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ABSTRACT

Let G(V,E) be a graph with p vertices and q edges.A graph
G(p,q) is said to be a Beta combination graph if there exist a
bijection f: V(G) — {1,2 ...., p } such that the induced
function By E(G)—N, N is a natural number, given by Bs

[f(u) + f(V)]!

(u)="—~——"——
F(u)!f(v)!

and the function f is called the Beta combination labeling of G
[8].In this paper, we prove quadrilateral snake Qpdouble
triangular snake , alternate triangular snake A(T,), alternate
quadrilateral snake A(Q,), helm H, ,the gear graph,Comb
P,OK; ,the graph C,OK; and the diamond graph are the Beta
combination graphs.

every edges uv € G and are all distinct
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1. INTRODUCTION

Graph labeling ,where the vertices and edges are assigned real
values or subsets of a set are subject to certain
conditions.Throughout this paper, by a graph we mean a
finite, undirected, simple graph. The vertex set and the edge
set of a graph G are denoted by V(G) and E(G) respectively.
Let G(p,q) be a graph with p = | V(G) | vertices and q = | E(G)|
edges. A detailed survey of graph labeling can be found in
[6].Combinations play a major role in combinatorial
problems.The concept of beta combination labeling of graphs
was introduced in [8] which is a logical-mathematical attempt.
We use the following definitions in the subsequent sections.

Definition 1.1. [8]

A graph G(p,q) is said to be a Beta combination graph if there
exist a bijection f: V(G) —» {1,2 ...., p } such that the induced
function Bf: E(G) — N, N is a natural number, given by Bf

[f(u) + fW)I!

| |
(uv) = f(u).f(v). , every edges uv € G and are all
distinct and the function f is called the Beta combination
labeling.

Definition 1.2.[5]

A quadrilateral snake is obtained from a path ul,u2,...,un by
joining ui,ui+1 to new vertices vi ,wi .That is ,every edge of
the path is replaced by the cycle.

Definition 1.3.[5]
A triangular snake is obtained from a path v1,v2,....,vn by
joining vi and vi+1 to a new vertex wi for i=1,2,....,n-1.
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Definition 1.4.[5]

A double triangular snake consists of two triangular snakes
that have a common path.That is , a double triangular snake is
obtained from a path uy,us,...,u, by joining u; and u;,; to new
vertex v; for i=1,2,....n-1 and to a new vertex w; for
i=1,2,...,n-1.

Definition 1.5.[7]

An alternate triangular snake A(T,) is obtained from a path
Uy, Uy, ...,u, by joining u; and u;,; (alternatively) to new vertex
v; .That is every alternative edge of a path is replaced by a
cycle Cs.

Definition 1.6.[7]

An alternate quadrilateral snake A(Q,) is obtained from a path
Uy, U, ...,u, by joining u; and u;,;(alternatively) to new vertex
v ,w; respectively and then joining v; and w; .That is every
alternative edge of a path is replaced by a cycle C,.

Definition 1.7.[5]

The wheel W, ( n > 3) is obtained by joining all nodes of
cycle C, to a further node called the center, and contains (n+1)
nodes and 2n edges.

Definition 1.8 .[5]
The helm H, is the graph obtained from a wheel by
attachaing a pendent edge at each vertex of the n-cycle.

Definition 1.9 .[5]
A gear graph is obtained from the wheel W, by adding a
vertex between every pair of adjacent vertices of the n-cycle.

Definition 1.10.[5]

The corona G;0G, of two graphs G; and G, is defined as the
graph G obtained by taking one copy of Gj(which has p
points)and p copies of G, and then joining the i"" point of G,
to every point in the i copy of G,.

In this paper, we prove quadrilateral snake Qpdouble
triangular snake , alternate triangular snake A(T,), alternate
quadrilateral snake A(Q,), helm H, ,the gear graph,Comb

P,OK; ,the graph C,OK; and the diamond graph are the Beta
combination graphs.

2. MAIN RESULTS

Theorem: 2.1 The quadrilateral snake Q, is a beta
combination graph.

Proof: Let Qn be the quadrilateral snake with 3n-2 vertices

ul,u2, ...,un viv2..vn-1, wiw2, ....wn-1.Letul, u2, ...,un
be the vertices of the path Pn and every ui and ui+1 are joined
to new vertices vi and wi respectively and every vi and wi
are joined by an edge viwi for1<i<n-1.

Then E(Qp)={ Ujli+1 ; UVj; Ujpgw; ; ViW; if1<i<n-1}and
|E(Qn)| = 4n-4.Define a bijection f:V(Q,)—{1,2,...,3n-2} by
f(u)=3i-2 if 1 <i < nand f(v;) =3i-1 if 1< i< n-1; f(w;)=3i if
1<i<n-1.And f induces B E(Q, )—N by
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[f(u) + f(v)]!
() H(v)!

all distinct.

B (uv)= for every edges uv of Q, and are

Theorem: 2.2 Every double triangular snake is a beta
combination graph.

Proof: Let G be a double triangular snake with 3n-2 vertices
{U1, Uz, V1,Vo,0 Vi, Wy, Wy, .. Wit}

E(G) ={ Uillis1 ; UV; ; UW; ; Ujp1Vi; U W; if1<i<n-1}
and |E(G)| = 5n-5. Define f:V(G)—{1,2,...,3n-2} by

f(u) =2n-2+i if1<i<n andf(v;)) =2i-1if1<i<n-1;

f(w;)=2i if 1<i<n-1.And f induces that B¢ E(G) —N by

[f(u) + FW)]!
f(u)!If(v)!

are all distinct.

Bt (uv) = _for every edges uv of G and

Example:2.3The beta combination labeling of a double
triangular snake is shown in the Fig-1.
1 3 1
7
g o 11 12
2 4 5 8
Fig-1.

Theorem: 2.4 Every alternate triangular snake A(T,) is a
beta combination graph.

Proof:
Case (i) If the triangle starts from u;.

In this case A(T,) has (3n/2) (n is even ) vertices
{uy,Us,...,un,V1,Va,. .. Vo) SUCh that Uy, Us,...,u, be the vertices
of P, and every u,;.; and u,; are adjacent to v; for 1<i < (n/2).

E(A(TY) ={uuisy if1<i<n-1; UpigVisviuy if 1<i<(n/2)}
and |E(A(T,))| =2n-1. Define f:V(A(T,))—{1.2,..., (3n/2)} by
f(upi.0)=3i-2 if 1 <i < (n/2); fuy)=3i if 1 <i<(n/2) and

f(v;) =3i-1 if 1<i<( n/2).

Case (ii) If the triangle starts from us,.

In this case A(T,) has (3n-2)/2 (n is even ) vertices
{Ul,UZ,...,un,Vl,Vz,... ,V((n_z)/z} such that Uq,Us,...,up be the
vertices of path P, and every u,; and u.;,; are adjacent to v; for
1<i<(n-2)/2.
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E(A(Ta))={uitlisg if 1<0 <n-15U5v;; Vilgieg iF1<1<(0-2)/2 }.

and |[E(A(Ty))| =2n-3. Define f:V(A(T,)—{1.2,..., (3n-2)/2}
by f(ui.0)=3i-2 If 1 <i<(n/2); f(U2i)=3i-1 if1<i<n/2)
and f(v;) =31 if 1<i<( n-2)/2.

In the above two cases, f induces Bs: E(A(T,))—N by
[f(u) + (V]!
f(u)H(V)!

are all distinct.

Bs (uv)= for every edges uv of A(T,) and

Theorem: 2.5 Every alternate quadrilateral snake A(Q,) is a
beta combination graph.
Proof: Case (i) If the quadrilateral starts from u;.
In this case A(Q,) has 2n vertices {uy,Uy,...,un,Vi,Va,... ,Vnpo,
W1,Wy,... ,Wyo} SUch that ug,u,,...,u, be the vertices of P, and
Uyi.1 is adjacent to v; and uy; is adjacent to w; and v; is adjacent
tow; for1<i<(n/2).

uu,, if 1<i<n-1
E(A(Quw)= . N

Uy Vi sUyWi 5w if 1<i < 5

and [E(AQW)| =(5n-2)/2. Define :V(A(Qy)—>{1.2...., 2n}
by f(Upia)=4i-3 if 1 < i < (n/2); f(uz)=4i if 1 <i<(n/2);

f(v) =4i-2 if 1< i<(n/2) and f(w;) =4i-1 if 1< i<( n/2).

Case (ii) If the quadrilateral starts from u,. In this case A(Q,)
has 2n-2 vertices {Uy,Uy,...,U0,V1,Va,... V(220 W1,Wo,... ,W(n.
22} such that uy,u,,...,u, be the vertices of path P, and every
Uy is adjacent to v; and Uy, iS adjacent to w; and v; is
adjacent to w; for 1 <i < (n-2)/2.

uu,, if 1<i<n-1

i+l

E(A(Qu) =

UV sUy W, VW, if 1£i£[n;2J

and [E(A(Qy)| =(5n-8)/2. Define f:V(A(Qy))—{1.2...., 2n-2}
by f(Uyi.1)=4i-3 if 1 < i < (n/2); f(up)=4i-2 if1<i<(nf2);
fi(vi) =4i-1 if 1< i<( n-2)/2 and f(w;) =4i if 1< i<(n-2)/2.

In the above two cases , finduces B;: E(A(Q,))—N by
[f(u) + f(V)]!
f(u)(V)!

are all distinct.

Bs (uv)= for every edges uv of A(Q,) and

Example:2.6 The beta combination labeling of alternate
quadrilateral snake A(Qy) is shown in the Fig-2.
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2 3 6 7 10 11 14 15
4 5 8 9 12 13 16
Fig-2.

Theorem: 2.7 Every helm H,, is a beta combination graph.
Proof: Let H, be the helm graph with 2n+1 vertices uy, u,,
..U Unst ,V1,Va,....,V, Such that ug, Us, ...,u, be the vertices
of cycle C,, and u;.; be the center vertex and every vertex v; is
adjacent to u; through n pendent edges for 1 <i<n.

Let {ujuis iIf 1 <i<n-1; ugly ; Uilpeg iF 1 <0 <05 Uy, Joe the
3n edges of H,,. Define f: V(H,)— {1,2, .....2n+1} by

f(u) =n+i ifFl<i<n+tlandf(v)=iifl<i<n Andf
[f(u) + f(W)]!

induces that B E(H,) —»N by B (uv) = F(U)1F()!

for every edges uv of H, and are all distinct.

Theorem:2.8 Every gear graph admits a beta combination
labeling.

Proof: Let G be a gear graph with 2n+1 vertices uy, Uy, ...,u,
JUn+1,V1,Va,..,V, SUCh that ug, Uy, ...,u, be the vertices of cycle
C, and every v; between every pair of adjacent vertices of C,
for1<i<n. E(G) ={uup if 1<i<n; yv;ifl<i<ng
Viliy1 if 1<i<n-1; v,us}and |E(G)| = 3n. Define a
bijection f:V(G)—{1,2,...,2n} by f(u;)=2i-1if 1 <i<nand
f(u)) = 2n+1 ; f(v;)=2n-2(i-1) if 1<i<n. And finduces that

[f(u) + (V]!
f(u)H(V)!
edges uv of Gand are all distinct.

Example:2.9 The beta combination labeling of helm Hs is
shown in the Fig-3.

Bt E(G) >N by B¢ (uv) = for every

Fig-3.

Theorem:2.10 The Comb P,OK; admits a beta combination
labeling.

Proof: Let uy, uy, ...,u, be the vertices of Path P,, and v; be
the vertex of i""copy of the complete graph K; for 1< i <n.
Therefore Comb P,OK; has 2n vertices.

Then E(P,OKy) ={ ujujy; if 1<i<n-1; uyv;ifl<i<n}and

[E(P,OK,)| = 2n-1. Define f:V(P,OK,) — {1,2,...2n} by
f(u)=2i-1 and f(v;)=2i if 1<i<n. And f induces that

International Journal of Computer Applications (0975 — 8887)
Volume 79 — No 13, October 2013

_ [f(u) + f)]!

Bs. E(P,,OK N by B =
i E( ) = Yy Bs (uv) f(U)!f(V)!

edges uv of P,OK and are all distinct.

for every

Example: 2.11 The beta combination labeling of Comb
PsOK; is shown in the Fig-4 .

|

Theorem :2.1 The graph C,OK; is a beta combination graph.
Proof: Let ug,u,,...... ,u, be the n vertices of C, and v; be the
vertex of i copy of the complete graph K for 1<
i<n.Therefore C,OK; has 2n vertices.E(C,OK)={ uju;,; if 1
<i<n-1; ugy,; uyvifl<i<n}and [E(C,OKj)|=2n.
Define a bijection f:V(C,0Ky) — {1,2,...,2n} by f(u;)=n+i if
I<i<nand f(vj=i if 1<i<n. And finduces that By

[f(u) + f(v)]!
f(u)H(v)!
edges uv of C,OK;and are all distinct.

Example:2.13 The beta combination labeling of CgOK; is
shown in the Fig-5.

1 5

0 —e -

10

Fig-4

E(C,0K,) ->N by B¢ (uv) = for every

Fig-5.

Theorem :2.14 Every diamond graph is a Beta Combination
graph.

Proof: Let G be a diamond graph with 4 vertices uy, U,
Us,Ug. E(G) ={ ujujyy if 1<i<n-1; uguy; uus}and [E(G)| =
5. Define £:V(G)—{1,2,3,4} is defined by f(uj)=1, if 1<
i<4.And f induces that BE(G) —N by By(uv) =

[f(u) +f(v)]!
f(u)1F(v)!

for every edges uv in G and are all distinct.
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3. CONCLUSION
We have planned to find applications of beta combination
graphs.
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