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ABSTRACT

It is commonly observed that the demand rates of many
consumer goods are auto correlated and are dependent on the
price and inventory amount. It is believed that the distribution
of demand is independent from time to time. But in real life
the demand of goods is auto-correlated. The effects of
dependency and auto- correlated demand are studied under a
periodic review model. An adaptive order-up-to policy based
on the critical fractile is presented and a solution procedure is
given. Finally we solve the model by general fuzzy technique.
The results and comparative discussions are illustrated
numerically.
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1. INTRODUCTION

A common assumption of inventory control models is that
the distribution of demand is independent from one period to
the next. The demand for medicines such as steroids is auto-
correlated. The effect of serially-correlated demand on the
determination of appropriate reorder levels for a continuous-
review system was analyzed by Urban(2000).

It is usually observed in the super market that display of
consumer goods in large quantities attracts more customers and
generates higher demand. Thus, increased inventory levels give
the customer a wider selection and increase the probability of
making a sale. For example women’s dress or sports clothes are
depending on inventory amount displayed. Shelf-space
allocation models were developed to exploit this relationship
by marketing researchers and professionals like Borin et al.,
(1994), Corstjens and Doyle(1981), Urban (1998), Yang and
Chen(1999), Zufryden(1986). Desmet and Renaudin (1998)
studied on space-sales relationship and aimed that most estimates
of space elasticity vary between 0.15 and 0.8. It may seem that
more inventory will result in more holding cost. But on the
contrary, during the demand, which is an increasing function of
the inventory level, the unnecessary holding cost will be
compensated by the overall profit. Due to this relationship the
inventory models has advanced into two distinct types in which
the demand rate is a function of

1. Theinitial inventory level in the cycle.
2. The instantaneous inventory level.

The first type is consistent with the shelf-space allocation models
and in the second type the demand rate changes as the inventory
is decreased. Most of the researchers have focused on the
deterministic problem. Due to the complexity of these models,
some researchers have developed stochastic inventory-level-
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dependent demand patterns. Gerchak and Wang (1994) proposed
a periodic-review model in which demand is represented as a
deterministic function of the starting inventory level multiplied
by a random variable. The effect of this dependency is that the
retailer has incentive to keep higher levels of inventory despite
increased holding costs as long as the item is profitable and the
demand is an increasing function of the inventory level.

Thus, in turn, results in additional sales, higher fill rates and
potentially greater profits T.L. Urban(2005) developed a
periodic-review model in which the demand is auto-correlated
as well as dependent on the level of inventory. We can expect a
higher demand when the selling price is lower. If our motto is to
maximize the profit then the selling price should not be
neglected. A decision maker should have the opportunity to
adjust the prices before the end of the sales to influence
demand and to improve revenues. For example, when
managers are not clear about the exact market condition
facing the firm, they sometimes resort to mark-up pricing
policy based on past experience that the current mark-up will
generate sufficient demand.

This paper is based on R.Uthayakumar and P.Parvathi (2011)
in which they developed a periodic review model with
stochastic auto correlated, selling price and inventory-level
dependent demand and described the characteristic of the
demand during lead time and review period. A solution
procedure based on the critical fractile is given. We have
introduced shortage cost of storing one unit per unit time is
taken as triangular fuzzy numbers, then obtained the fuzzy
total cost, and defuzzified it with the signed distance method.
The parameters are assumed to be triangular fuzzy numbers .
Therefore, the membership function of the total profit can be
calculated easily.

2. FUZZY PRELIMINARIES

2.1 Definition

Let X denotes a universal set. Then the fuzzy subset A of X
is defined by its membership function

45 (X) 1 X —> [0 which  assigns a real number
,UA(X) in the interval [0,1], to each element X€ X where the

value of f7 (X) at x shows the grade of membership of x

2.2 Definition
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A fuzzy set ;& on R is convex
if A (Axg+ 1-Dxy) =min| A(x ), A(xl)] for all
X,% €Rand 1 €[0]].

2.3 Definition

A fuzzy set A in the universe of discourse X is called as a
fuzzy number in the universe of discourse X.

2.4 Triangular fuzzy number

We consider the situation where fuzzy numbers are
represented by triangular membership functions. The fuzzy

number A is said to be triangular fuzzy number if it is fully
determined by (@;,a,.a@;) of crisp numbers such that

(a, < a, < a;) whose membership function, representing
triangle, can be denoted by

xXx—a
—2 g, <x < a,
Qp—y
— —_ d=—X
HiX) =922 g, <x < a4
az—dy
0 otherwise

2.5 The Function Principle

The function principle was introduced by Chen [6]
to treat fuzzy arithmetical operations. This principle is used
for the operation for addition, subtraction, multiplication and
division of fuzzy numbers.

Suppose A = (8,,8,,8;)and B =(b,,b,,b,) are
two triangular fuzzy numbers. Then
(i) The addition of Aand B is
A+B=(a +b,a,+b,,a;+b,) where

aj, a, as, by, by, by are any real numbers.

(ii) The multiplication of A and B is

AxB = (c,,C,,C;) Where

T= (albl’a1b3’a3bl’a3b3)1

c,=minT,c, =a,b,,c; =maxT

if aj, ziz, as, by, b,, bs are all non zero positive real numbers,

then Ax B = (a0, a,b,,ab,).
(iii)— B = (—b,,—b,,—b,) then the subtraction of
A ad B is A-B =(a, —b;,a, —b,,a,—-h)

where aj, a, a3, by, by, by are any real numbers.
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(iv) = =B =(—,—,=) where by, by, by are all non
B b3 bz bl
zero positive real numbers, then the division of A and g is
Al a2
B by b b

(v) For any real number K,

KA = (Ka,, Ka,, Ka,)ifk >0
KA = (Ka,, Ka,, Ka,)ifk <0

2.6 Signed Distance Method

Defuzzification of A can be found by signed

distance method. If A is a triangular fuzzy number and is

fully determined by (ay, a,, as), the signed distance from A to
0 is defined as

d(A,0) = jol([AL (@), A ()]0 Her

_(a,+4a, +a;)
4

3. NOTATIONS AND ASSUMPTIONS
3.1 Notations

Ri: Demand in period t.

R+: Total quantity demanded during time period T.
L: Length of the lead time.

lo: Inventory level at time the order is placed.

1;: Order-up-to level. (Base stock level)

I: Initial net inventory level of an order cycle
(I=11—-Ry)

Q: Order quantity (Q =1; —Ip) .
1:  Length of the review period.

B: Back order fraction. (i.e., 1 — B are lost sales),
0<B<I1

hy: Holding cost, $ per unit remaining at the end of
the period.

S: Shortage cost, $ per unit.
p: Acquisition cost, $ per unit.

p: Selling price (revenue), $ per unit.
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H: Mean of the demand distribution during the
review period.

g - Fuzzy shortage cost, $ per unit per unit time.

Inventory Level

Y

Inventory position

™

Met Inventory

| | ] , Time

Figure. 1 Inventory Level over time

3.2 Assumptions

Assume that demand is auto-correlated, selling price dependent
and depending on initial net inventory level. Thus the demand
at any time is given by

R =0,()+AR, +& +9,(p) 1)

where g; (I) =y + ye™ (y, g <0 and y > —y) is a continuous
twice differentiable function of the initial net inventory level,
¢ is the autocorrelation parameter, & iS the error term, is
assumed to have the properties E (g, ) = 0 and constant
variance  Var(g) = o .We also assume that o is considerably
smaller than R, , so the probability of realizing a negative
demand is negligible. g, (p) is given by

g, (p) =a — bp where a>0, b >0 (a is the scale parameter
and b is the shape parameter of the curve and b the denotes the
price sensitivity of the customers i.e., b is the price elasticity).

4. MODEL DEVELOPMENT

The demand over the lead time and review period to
determine the expected demand as follows.

iE( R) i g, |)+¢1E(R| 4)+E(8)
7|t 9,(p
(2

where E(R,) is the most recent observed demand, R,. The
forecast m periods ahead (see example

Kendall and Ord, (1990)) can be expressed as
E(Rm) = 91(1) + ¢1E(Rin-1 ) + E(em ) + 92(P)
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E(R,)=[0.()+0,(p) +4" Ry, sinced; #1

©)]
The forecast for the period (t + L) spans two order cycles, it

will be a function of the initial net inventory level of the
previous cycle, I, as well as that of the upcoming cycle, I,y

ER...(D]-XER)+ X ER)

B CROPAS RO R EES
1_¢1 l_¢1

o) ]| ata-g)
1_¢1 1_¢1

a-4"")

)

In this model we also consider that the forecast error variance
and covariance increase over time. The variance of a demand
for a first order autoregressive process, m periods ahead, is

2m
Var(R,) :(—l_ A S Jagz ©)
1

2
O¢

1-¢
demand for period m and period n (where n > m) is
n-m n+m
Ry
1-¢°

The variance of the demand for the period (t + L) is

which approaches asm — . The covariance of

cov(Rp, o’ (6)

2 ]
, |+ L—¢12 1%—2
O, 1_¢1

1-— 7+L-1 7+L

BEEIIPICRETRY

i=1 j=i+l

@)
From equation (7) we see that the variance of the demand over
the review period and lead-time is not a function of the initial
net inventory level or the most recent demand. For most
consumer goods, it seems that, the auto correlation parameter,
¢y, tends to be positive. Thus the variance of the demand over
the lead time and the review period is greater than it would be
an independent demand sequence (negative autocorrelation
would have the opposite effect) resulting in a higher required
safety stock.

var(R.,, ) =
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4.1 Solution Methodology

Our objective of the periodic-review model can be expressed
as the following expected profit function over the review.

Z(I! pl) = (pl_p)|:ﬂl _(1_ B)I(X_ I)fxdx

~h, [ (1 —x)fxdx—é'j(x—l)fxdx
| |
(®)

where x is the demand during the review period with density
function f, and cumulative distribution function F,

-YER)

¢i
5 [@h(lup)+gz(|o)(1 ;
- + ¢1iE(Rr+L—r)

©)

Let &, = then

hld-¢")
1-¢

(\‘

gl’

n l0.01,,) + 9,(p)]

up

;&

1-

e 0,01, + 9, (P)]+ - £.R,

(10)

n (I, P') is concave with respect to I, and p'. We can find
the solutions by differentiating the above equation partially
with respect to p’ and lp and equate them to zero. That is by
solving the following equations simultaneously.

(p-p)a-B)+5 +h,|
h,(1-¢,)

B I e
(11)
(P-p)a-B)+Sj1-g,)+
E (p—p)(r —¢&,)yge™™
“ T 1-g)(p-p)a- B)+s+hJ
(12)
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As both mean of the demand distribution, E[R, . (I,,)] and the
critical fractile, Fl, are functions of I, a direct calculation
cannot be made. We can use the following algorithm to find
the optimal values.

4.2 Algorithm

Demand parameters — a, b, v, y, q, 0, o?

Cost parameters — p, Ry, g

Other parameters — 1, L, B, Rg, lg, lpe

Step 0: Input all the parameters Let j = 0.

Step 1: Put 1,5(0) = I e in equation 11 to find p* .
Step2: Letj=j+1

Step 3: Put I,(j ), p’ in equation 12 to find F'up .

If Fl,, > 1 then set F| up = 1-A
where A = 0.0001.

Step 4: Calculating order-up-to Level I, (j ).

Find E[R, .. (I,;)] and Var [R; ] from

o]
E[RHL(Iup)]: +Ef_—;zr))) T_¢1§-1:Z1 )

b+ v s @-bp) |, 47 a-¢
(1_¢1) 1_¢1

[¢1 —47)]

(1 ¢1
B 2(r+L)y 1]
, 7t L—¢12 (1_1?1%2 )
(1 ¢1 )_ r+L-1 7+l

123 Yl -4

i=l  j=i+l

Var [RHL ]

gt -ERe (i) |
falRod |

where ¢ is the standard normal cumulative distribution
function. From the normal table find corresponding ordinateZ.

11(0) - E(Rr+L(|up) _
\lvar|Rr+L|
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11(J) :ZVV&I"RHL |+ E(R4L(lyp)

Step 5: Update the initial net inventory level.

Iup(j) =1,() - E[RL(Iup(j))] where

E[R (1, (1))]
[+ ye™ +@-bp)]f | 4041
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Step 6: If [Iy, G) —Lup G — 1) = 3 put Iy, (j) in equation 11
to find p'and go to step 2. Otherwise go to step 7.

Step 7: Find 11 = 1,(j), I,y = 1yp (), Q=11 — Iy
Step 8: Find the profit.

5. NUMERICAL EXAMPLE

To illustrate the above algorithm the following numerical
example is considered.

Example 1: a=12, b=0.2, y=3.75, y=-0.5, q=-0.2, ¢;=0.7, 6,
=36, p=9$6, h1=$0.5, §=$(2,2.5,3) , © =12, L=4, B=0.4, Ry=50,

1— ¢1 1— ¢1 15=192, 1,,.=282, 5=0.001. We can initialize I as I, and p, as
6. We get the optimal values of the following: Order quantity
1— ¢ T Q=301.3865, selling price= $40.832 and
+R,¢ 1 profit =$8899.04.
0%1 1
— ¢
j Iup(j'l) ‘ul FI I Q E[RL(Iup)] Iup(j)
up up
1 282 582.8287 0.8333 1057.5 775.45 196.6597 364.044
2 364.044 582.8287 0.8333 1057.5 693.45 196.6597 359.923
3 359.923 582.8287 0.8333 1057.5 693.4112 196.6597 360.054
4 360.054 582.8287 0.8333 1057.5 697.4012 196.6597 360.050
5
360.050 582.8287 0.8333 057.5 697.4052 196.6597 360.050

6. CONCLUSION

We have framed fuzzy inventory model in which demand rate
is an exponential function of the initial net inventory level,
auto correlated and also price sensitive. No research has been
conducted that incorporates all these effects in an inventory-
control frame work. One can expect higher demand when the
selling price is lower. We defuzzified the value of Shortage
cost by signed distance method. Using this algorithm we found
the optimal values of inventory level, selling price and also the
corresponding profit. Our numerical example show that it can
be achieved successfully.
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