniformly convex hyperbolic space E. Let T be uniformly
Lipschitzian and asymptotically quasi-nonexpansive self

Sk -D<o.  Let{x}

be defined by (1.1.4) and F(T) = ¢.
Then lim,__d(x,,Tx,)=0.
Proof: By Lemma 2.1, lim

mapping of C with

nN—w

d(x,,q) exists.

n—w
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Assume that lim_,_d(x,,q)=c.If c=0,the conclusion is

obvious.
Suppose ¢ >0. Now,

d(y,, @) =dW(x,,T"%;;4,).0)
<(1-4)d(x,,a)+£,d(T"x,,q)
< (1_ﬂn)d(xn’q) +knﬂnd(xnl q)
<@+ g, (k, ~1)d(x,,q)
implies that
limsup,_,, d(y,.q) <c. (2.1.1)

Since T is an asymptotically quasi-nonexpansive mapping, we
have

d(T"x,,q) <k,d(x,,q)
for ne N . Thus,
limsup, . d(T"x,,q)<c.

(2.1.2)
Similarly, we get

d(T"Yn,q) < kad(yn,0).
Now using (2.1.1), we obtain

limsup, ., d(T"y,.g)<c.
Also it follows from

c=lim,,_ d(x,,,q)=lim,__dW("x,T"y,;,) q) and
Lemma 1.2 that

lim,, d(T"x,,T"y,)=0. (2.1.3)
Now,

d(X,.1, @) =dW(T "%, T"y,;,),0)

<@1-a)d(T"x,,0) +,d(T"y,.q)

<@-e)d(T"%,,0) +a,[d(T"y,, T"%,) +d(T"x,,q)]
yields that

c <liminf,__ d(T"x,,q),
so from (2.1.2), we get lim,_,_, d(T"x,,q)=c.
On the other hand,
d(T"%,,q) <d(T"x,, T"y,) +d(T"y,,q)
<d(T"x,, T"y,)+k,d(y,.q).

So we have,

c<liminf__d(y,,q)

(2.1.4)
By using (2.1.1) and (2.1.4), we get

lim, ... d(y,,q) =¢c.
Thusc=lim,_, d(y, q)=lim_ dW(x, T"x,;5,).0) gives
by Lemma 1.2 that lim,_,_ d(T"x,,x,)=0

(2.1.5)
Also,

d(Xn+1'Xn) = d(W(TanlTnYn;an)an)
< (1_an)d(Tan’Xn) +and(Tnyn’Xn)

< (1_an)d(Tan’ Xn) + an[d(TnanTan) + d(Tan'Xn)]'
Thus,

lim __d(x,.X,)=0. (2.1.6)
Now,
d(X,,, T%,,,) <d(X,,, T™X,,,) +d (T, T™x,)

(T, TX,.,)
T nJran-%—l) + Ld (Xn+1’ Xn) + Ld (T an 1 Xn+l)
=d(x,,, T""%,,,) + Ld (X, X,) + La,d(T"X,, T"y,)

<d(x

n+11

n+1? n+1’
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yields lim,_,_d(x,,Tx,)=0.

Theorem 2.3 Let E be a uniformly convex hyperbolic space
and letC, T and{x,} be taken as in Theorem 2.2. If the
mapping | —T is demiclosed at zero and F(T) = ¢, then the

sequence{x } in (1.1.4), A — converges to a fixed point of T.
Proof: From Lemma 2.1 lim __d(x,q) exists for all

qeF(T). Thus{X,} is bounded. Therefore {x,} has a unique
asymptotic centre, that is, A{x}=q. Let{x,} be any
subsequence of{x } such that A({x,})={a} Thus by

Theorem 2.2, we have lim,_,_d(x, ,Tx, ) =0. Also mapping

| —Tis demiclosed at zero, therefore Tq'=q'=Sq’ that is
qeF(T).

Let us supposethat q=q' . Since by Lemma 2.1,
lim,__ d(x,,q)exists, so by using the uniqueness of

asymptotic centre, we have,
limsup, . d(x, ,a) <lim,_,_ supd(x, ,q)
<lim__,_supd(x,,q)
<lim,__supd(x,.q’)
=lim,_,, supd(x, ,d),
which is a contradiction. Hence q=q'. Therefore
A({x, }) ={a} for all subsequences{x, }of {x}. Thus{x,}

A — converges to a fixed point of T.
Theorem 2.4 Let E be a convex Hyperbolic space and let
C,T.{x,} be taken as in Theorem 2.2. Then {x}

converges to a point of F(T)

if and only if lim___d(x,,F(T))=0,

where d(x, F(T)) =inf{d(x, p); pe F(T)}.

Proof: Necessity is obvious. Conversely, suppose that
liminf,__ d(x,,F(T)) exists. But by

hypothesis, liminf,__d(x,,F(T))=0,

d(x,,F(T)) =0. Nextwe show
that {x.} is a Cauchy sequence in C. Let e>0 be arbitrary
lim, d(x,,F(T))=0

, there exists a positive integer N, such that

therefore we have lim

n—w

chosen. Since

d(xn,F(T))<%,foraII n>n,.
In particular, inf{d(x, . p):pe F(T)}<i.

Thus there must exists p~ e F(T) such that d(x,,p) <g.

Now for all m,n=>n,, we have
d(xn+m’ Xn) S d(Xn+m1 p*) + d (Xn‘ p*)
<2d(x, p)
< 2(%) =&

Hence{x,} is a Cauchy sequence in a closed subset C of a

convex Hyperbolic space E and so it must converge to a point
g in C. Now, Ilim__d(x,F(T))=0 gives that
d(q,F(T))=0. Since F(T) is closed, so we have qe F(T).
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Theorem 2.5 Let E be a uniformly convex Hyperbolic space
and let C,T,{x.} be taken as in Theorem 2.2. Let T satisfy the
condition (A), then {x.,} converges strongly to a fixed point
of T.
Proof: We have proved in Theorem 2.2 that
lim,_,_ d(x,,Tx,)=0

(2.4.1)
From the condition (A) and (2.4.1), we have
lim__ f(d(x,F()))<lim __d(x,Tx,)=0,
Hence lim_, f(d(x,,F(T)))=0. Since f :[0,00) —[0,c0)
is a nondecreasing function  satisfying f(0)=0, f(r)>0
for all r €(0,), therefore we have lim___d(x,,F(T))=0.

Now all conditions of Theorem (2.3) are satisfied, therefore
by its conclusion {x } converges strongly to a point of F(T) .

3. CONCLUSION

From the above discussion, it is clear that our results are quite
simple, general and includes several theorems in Banach
spaces and Hyperbolic spaces as special cases. The results of
this paper can be extended to three step and multistep iterative
procedures in Hyperbolic metric spaces.
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