International Journal of Computer Applications (0975 - 8887)
Volume 73 - No. 17, July 2013

Existence Results for Fractional Order Mixed Type
Functional Integro-differential Equations with
Impulses

S. Dhanalakshmi
Department of Mathematics
Kongunadu Arts and Science college
Coimbatore-641 029
Tamil Nadu, India.

ABSTRACT

In this paper, we prove the existence of mild solutions for the
semilinear fractional order functional of Volterra-Fredholm type
differential equations with impulses in a Banach space. The re-
sults are obtained by using the theory of fractional calculus, the
analytic semigroup theory of linear operators and the fixed point
techniques.
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1. INTRODUCTION

Impulsive differential equations have become more important
in some mathematical models of real processes and phenom-
ena studied in control, physics, chemistry, population dynam-
ics, biotechnology and economics. Integro differential equations
play an important role in many branches of linear and non-linear
functional analysis and their applications in the theory of en-
gineering, mechanics, physics, chemistry, biology, economics,
electrostatics. For some general and recent works on the theory
of impulsive differential and integrodifferential equations, we re-
fer the reader to (see [/1,/2L/445L(7,/9, 10L{13},141[20,29.30]).
Fractional differential equations have many applications in var-
ious fields of engineering and science, for example, vibration,
viscoelasticity, control and electromagnetic theory. Many re-
cent works are devoted to physical application of fractional cal-
culus and fractional differential equations. The theory of frac-
tional differential equations and their applications has been ex-
tensively studied by several authors (see [[12},22H24])) and refer-
ences therein.

In recent years, there has been a significant development in im-
pulsive fractional differential equations. For more details, we
refer the monographs (see [21}25,[28]) and the papers (see
[3L8L11L26L127L321|33])).

In particular ( [17H19}31]) discussed some existence results for
nonlinear fractional differential equations with impulse. Very re-
cently, in ( [16]), the author discussed about the existence of mild
solutions for the fractional order semilinear functional differen-
tial equations with impulse.

Motivated by above mentioned works ( [16,31]]), the purpose
of this paper, we shall consider the existence of mild solutions
for the fractional order semilinear functional Volterra-Fredholm
type of differential equations with impulses as follows,
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teJ=1[0,T], t #tg,
Axli—y, = I(z(ty)), k=1,2,--- ,m,
z(t) = ¢ €A,
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where A is the infinitesimal generator of an analytic semigroup
of bounded linear operators, {7'(t),¢ > 0} on a Banach space
X, f + Jx A x X x X - X,h : DxA —
X, k : Dx A — X are appropriate functions and D :=
{(t,s) € [0,T] x [0,T] : s < t}, where A is a phase space
defined in preliminaries, 0 = £y < t1 <, -+ , <ty < tppg1 =
T,I, € C(X,X) (k=1, 2, ---, m) are bounded functions.
Azliey, = x(t]) — z(ty), z(t]) and z(t;,) represent the left
and right limits of x(t) at ¢ = ¢, respectively. We assume that
the histories z; : [-7,0] = X, x4(s) = z(t + s), s € [-7,0]
belong to an abstract phase space A.

In this paper, we use the analytic semigroup theory of linear op-
erators and fixed point method to prove the existence and unique-
ness of mild solution. In Section 2, we present some definition
and preliminary facts. In Sections 3, we prove the existence of
mild solution to the fractional order mixed type functional inte-
grodifferential equations with impulses.

2. PRELIMINARIES

Throughout this work, (X, [|.]|) is a Banach space. An opera-
tor A is said to be sectorial if there are constants w € R, 0 €
[7/2, 7], M > 0 such that the following two conditions are sat-
isfied:

(Dp(A) C Y, ={reC: A #uw,
larg(A —w)| <0},
QIR A)llex) < %, A€ Za,m
Consider the following Cauchy problem for the Ca-

puto fractional derivative evolution equation of order
a(m—1 < a <m, m > 0is an integer):

Dex(t) = Ax(t),
{az(O) o, a®0) =0, k=1,2 -, m—1 &V



where A is a sectorial operator. The solution operators Sy, (¢) of
(2.1) is defined by (see [17])
1
So(t) = — / eMATIR(AY, A)d,
r

21

where I is a suitable path lying on Ze,w-

An operator A is said to belong to C*(X; M,w), if prob-
lem (2.1) has a solution operator S, (t) satisfying ||.S,, (t)||
Me*“*, t > 0. Denote C*(w) := {C(X;M,w): M > 1},
and C* := {C*(w) : w > 0}.

DEFINITION 1. (see [31|]). A solution operator S, (t) of
(2.1) is called analytic if S, (t) admits an analytic extension
to a sector 3, = {\ € C\{0} : [arg\| < 6o} for some
0o € (0, §]. An analytic solution operator is said to be of an-
alyticity type (0o, wo) if for each @ < 0y and w > wyq there
isan M = M(0,w) such that ||S,(t)|] < MevEet, S, =
{t e C\{0} : |argt| < 0} . Denote A*(0y,wo) :=
{A € C* : A generates analytic solution

operators S, (t) of type (6p,wo)} .

LEMMA 2. (see [31)]). Let a« € (0,2), a linear closed
densely defined operator A belong to A*(0y,wo) iff \* € p(A)
for each A\ € Z9o+%’ and for any 0 < 0y, w > wo, there is a

constant C = C(0, w) such that

pe-troe ) < 1 xe Y w)
0+%
For any T > 0, we have
A={®:[-7,0] = Xsuch that ®(t) is bounded

and measurable}
and equip the space ® with the norm

[|@][x = sup \<I>( ), Ve A.

We consider the space
={z:[-7,T] = X such that
zg € C((tk, tky1], X) and
there exist z(t}) and
x(ty) with z(ty) = x(t,), xo = ¢ € A,
k=0,1,---,m}
where xy, is the restriction of x to J, = (tk,trs1], k =
0,1,---,m. Set||.||a, to be aseminorm in Ay, defined by
zlla, = lI¢lla + sup{lz(s)] : s € [0,T]}, = € Ap.

DEFINITION 3. ( [6]]) Let f : J x A — X be a continuous
function, and A is a sectorial operator. A continuous solution x(t)
of the integral equation

)+ [y (t— ) To(t — s)
x(t) = f(s,zs)ds, 0<t<T,
#(t), -1<t<0,

1
— / eMATIR(AY, A)d,
r

2mi

Sal(t) ==

To(t) == L

At a A
o7 )¢ R(A™, A)d\

and T is suitable path lying on Ze,w is said to be a mild solution
of the initial value problem

Dox(t) = Az(t) + f(t,z,), t € J=[0,T],
{ z(t) =¢eA
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LEMMA 4. (see [31]). If « € (0,1) and A € A%(8y,wp),
then for any x € X and t > 0, we have

|| To ()| < Ce“t (1 +t*71), >0, w > wp.

DEFINITION 5. (see [|I16]]). A function © € Ay, is a solution
of fractional integral equation

Sa(t)d + fo (t—s)
f (s,xs,fo (s,0,30)d0, [ k(s,ﬁ,xg)dO) ds,
te [0 tl]'
Sa(t —t)[x(ty) + Li(z ]+ft
£ (5,0, fi 1ls,0,20) da,fo k(s,@,xg)d0> ds,
z(t) = t € (t1,t2);
Sa(t —tm)[x(t,,,) + L +ft w(t—3)
f (s7ms,f0 (5,0, z0) d07f0 570,x9)d0) ds,
t € [tm,T);
o(t), —-T7<t<0

will be called a mild solution of problem (1.1).

In this paper, we will employ an axiomatic definition for the
phase space A, A is a linear space of functions mapping [—, 0]
into X endowed with a seminorm ||.||5, which satisfies the
following conditions:

(A1) Ifz : [-7,T] — X is a continuous on [0,T] and xog € A,
then x, € A and x is continuous int € [0, T).
(A2) ||6(0)]| < K1||®||a for ¢ € A and some constant K.

(A3) There exist a measurable and locally bounded functions
K(t) and M(t) of t > 0 such that

llzella < K(t) sup [lz(0)]| + M(t)]|zolla,
0€[0,t]

fort € [0,T) and x as in (Al).

In order to prove the existence of mild solution of IVP (1.1), we
need following lemma.

LEMMA 6. ( [[I5]]) Let X be a Banach space, and U C X
convex with 0 € U, let F' : U — U be a completely continuous
operator, then either
(a)F has a fixed point, or
(b)the set E = {zx €U : x=AF(z), 0 <A <1} is un-
bounded.

3. EXISTENCE RESULTS

In this section, we study the existence of mild solutions for the
system (1.1)
To establish our results, we introduce the following conditions;

(H1) f:]0,T] x A x X x X — X is continuous, and these
exists H such that

Hf(tvSOvSDIaSOQ) - f(tr“llvll/lv\I’Q)H <
Hylllp = Wlla + ller = Ual[ + [lp2 — Wa[].
(H2) K = sup K(t), My = sup M((t), Ny =
te[0,T) t€[0,T7]
sup ||Sa(t)]]and Np = sup Ce“'(1 +t'7%).
0<t<T 0<t<T

(H3) The function I}, : X — X are continuous and there exist
constant d such that ||I(z)|| < d, k = 1,2,--- ,m, for
eachz € X.



(H4) There exist p such that
foreach z,y € X.

(H5) For each (¢, s) € D the function h(t,s,.): Dx A — X,
is continuous and for each z € A, h(t,s,.): D x A = X,

is strongly measurable. There exists an integrable function
p:J — [0,00) and a constant vy > 0, such that

1h(t, s, 2) || < yp(s)W (|2l]),

where W : [0,00) — [0, 00) is continuous nondecreasing
function.

(H6) For each (¢, s) € D the function k(t,s,.) : D x A = X,
is continuous and for each y € A, k(¢,s,.) : D x A — X,
is strongly measurable. There exists an integrable function
q:J — [0,00) and a constant y; > 0, such that

1k, 5,9 < vaa(s)Wa(llyl]),

where W7 : [0,00) — [0, 00) is continuous nondecreasing
function.
(H7) The function f : J x A x X x X — X satisfies the
following Caratheodory conditions:
(a)t — f(t,z,y, z) is measurable for each (z,y,2) € A x
X x X,
(b)(z,y) — f(t, z,y, 2) is continuous for almost all ¢ € J.
(H8) [[f(t,z,y,2)[| < m@®)W([[z[[a + |lyl| + [[z]]) for al-
most all ¢t € Jandallx € A, y,z € X, where m €
L'(J,Ry) and ¥ : R, — (0,00) is continuous and in-
creasing with

T R 00 dS
Cz/o m{s)ds < /c T(s) T W(s) + Wh(s)’

where

_ No(l|zol] +d) _ NgT*
Gi= ’CQ*a(st)’
m(t) = max{Cym(t), vp(t),v1q(t)}.

(H9) h : D x A, — X, and there exist a constant H, > 0,
such that

t
/ (h(t, 5, 22) — h(t, 5, 2))ds|| < Hallzs — yalla.
0

(H10) k: D x A, — X, and there exist a constant H;, > 0,
such that

t
/ (k(t, 8, 22) — k(t, 5, 9))ds|| < Hellzs — alla-
0

Remark 1.
For each [ > 0, we define A; = {z € Ay, ||z|| <1}, then for
each x,y € A, we have

t T
Hf (m [ ntes.eas, [ k(t,s,xs)ds)
0 0
t T
f (ty / h(t, s,y.)ds, / k(t,s,ys)dsﬂ
0 0

< Hf [ng 7ys||/\ + Hths — ySHA + Hkas - ySHA]
< Hf[l + Hy, +Hk]|‘$s _ysHA'

We have the following theorem regarding the existence and
uniqueness of mild solution for the IVP (1.1)

THEOREM 7. Assume conditions (A), (H1), (H2), (H4), (H9)
and (H10) are satisfied, then the problem (1.1) has a unique mild
solution provided that

1
Ny(p+1) + aNTHf(l + Hp + Hp ) KT* < 1
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Proof: Transform the problem (1.1) into a fixed point problem.
Consider the operator F' : A, — A, defined by

Sat)p+ fo Tult —s)
f (s,xs, fOS h(s,0,x)db,
Jr k(s,@,xg)d9> ds, t € [0,t4];
Sa(t —t)[z(ty) + Li(2(t1))]
+ [ Ta(t = 5)f (5,24, [y h(s,0,26)do),

Fa(t) = 17 k(s, Q,wg)d9> ds, t € (1, La);

Sa(t = tm)[x(ty,) + Lm(x(t7,))]

+ f:m To(t —s)f (s,2s, [; h(s,0,z0)db,
Ir k(s,@,xg)de) ds, t € [tm, T);

o(t), —r<t<0.

Let z,y € Ay, then for each ¢ € (0, ¢1], we have
|Fa(t) = Fy@)l| < Nsllzs = yslla
t
+NT/ (t_s)a—l
0

Hy[1+ Hy, + Hy]
H'TS - ysHAdS

IN

{NS +inom,
el
1+ H), + H,|KT*]
|z = yll.
Fort € (t1,12], we have
IFa(t) — Fy@)l| < Nslllz(ty) —y(t)ll
+plle(ty) =yt
t
+NT/ (t — S)a71
0
Hy[1+ Hy + Hy]llzs — ys|lads

IN

1

(14 Hp + H) KT
|l = yll.

Similarly, we have

1
IFalt) = Pyl < |Nu(o+ 1)+ e,
(L+ Hp + Hp) KT ||z -yl
te (titigr)
and
1
1Fa(t) = Fyol] < Moo+ 1)+ N
(14 Hy + Hp) KT ||z -y,
t € (tm,T].

Then, for each ¢t € [—7, T, we have

1Fa(t) = Fyol] < [Nelo+ 1)+ L8

(1+ Hy + He) KT [|2(t) = y($)]]-

Therefore, F' is a contraction operator, hence F' has a unique
fixed point by the Banach contraction principle. That is problem
(1.1) has a unique mild solution.



Next we give an existence result based on nonlinear alternative
of Leray-Schauder applied to completely continuous operator.

THEOREM 8. If Ny < 1 and conditions (A), (H2), (H3),
(H5)-(H8) are satisfied, then the problem (1.1) has at least one
mild solution.

Proof: Transform the problem (1.1) into a fixed point problem.
Consider the operator F' : A, — Ay, define by

a(t)¢ + Jo Ta
(s :rs,fo s, 0 xg )de,
s (S,H,mg)dﬁ) ds, t€[0,t];
Sa (t*tl)[ (’)+Il( (’))}
+ftl (S xsyfo S, 0 1’9 d0
fOT (sﬁ,m@)dﬁ) ds, t € (t,ta];

Sa (t —tm)[w )+ I (2(25,))]

+ft w(t—38)f (s,ws, fOS h(s,0,x)d0,
Ir k(s,&,mg)de) ds, t € [t,T);

#(t), —r<t<O0.

The proof is given in several steps.

Step 1 F' is continuous.

Let x,, be a sequence such that z,, — x in A, then for ¢ € [0, T
we have

Hf(87xn57'7')7f(saxsv'7')”S€7 n — 00,

become the function f is continuous. Now, for every ¢ € [0, ¢4],
we have

[|F (zn)(t) = F(z) ()] < NT/O (t—s)""

||f(57 Tngy®y )
—f(S,J?S, ) )H
GTOLNT
> a .

Similarly, for ¢ € (¢;,t;41], we have
[[Fa,(t) — Fa(t)|| < Nsllza(t;) — 2]
+pll(zn(t;)) — ()]

TN
$E 0T 0,

as m — oo, and for each t € (t,,,, T'], we have
[Fzn(t) — Fa@)|| < Nslllza(t,) — 2(t,,)]

+0ll(zn(t,)) = (2(t))]]]
ETO‘NT
+

— 0,

asn — oo. Since fand I, k=1,2,---
have F' is continuous.

Step 2 F' maps bounded sets into bounded sets in Ap,.

It is enough to show that for any » > 0, there exists a positive
constant [, such that foreach x € B, = {x € A, ||z|| < 7} we
have || F(z)|| < L.

Since f is continuous, there exist a constant M., such that

, M are continuous, we

lf(tu,v,w)|| < M,., uweA,,v,weX, telr,T].
Then, for any z € B,., t € [0, 1], we have

T Ny M,
|[Fz(t)|| < Nor + —— 27
«Q
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Similarly, for each t € (¢;,t;41], ¢ =1,2,--- ,m, we have

TNy M,
|1Fa(t)]| < No(r +d) + ———".

Therefore, for each z € B,., t € [—7,T], we have

TNy M,
|[Fz(t)|| < No(r+d)+ TT =1

Step 3 F' maps bounded sets into equicontinuous sets in Ay,.
Let B, is a bounded set of Aj;, as in Step 2. Then, for each
S1,82 € [0,t1], s1 < s2, we have

[|[F(z)(s2) — F(x)(s1)|| < M||@]] ||e”*2 — e1||
o[-

_/051(81 _ s)a*ds)

M|g|[ e~ — e*1]
N M, (s5 — s7)
- .

IN

+

Similarly, for each s1, sa € [t;, t;11], s1 < S2, we have

IF(@)(s2) = Fla)(s1)l] < M(r+ d)e " ]e=™ — e

Ny M, (s — s
+ M. (55 — s%)
«

As s — s; the right-hand side of the above inequality tends to
zero. The equicontinuity for the cases s; < so < 0 and 57 <
0 < s5 is obvious.

As a consequence of steps 1-3, together with Arzela-Ascoli the-
orem, we can conclude that F' : A, — A, is continuous and
completely continuous.

Step 4 A Priori bounds.

We now show there exists an open set U C Ay, with  # AF(z)
for A € (0,1) and z € 9U.

Letzy € Uand z,(t) = AF(z)(t) for 0 < A < 1, we have

AN, onH + NTf (t—s)*"'m(s)
U ([lza@] + fy vp(1)W (z-)dr
+f0T yq(T )Wl(mT)dT) ds],
t e [O,tl];

AN ([|lza ()] + d)
+NTfttt—s°‘1 (s)
LAENGI] + fo Yp(T)W (%7 )dT
-I-fOT Y1q(T)W1 (2, dT) ds],

[l (@) = t € (t,to);

AN, (o ()] + )
+Nrp ft (t —s)*tm(s)
AENG] + fo P T)W z;)dr
+f0T Y1q(T)W1 (., dT) ds]
te(t m,T]
o(t), T<t<0.




By the young inequality, for t € (¢;,t;+1], i =1,2,--- ,m, we
get that

lex@ll < Nllax(@l + Nod
[ nts)w ool

ty

+ [ awtrwiear

+

T
+/ 'qu(T)Wl(xT)dT) ds
0
and for all ¢ € (0, 1], we have
TN t
T [ (s (laa(o
« 0

+ /OS vp(T)W (x)dT

lzx@Il < Nslzoll +

—‘,—/OT ’qu(T)Wl(mT)dT> ds.

Then, for all ¢ € [0, T], we have
[lzx(®)]] < 5A(t)=01+02/0 m(s)¥ (|lzx ()]
) Wiz, )d
+ [ oW e )ar

+ /OT mq(T)Wq (mT)dT) ds,

Ns (||zo]|+4d NpT®
whereCHz%l)a C2:m'

Computing f3, (t) for all t € [0, T], we arrive at
B\(t) < Com(t)W (Hxx(t)\|+/0 (M)W (llzx(®)]))dr
+ [ et Walllos@har).
< Com(t)¥ (ﬁx(t)+/o (M)W ([lzx(®)]])dr

+/OT 71q(T)W1(Hom(t)n)ch) .

Let

wl(t) = Ba(t) + / (W ([ ()]

+ / g (D)W ([ (@) dr
then w(0) = B (0) and B (t) < w(t),

< B(®) + (W ([laa(®)]])
+rgOWi([|lza®)]])
Com()¥(w(t)) +yp(H)W (w(t))
+71q(H)Wi(w(t))

< mO)[¥(w(t) + W(w(t)) + Wi(w(t))]-
This implies that

“® ds T
/w<o> ST <, PO

o ds
S/0 U(s) + W(s) £ W (s)

where we have used the fact: 5, (0) = C1, B, (t) is positive and
non-decreasing. Hence, by the above inequality, we conclude

£
=
A

IA
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that the set of functions {8,(t) : A € (0,1)} is bounded.
This implies that U = {z € Ay, : z = AF(z), A€ (0,1)} is
bounded in X. Since F' : A, — A is continuous and com-
pletely continuous. As consequence of the nonlinear alternative
of Leray-Schauder type, we deduce that F' has a fixed point X in
Ay This completes the proof.

4. Conclusion

In this paper, the existence and uniqueness of mild solutions
for the semilinear fractional order functional integrodifferential
equations with impulses are discussed by using phase space ax-
ioms. We applied the concepts of fractional calculus together
with fixed point theorems to establish the existence results.
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