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ABSTRACT
Wireless Sensor Networks (WSNs) consist of a large number of
energy-limited sensor nodes that are densely deployed in a large
geographical region. The main challenge facing us in the design
and conception of Wireless Sensor Networks (WSNs) is to find
the best way to extend their life span. Therefore, proper energy
management technics and communication protocols optimization
have received increasing attention. The clustering algorithm is a
key technique used to increase the scalability and life span of the
network in general. In this paper, to generate clusters of sensors
and reduce the cost of communication in them, we used a new approach from stochastic geometry as well as a distributed random
algorithm. Moreover, we compute the optimal probability of becoming a cluster head in both cases rectangular and circular area.
This study can successfully prolong the network’s life span by
reducing the total energy dissipation on the network and evenly
distributing energy consumption over all sensor nodes. Our results could be used in any form of space deployment of sensors.
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1.

INTRODUCTION

Numerous are the examples of sensors application’s in all types
of household appliances such as : washing machines, telephones,
vaccum cleaners,... and others devices such as the means of
transport, the elevators, and so on. The integration of these sensors in objects which are widely used in our life is booming.
It is this ability to ”perceive the world” that makes our machines become more autonomous, and many tasks that were previously only possible in direct supervision of the man can be
self-organized. A sensor can be defined as a device that receives
a physical property which maps value to a quantitative measure.
There are, for example simple sensors for position, speed, acceleration, pressure, motion, light, and temperature,...
Besides, there are more complex sensors such as sound or image sensors which are also very widely used. With the integration of sensors in embedded systems, the area of applications has
widened. Embedded systems are integrated systems that enable
specific functionality to perform very specific tasks (sometimes

critical) in complex systems, in addition to their role, for optimized operation in terms of efficiency, reliability and security.
If a device needed to communicate with other devices, a cable
connection was the only possible solution in a first time. Over
time, the cost of silicon chips has continued to decrease exponentially, and in many cases, the cost of radio frequency integrated
circuits is now below than those of cable and connectors.
The actual wireless transmission systems add integrated wireless
communication without hard wired connections. This integration
of sensors, embedded systems and intelligent wireless communication has led to the birth of a new range of electronic devices
that pave the way for new applications based on wireless Sensors
Networks.
Sensor networking has always been a brain-teasing field of research. A wireless sensor network (WSN) consists of a large
number of sensor nodes arbitrarily deployed in an unreachable
field to give the end-user the ability to instrument, observe, and
react to events and phenomena in a specified environment [4, 1].
WSNs have increasingly been used in so many different fields
such as military, health, environment and disaster management.
Other applications of these sensors ,to name but a few, include habitat observing, medical fields, smart offices, spotting
chemical or nuclear explosive materials and transportation traffic
monitoring[1, 15]. Since they are exposed to atrocious and dynamic environments and limited in their energy level, processing
power and sensing ability, WSNs must deliver only processed
and concise data. Therefore, any inefficient use of these WSNs
leads to a poor performance and consequently a short life cycle.
Routing techniques are the most important issue for networks
where resources are limited. In this respect, there are two types
of schemes that operate differently. Conventional centralized algorithms operate with a global knowledge of the whole network and any error in transmission or a failure of a critical node
will potentially bring about a serious protocol failure; whereas
distributed algorithms are executed locally with partial nodes,
which can prevent any failure caused by a single node [7, 8].
The distributed algorithms have proved to be more robust and
scalable than centralized ones. when the sensor nodes are organized efficiently into clusters they consume less energy. The
clustering techniques are used to design many energy-efficient
routing protocols in order to perform data aggregation and increase the WSNs’ lifetime. Clustering sensors into groups, so
that sensors communicate information only to cluster heads and
then the cluster heads communicate the aggregated information
to the processing center, save energy [8, 18].
Thus, it is advantageous to organize the sensors into clusters;
where the data gathered and fused by the sensors is commu-
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nicated to the BS through a hierarchy of cluster-heads[8]. The
cluster-heads, which are elected periodically by certain clustering algorithms, aggregate the data of their cluster members and
send it to the base station, from where the end-users can access
the sensed data. Thus, only some nodes are required to transmit
data over a long distance and the rest of the nodes will need to
complete short distance transmission only. Therefore, more energy is saved and the overall network lifetime can be extended.
To this end, energy in these sensors is limited and must be managed in an efficient way. In this paper, to generate clusters of
sensors and reduce the cost of communication in them, we used
a new approach from stochastic geometry as well as a distributed
random algorithm. This study can successfully prolong the network’s life span by reducing the total energy dissipation on the
network and evenly distributing energy consumption over all
sensor nodes. Our results could be used in any form of space
deployment of sensors.
The remainder of the paper is organized as follows. In Section 2,
define the homogeneous poisson process and computation of the
optimal probability of becoming a cluster head when the area is
a rectangle. Section 2.5 describes the parameters of circular area.
Finally, Section 3 gives concluding remarks.

2.

COMPUTATION OF THE OPTIMAL
PROBABILITY OF BECOMING A CLUSTER
HEAD

The distributed computation over a network and its application
to statistical consensus theory has a long history. To deal with
the disadvantages of centralized systems, the distributed algorithms have been an efficient solution and have been a basic tool
for achieving globally optimal distributed decisions in a wireless
sensor network. In distributed algorithms, sensors interact and
communicate with each other, only neighbors, to organize themselves and to reach an agreement regarding a certain value that
depends on the state of the sensors. Consensus problems also
called agreement problems, have a long history in the field of
computer science, particularly in automata theory and distributed
computation[14]. This local interaction gives rise to distributed
detection or estimation schemes, more accurate than that of each
single sensor and capable of achieving globally optimal decisions, without the need to send all the collected data to a fusion center. Moreover, the interaction occurs through a very simple mechanism that does not require complicated modulation,
MAC, or routing strategies. This interaction among the sensors
is the key feature, as it improves the reliability of the local decisions and, at the same time, it yields fault tolerance and scalability. There is a substantial amount of theoretical works which
explain and clarify the importance of this consensus algorithm
than a centralized system [12, 17]. The consensus problem introduced by WSNs can be solved using iterative algorithms. The
importance of such algorithms which converge on the state is focussed on their robustness to changes in the network topology.
Nevertheless, they are sensitive to propagation delays, the noise
variance and the energy consumption. Important contributions
on consensus algorithms converging on the state can be found in
literature[5, 11, 19].
Moreover, when the network size becomes very important, its
management becomes more difficult. Using either, the centralized system or the distributed algorithm without fusion center
will be complicated.
Consequently, the so called hierarchical clustering can be an intermediate and strong solution for networks composed of a large
number of sensors. Hierarchical protocols have been proposed in
order to meet the energy efficiency and scalability requirement of
the WSNs.
In a WSN, the large part of energy is consumed when the wireless communications are established [10]. With the aim to face
this problem, several communication protocols have been pro-

posed. In particular, different techniques were proposed to guarantee transmissions providing efficient energies in Ad-hoc networks. Thus, many communication models and protocols that
are designed for specific applications, queries, and topologies,
exist.

2.1

Spatial point process

A spatial point process is a random pattern of points in ddimensional space (where usually d = 2 or d = 3 in applications). Spatial point processes are useful as statistical models in
the analysis of observed patterns of points, where the points represent the locations of some object of study (trees in a forest, bird
nests, disease cases, or petty crimes). Point processes play a special role in stochastic geometry, as the building blocks of more
complicated random set models (such as the Boolean model),
and as instructive simple examples of random sets.
In probability theory, a Poisson process is a stochastic process
which counts the number of events and the time that these events
occur in a given time interval.
Poisson point processes play a fundamental role in the theory of
point processes. They possess the property of ”no interaction”
between points or ”complete spatial randomness”. As such, they
are practically useless as a model for a spatial point pattern as
most spatial point patterns exhibit some degree of interaction
among the points. However, they serve as reference processes
when summary statistics are studied and as a building block for
more structured point process models.
Spatial Poisson point processes have been used in many branches
of science to model various environmental phenomena. These
areas include forestry, technology, geodesy, military applications
and many more[20, 9].
a. spatial distribution of stars or galaxies;
b. spatial distribution of plants or animals;
c. spatial distribution of bacteria on a slide;
d. spatial distribution of defects on a surface or in a volume;
e. spatial distribution of oil in a region.

2.2

Definition

Spatial Poisson Processes (POINT PROCESSES)[2]
Notation:
—Let S be a subset of R2 . (Rk ) (Assume S is normalized to
have volume 1.)
—Let A be the family of all subsets of S.
—For AA, let |A| denote the size of A. (length, area, volume,...)
—Let N (A) be the number of points in the set A.
Then N (A)AA is a homogenous spatial Poisson process with
intensity λ > 0 if:
—For each AA, N (A) ∼ P oisson(λ|A|).
—For every finite collection A1 , A2 , ..., An of disjoint subsets
of S,
N (A1), N (A2), ..., N (An) are independent.
we have:
P (N (A) = n) =

2.3

e−λ|A| (λ|A|)n
f orn = 0, 1, 2, ....
n!

(1)

Simulation of two-dimensional homogeneous
poisson processes

In this study we concentrate on two simple models. The first
model is homogeneous Poisson process on the plane(rectangle,
square and circle). The second one is N points independently
and uniformly distributed (iud) in a certain region of the plane,
including circle and rectangle. There are multiple reasons why
these models are important in networking.
2
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The two-dimensional homogeneous Poisson process (of rate λ ¿
0) is defined by the properties that the numbers of points in any
finite set of non-overlapping regions having areas in the usual
geometric sense are mutually independent, and that the number
of points in any region of area A has a Poisson distribution with
mean λA [13]. Note that the number of points in a region R depends on its area, but not on its shape or location. The homogeneous Poisson process arises as a limiting two-dimensional point
process with respect to a number of limiting operations.
In considering the two-dimensional homogeneous Poisson process, projection properties of the process depend quite critically
on the geometry of the regions considered. These projection
properties are simple for rectangular(square) and circular regions
W0 , and make simulation of the homogeneous process quite
easy. We consider these two cases separately.
2.3.1 Homogeneous Poisson Processes in a Rectangle:.
Consider a two-dimensional Homogeneous Poisson Process
of rate λ, so that the number of points in a fixed rectangle
R = {(x, y) : 0 ≤ x ≤ a, 0 ≤ y ≤ b} has a Poisson distribution
with parameter λab.
Assume that a two-dimensional Homogeneous Poisson Process of rate λ is observed in a fixed rectangle R =
(x, y) : 0 ≤ x ≤ a, 0 ≤ y ≤ b, so that the number of points in
R, N (R), has a Poisson distribution with parameter λab.
If N (R) = n > 0 and if (Xl , Y1 ), (X2 , Y2 ), ..., (Xn , Yn ) denote the points, labeled so that X1 < X2 < .... < Xn , then conditional on having observed n points in R, the X1 , X2 , ..., Xn
are uniform order statistics on 0 ≤ x ≤ a , and Y1 , Y2 , ...., Yn
are independent and uniformly distributed on 0 ≤ y ≤ b independent of the Xi .
We consider that sensors in the wireless sensor network are distributed according to a homogeneous spatial Poisson process of
intensity λ in 2-dimensional space W0 . This implies that:

Fig. 1. The distance Di

As per our assumptions, the sensors are distributed according to
a homogeneous spatial Poisson process and hence, the number
of sensors in a fixed rectangle area (cf Figure 1) is a Poisson
random variable, N , with mean λA, where A = a × b.
Let us assume that for a particular realization of the process there
are n sensors in this area.
Define Di to be the distance between a sensor located at
(xi , yi ), i = 1; 2; ...; n and its own cluster head 1.
Di =

Then the average distance is:

q
E[Di ] = E
Xi2 + Yi2
Z q
=
x2i + yi2 .f(Xi ,Yi ) (xi , yi )dxi dyi
R2
Z q
x2i + yi2 .fXi (xi ).fYi (yi )dxi dyi
=
Z

—All sensors transmit at the same power level and hence have
the same radio range r.
—A distance of D between any sensor and its cluster head is
equivalent to dD/re hops.
Let (Xi , Yi ) denote the position of the sensor si of the process
in 2-dimensional space W0 (cf Figure 1).
Given the independent random variables xi and yi denote the
coordinate of the sensor si ,

R = [0, a] × [0, b]
= {(x, y) : 0 ≤ x ≤ a, 0 ≤ y ≤ b}
[
= {(x, y) : 0 ≤ y ≤ x ≤ a} {(x, y) : 0 ≤ x ≤ y ≤ b}

(2)
then
Z a
Z xp
1
E[Di ] =
(
dx
x2 + y 2 dy
ab 0
0
Z b Z yp
dy
+
x2 + y 2 dx)

1
a

for 0 ≤ x ≤ a
0 elsewhere

0

and

fYi (yi ) =

for 0 ≤ y ≤ b
0 elsewhere

0

then
Z a
Z 1p
1
(
dxx2
1 + u2 du
ab 0
0
Z b
Z 1p
+
dyy 2
1 + v 2 dv)
0
0

Z 1 p
1 1 3 1 3
=
a + b
1 + t2 dt
ab 3
3
0

E[Di ] =

then
(3)

Xi and Yi are independent and uniformly distributed (iud), then:
f(Xi ,Yi ) (xi , yi ) = fXi (xi ) × fYi (yi )

(7)

Let x = yu then dx = ydu
Let y = xv then dy = xdv

1
b

(Xi , Yi ) ∼ f(Xi ,Yi ) (xi , yi )

R2
aZ b

We define R as :

with probability densities:
fXi (xi ) =

(6)

q
1 1
x2i + yi2 . . dxi dyi
a b
0
0
Z aZ bq
1
x2i + yi2 dxi dyi
=
ab 0 0
Z aZ bp
1
=
x2 + y 2 dxdy
ab 0 0

We assume that:



(5)

=

—all N sensors are stochastically independent
—each point is uniformly distributed in W0

Xi ∼ U([0, x0 ])
Yi ∼ U([0, y0 ])

q
Xi2 + Yi2

(4)

(8)
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We have [6]:
E[Nv |N = n] = E[Nv ] =

λ0
λ1

(14)

and
E[Lv |N = n] = E[Lv ] =

λ0
3

(15)

2λ12
Define C1 to be the total energy used by the sensors in a Voronoi
cell to communicate one unit of data to the cluster head. Then,
if we approximate the number of hops between a sensor and its
CH at a distance D from it by D/r,
E[Lv |N = n]
(16)
r
Define C2 to be the total energy spent by all the sensors communicating 1 unit of data to their respective cluster heads. Because,
there are np cells, the expected value of C2 conditioned on N , is
given by
E[C1 |N = n] =

Fig. 2. Voronoi cells

Let:
1

Z

p
1 + u2 du = 1, 1478

(9)

0

E[C2 |N = n] =

finally we have:

np
X

E[C1 |N = n]

(17)

i=1

E[Di ] = 0, 3826

a3 + b3
ab

The probability of a sensor becoming a cluster head is p; hence,
on average, np sensors will become cluster heads.
Let D be a random variable that denotes the total length of the
segments from these cluster heads to the base station. The sensors are distributed according to a homogeneous spatial Poisson
process. Hence, given N sensors of the Poisson process in W0 ,
these sensors are conditionally iud in W0 area. Therefore,

D=

np
X

If the total energy spent by the cluster heads to communicate the
aggregated information to the processing center is denoted by
C3 , then
E[D|N = n]
r
a3 + b3
= 0, 3826
np
a×b×r

E[C3 |N = n] =

(18)

Define C to be the total energy spent in the system. Then:
Di

(11)

i=1

There are n sensors uniformly distributed in the rectangle area,
E[D|N = n] =

= npE[C1 |N = 1]

(10)

np
X

E[Di ]

(12)

E[C|N = n] = E[C2 |N = n] + E[C3 |N = n]
(19)
3
3
a +b
np
= npE[C1 |N = 1] + 0, 3826
a×b×r
E[Lv |N = n]
a3 + b3
= np
+ 0, 3826
np
r
a×b×r
λ0

i=1

3

= npE[Di ]
a3 + b3
= 0, 3826
np
ab

= np

Now, since a sensor becomes a cluster head with probability p,
the cluster heads and the non-cluster heads are distributed as per
independent homogeneous spatial Poisson processes P P 1 and
P P 0 of intensity λ1 = pλ and λ0 = (1 − p)λ respectively.
Each non-cluster head joins the cluster of the closest cluster head
to form a Voronoi tessellation[16]. The plane is thus divided into
zones called the Voronoi cells, each cell corresponding to a P P 1
process point, called its nucleus. If Nv is the random variable denoting the number of PP0 process points in each Voronoi cell and
Lv is the total length of all segments connecting the P P 0 process points to the nucleus in a Voronoi cell W0 , then according
to results in [6], and for large values of np,
Let us named:
—Nv is the number of PP0 node in the aggregate W0 .
—Lv is the total length of all the segments connecting the PP0
normal nodes of the aggregate W0 to its cluster head.
then
Nv ∼ P P H(λ0 )
Lv ∼ P P H(λ1 )

(13)

= np

2λ12

r

+ 0, 3826

(1−p)λ
√
2 3 pλ

a3 + b3
np
a×b×r

a3 + b3
np
a×b×r
a3 + b3
+ 0, 3826
np
a×b×r

+ 0, 3826

r
np
(1 − p)
=
× √
3
r
2 λ × p2

Removing the conditioning on N yields:
E[C] = E[E[C|N = n]|n = N ]
(20)


p
(1 − p)
a3 + b3
= E[N ]
× √
p
3 + 0, 3826
r
a×b×r
2 λ × p2


(1 − p)
a3 + b3
√
= λab
+ 0, 3826
p
a×b×r
2r pλ
E[C] minimized by a value of p that is a solution of
(−1 − p) × ab + c ×

√
3

p=0

(21)

and is given by
q
√
√ √

3
3
2
2 2
2
2 2
1 4 ab 27c + 2a b + 3 3 27c + 4a b c
p = (
(22)
6
c
4

International Journal of Computer Applications (0975 - 8887)
Volume 75 - No. 1, Aujust 2013

+

1
a2 b2 42/3
q
6 c 3 ab 27c2 + 2a2 b2 + 3√3√27c2 + 4a2 b2 c

+

1 ab 2
)
3 c

√
where c = 1, 5304 × (a3 + b3 ) λ
The second derivative of the above function is positive; hence,
the value of p given by eq.23 minimizes the energy spent. The
other two roots of eq.21 are imaginary.

2.4

Homogeneous Poisson Processes in a Square

IF a = b then we have the same results like in [3]

2.5

Homogeneous Poisson Processes in a Circle

An other important case is when W0 is the circle of radius r0 .
Fix the origin and initial line of polar coordinates r and θ so
that the origin is the center of the circle and the initial line is
horizontal. We consider the projection of the points (Ri , θi ), of
the Poisson process circularly onto the r-axis (Ri ) and radially
onto the circumferential θ-axis (θi ).
Indeed, consider a two-dimensional homogeneous Poisson process of rate λ so that the number N of points in a fixed circular
area C of radius r0 and area πr02 has a Poisson distribution with
parameter λπr02 .
Let (Ri , Θi ) denote the position of the sensor si of the process
in 2-dimensional space W0 (cf Figure 3).
Given the independent random variables ri and θi denote the
coordinate of the sensor si ,
Ri ∼ U([0, r0 ])
Θi ∼ U([0, 2π])

(23)

Fig. 3. The radius Ri

Then the average distance between sensor node and its cluster
head is:
E[Di ] = E [Ri ]
Z 2π Z
=
0

(27)
r0

ri f(Ri ,Θi ) (ri , θi )dri dθi
0
r0

2π Z

Z
=
0

0

2ri2
dri dθi
2πr02

2
= r0
3
There are n sensors uniformly distributed in the circle area,

with probability densities:
E[D|N = n] =

fRi (ri ) =

2ri
2
r0

0

for 0 ≤ r ≤ r0
elsewhere



1
2π

C3 is the total energy spent by the cluster heads to communicate
the aggregated information to the base station, then

elsewhere

E[D|N = n]
r
2
=
r0 np
3r

E[C3 |N = n] =

then
(Ri , Θi ) ∼ f(Ri ,Θi ) (ri , θi )

(24)

Ri and Θi are independent and uniformly distributed (iud), then:
f(Ri ,Θi ) (ri , θi ) = fRi (ri ) × fΘi (θi )

(25)

As per our assumptions, the sensors are distributed according to
a homogeneous spatial Poisson process and hence, the number
of sensors in a fixed circle area (cf Figure 3) is a Poisson random
variable, N , with mean λA, where A = 2πr02 .
Let us assume that for a particular realization of the process there
are n sensors in this area.
Define Di to be the distance between a sensor located at
(xi , yi ), i = 1; 2; ...; n and its own cluster head 3.
xi = ri sin θi
yi = ri cos θi

Let:

(29)

C is the total energy spent in the system. Then:
E[C|N = n] = E[C2 |N = n] + E[C3 |N = n]
2
= npE[C1 |N = 1] + r0 np
3r
2
E[Lv |N = n]
= np
+ r0 np
r
3r

(30)

λ0

3

= np

2λ12

r

+

(1−p)λ
√
2 3 pλ

2
r0 np
3r

2
r0 np
3r
np
(1 − p)
2
=
× √
r0 np
3 +
r
3r
2 λ × p2
= np



(28)

= npE[Ri ]
2
= r0 np
3

&for 0 ≤ θ ≤ 2π

0

E[Di ]

i=1

and
fΘi (θi ) =

np
X

r

+

Removing the conditioning on N yields:
Di =

q

Xi2

+

Yi2

= Ri

(26)

E[C] = E[E[C|N = n]|n = N ]

(31)
5
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2
p
(1 − p)
× √
r0 p
3 +
r
3r
2 λ × p2


(1 − p)
2
√
= λ2πr02
+ r0 p
3r
2r pλ



= E[N ]

E[C] minimized by a value of p that is a solution of
3(−1 − p) + c ×

√
3

p=0

(32)

p

(33)

and is given by
p = −1 +

1 1
c(
3 6

q
3

−108 + 4

−4 c3 + 729

2
c
p
)
√
3 3 −108 + 4 −4 c3 + 729
√
where c = 8r0 λ
The second derivative of the above function is positive; hence,
the value of p given by eq.34 minimizes the energy spent. The
other two roots of eq.32 are imaginary.
+

3.

CONCLUSION

To control the energy expenditure of nodes by means of adaptive approach, we have proposed a distributed algorithm for organizing sensors into a hierarchy of clusters with the objective
of minimizing the total energy spent in the system to communicate the information gathered by these sensors to an informationprocessing center. Using a realistic environment to check the behavior of this distributed random algorithm and contribute to answer and confirm some results which are approved by theoretical
works are very useful to be studied and developed.

4.
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