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ABSTRACT 
Transportation models play an important role in logistics and 

supply chain management for reducing cost and improving 

service. In this paper two new fuzzy transportation linear 

programming models are developed: one with equality 

constraints and other with inequality constraints using L-R 

fuzzy numbers. The membership functions of L-R fuzzy 

numbers of fuzzy transportation cost are consider being linear 

and exponential. This paper develops a procedure to derive 

the fuzzy objective value of the fuzzy transportation problem, 

in that the cost coefficients and the supply and demand are  

L-R fuzzy numbers. The two models are illustrated with an 

example. The optimal fuzzy transportation cost for the two 

models slightly varies when linear membership functions are 

equal and the optimal fuzzy transportation cost is same in case 

of different membership functions i.e., either linear or 

exponential membership functions defined on L-R fuzzy 

numbers. Most of the fuzzy transportation problems reviewed 

in literature have the negative optimal fuzzy transportation 

cost but in our proposed method we obtain positive optimal 

fuzzy transportation cost in all most all cases. 

 

Keywords 
Fuzzy transportation problem; Yager’s ranking index;           

L-R fuzzy numbers;  linear programming. 

1. INTRODUCTION 
In today’s highly competitive market the pressure on 

organizations to find better ways to create and deliver value to 

customers becomes stronger. To send the products to the 

customers in the quantities the organizers want in a cost-

effective manner become more challenging. Transportation 

models provide a powerful frame work to meet this challenge. 

The organizers ensure the efficient movement and timely 

availability of raw materials and finished goods. The 

application of the transportation problem is not limited to 

transporting commodities between sources and destinations. 

The application of transportation problem was first posed by 

Ferguson and Dantiz [1] in a paper discussing the allocation 

of aircraft to routes. Many research papers [2-4] are 

introduced for solving such type of transportation problems. A 

dual method for solving transportation problem was presented 

by Balas [11] and an operator theory of parametric 

programming for solving transportation problem was 

presented by Balachandran and Thompson [5-7].  The works 

referred so far for solving the transportation problem assume 

that the parameters of the problem are exactly known. 

However, there are situations when the parameters may not be 

known in a precise manner. To deal with such situations, 

fuzzy set theory has been applied in literature to solve the 

transportation problem and to enrich and enhance the 

suggested solution methodologies. Bit et al. [12] consider a k-

objective transportation problem fuzzified by fuzzy numbers 

and used  -cut to obtain a transportation problem in the 

fuzzy sense expressed in linear programming form. Chanas 

and Kuchta [13] used fuzzy numbers of the type L-L to 

fuzzify cost coefficients in the objective function and  -cut 

to express the objective function in the form of an interval. 

Hussien [14] studied the complete set of  -possibility 

efficient solutions of multi objective transportation problem 

with possibilistic co-efficients of the objective functions. Li 

and Lai [15] proposed a fuzzy compromise programming 

approach to a multi objective linear transportation problem. 

Zimmermann [16] showed that solutions obtained by fuzzy 

linear programming are always efficient. Subsequently, 

Zimmermann’s fuzzy linear programming has developed into 

several fuzzy optimization methods for solving the 

transportation problems. Oheigeartaigh [17] proposed an 

algorithm for solving transportation problems where the 

capacities and requirements are fuzzy sets with linear or 

triangular membership functions. Chanas et al. [18] presented 

a fuzzy linear programming model for solving transportation 

problems with crisp cost coefficients and fuzzy supply and 

demand values. Chanas and Kuchta [19] proposed the concept 

of the optimal solution for the transportation problem with 

fuzzy coefficients expressed as fuzzy numbers and developed 

an algorithm for obtaining the optimal solution. Saad and 

Abbas [20] discussed the solution algorithm for solving the 

transportation problem in fuzzy environment. Liu and Kao 

[21] described a method for solving fuzzy transportation 

problems based on extension principle. Kaur and Kumar [24] 

proposed a method for solving fuzzy transportation problems 

by assuming that a decision maker is uncertain about the 

precise values of the transportation cost, availability and 

demand of the product are represented by generalized 

trapezoidal fuzzy numbers and illustrated with an example.  

Most of the fuzzy transportation problems discussed above, 

the optimal fuzzy transportation cost is negative in nature but 

in our proposed method we obtain positive optimal fuzzy 

transportation cost in all most all cases.   

 

The rest of the paper is organized as follows. In section 2 

preliminaries of L-R fuzzy numbers,  -cut of L-R fuzzy 

number, reference functions and Yager’s ranking approach for 

the fuzzy numbers are presented. In section 3 the proposed 

Linear programming models for fuzzy transportation problem 

has been given. In section 4 the proposed method to find the 

optimal solution for fuzzy transportation models has been 

given. In section 5 we discuss the application of proposed 

models with a numerical example using various cases and the 

comparison of Optimal fuzzy transportation cost of the two 

models are given. Finally the conclusion is given in       

section 6. 
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2. PRELIMINARIES  
In this section, L-R fuzzy numbers,  -cut of L-R fuzzy 

number, reference functions and Yager’s ranking approach for 

the fuzzy numbers are presented. 

2.1 L-R fuzzy numbers and reference 

functions  
In this section, L-R fuzzy number,  -cut of L-R fuzzy 

number, and reference functions are reviewed [22]. 

Definition 1 A fuzzy number  
RL,,n,mA

~
  is said to 

be an L-R  fuzzy number if 
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If m = n then  
RL,,n,mA

~
   will be converted into 

 
RL,,mA

~
  and is said to be an L-R fuzzy number.  

L and R are called reference functions, which are continuous, 

non-increasing functions that define the left and right shapes 

of  )x(
A
~  respectively and L(0) = R(0) =1. Two special 

cases are triangular and trapezoidal fuzzy number, for which 

     x1,0maxxRxL   are linear functions. 

Nonlinear reference functions which are commonly used with 

parameters p, denoted as RFp(x). Linear and Non-linear 

reference functions with their inverses are presented in     

Table I.  

Definition 2 Let  
RL,,n,mA

~
  be an    L-R fuzzy 

number and   be a real number in the interval [0, 1]. Then 

the crisp set 

      ]Rn,Lm[x:XxA 11

A
~  

  is said 

to be  -cut of .A
~

 

2.2 Yager’s Ranking for L-R fuzzy numbers 
In this section, Yager’s method [23] is presented for the 

ranking of L-R fuzzy numbers. This method involves a 

procedure for ordering fuzzy sets in which a ranking approach 

 A
~

R  is calculated for the fuzzy number  
RL,,n,mA

~


from its  -cut      ]Rn,Lm[A 11  
  according to 

the following formula: 
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3. PROPOSED LINEAR 

PROGRAMMING MODELS FOR FUZZY 

TRANSPORTATION PROBLEM 
Generally the fuzzy transportation problem is to transport 

various amounts of a single homogeneous commodity that are 

initially stored at various sources, to different destinations in 

such a way that the total fuzzy transportation cost is a 

minimum. Let there be m sources, ith sources possessing ia~  

fuzzy supply units of a certain product, n destinations (n may 

or may not be equal to m) with destination j requiring jb
~

 

fuzzy demand units. Cost of shipping of an item from each of 

m sources to each of the n destinations  are known either 

directly or indirectly in terms of mileage, shipping hours, etc. 

Let ijc~  be the fuzzy cost of shipping one unit product from ith 

source to jth destination, and 
ij

x be the amount to be shipped 

from ith sources to jth destination. Fuzzy transportation 

problem with fuzzy cost ijc~ , fuzzy supply units ia~  and fuzzy 

demand units jb
~

is given in Table II.
 

3.1 Proposed Model for fuzzy 

transportation problem with equality 

constraints 
Fuzzy Approach to the transportation problem based on 

equality condition mathematically   is defined as follows: 

Minimize  
 

m

1i

n

1j
ijijxc~c~  

subject to constraints  

                     m...,,2,1ia~x i

n

1j
ij 



   

                     n,...,2,1jb
~

x j

m

1i
ij 



  

 

                     
0xij   i = 1,2, …, m;  j=1,2, …, n. 

 

where    RLijijijijij ,,n,mc~    : Fuzzy payment from ith   

                                                   source to  jth  destination 

 

 x -1 0,max)x(R)x(L   or xe)x(R)x(L   or 

  xe)x(Randx -1 0,max)x(L   or 

 x -1 0,max)x(Rande)x(L x  
 

 
 

m

1i

n

1j
ijijxc~ :  Total fuzzy cost from  ith  source to  jth    

                    destination. 

where ia~
 
= fuzzy quantity  of supply i , 

          
jb

~
= fuzzy quantity of demand j,   

          ijc~  = the fuzzy cost from ith source to jth       

                     destination.   

           Lij(x) = left shape functions,  

           Rij(x) = right shape functions. 

All   ijji c~,b
~

,a~  denotes a non-negative L-R fuzzy numbers.
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3.2 Proposed Model for fuzzy 

transportation problem with inequality 

constraints 
Fuzzy Approach to the transportation problem based on 

inequality condition mathematically is defined as follows:  

Minimize  
 

m

1i

n

1j
ijijxc~c~  

subject to constraints  

 

                

m,...,2,1ia~x i

n

1j
ij 



   

                n...,,2,1jb
~

x j

m

1i
ij 



                                                                                                      

 

              
0xij

 
i = 1,2, … , m;  j=1,2, …, n 

Where   RLijijijijij ,,n,mc~    : Fuzzy payment from ith     

                                                   source to  jth  destination. 

  

 x -1 0,max)x(R)x(L   or xe)x(R)x(L  or 

  xe)x(Randx -1 0,max)x(L   or 

 x -1 0,max)x(Rande)x(L x  

 

 
 

m

1i

n

1j
ijijxc~ :  Total fuzzy cost from  ith  source to  jth   

                   destination. 

where ia~
 
= fuzzy quantity  of supply i , 

          jb
~

= fuzzy quantity of demand j,   

          ijc~  = the fuzzy cost from ith source to jth       

                   destination.   

          Lij(x) = left shape functions,  

          Rij(x) = right shape functions. 

All  ijji c~,b
~

,a~  denotes a non-negative L-R fuzzy numbers.
 

4. PROPOSED METHOD TO FIND THE 

OPTIMAL SOLUTION FOR FUZZY 

TRANSPORTATION     MODELS 
 The proposed method to solve the optimal solution for 

transportation models using fuzzy linear programming is as 

follows:  

Step 1: Choose a fuzzy transportation problem with equality 

condition or inequality condition. 

 Case (i) If the chosen problem is fuzzy transportation 

problem with equality condition, then consider the model as 

proposed in section 3.1. 

Case (ii) If the chosen problem is fuzzy transportation 

problem with inequality condition, then consider the model as 

proposed in section 3.2. 

Step2: Based on the problem chosen in step 1 convert it into 

the following crisp linear programming problem:  

 Case (a): If the model falls under case (i) of step 1 then 

convert the fuzzy transportation problem into the following 

crisp linear programming problem 

              Minimize   
 

m

1i

n

1j
ijij xc~Rc

  

              

 subject to the constraints 

                       m...,,2,1ia~Rx i

n

1j
ij 



   

                       n...,,2,1jb
~

Rx j

m

1i
ij 


  

 

                     0xij    i = 1,2, …, m;  j=1,2, …, n 

Case (b): If the model falls under case (ii) of step1 then 

convert the fuzzy transportation problem into the following 

crisp linear programming problem 

              Minimize  
 

m

1i

n

1j
ijij xc~Rc

 

              subject to the constraints 

                      

m...,,2,1i)a~(Rx i

n

1j
ij 



   

                     n...,,2,1j)b
~

(Rx j

m

1i
ij 


  

 

                     0x ij  i = 1,2, …, m; j=1,2, …, n 

Step3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,
 

 ia~R  and  jb
~

R  , j,i  are calculated. 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(R(c11))x11   (R(c12))x12   (R(c13))x13  

  (R(c21))x21   (R(c22))x22  (R(c23))x23  

 (R(c31))x31  (R(c32))x32  (R(c33))x33 

subject to :   

x11 + x21 + x31 =R(a1),  x12 + x22 + x32 = R(a2) 

x13 + x23 + x33 = R(a3) , x11 + x12+ x13 =  R(b1) 

x21 + x22 + x23 = R(b2),x31 + x32 + x33 = R(b3) 0xij  ,  for all 

i=1,2,3  and  j=1,2,3. 

Step 4: Solve crisp linear programming problem obtained in 

Step 3 to find the optimal solution {xij}

 

Step 5: Solve the minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step 4 in the 

objective function of step1. 

5.  NUMERICAL EXAMPLE 
To illustrate the proposed models, consider a fuzzy 

transportation problem with three sources and three 

destinations. The cost coefficients, the supply and demand in 

fuzzy transportation problem are considered as L-R fuzzy 

numbers. The fuzzy transportation problem with fuzzy cost is 

shown in Table III. 

5.1 Optimal solution using the model based 

on fuzzy linear programming formulation 

with equality condition 
The optimal solution of fuzzy transportation problem with 

equality condition using various cases may be obtained by 

using the following steps of the proposed method: 

 

 

Case (i)  x -1 0,max)x(R)x(L 
 

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III
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Minimize  

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12   
((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1))x21 

 ((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23  

((12,20,1,7) L(3,1)-R(3,1))x31 ((5,10,0,5) L(3,2)-R(3,2))x32  
((5,8,1,3) L(3,3)-R(3,3))x33 
subject to :  

 x11 + x21 + x31 = 1a~ ,  x12 + x22 + x32 = 2a~  

 x13 + x23 + x33 = 3a~ ,  x11 + x12+ x13 = 1b
~

  

x21 + x22 + x23 = 2b
~

,  x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13 (R (9,12,1,14))x21  
(R (5,8,2,4))x22  (R (9,13,2,15))x2  
(R (12,20,1,7))x31  (R (5,10,0,5))x32    

(R (5,8,1,3))x33 
subject to :   

x11 + x21 + x31=  1a~R , x12 + x22 + x32 =  2a~R                    

 x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij   

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,
 

 ia~R  and  jb
~

R  , j,i  are:  

 11c~R =8.25,  12c~R =4.25,  13c~R =8.25,  21c~R =13.75,

 22c~R =7,  23c~R =14.25,  31c~R =17.5,  32c~R =8.75,  

 33c~R =7 and  1a~R  = 4.5,  2a~R =7.25,  3a~R  = 7,  

 1b
~

R =7,  2b
~

R =6.25,  3b
~

R = 5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(8.25)x11  (4.25)x12  (8.25)x13  (13.75)x21  (7)x22 

(14.25)x23  (17.5)x31  (8.75)x32  (7)x33 

subject to :  

 x11 + x21 + x31 = 4.5,   x12 + x22 + x32 = 7.25 

 x13 + x23 + x33 = 7,       x11 + x12+ x13 = 7 

 x21 + x22 + x23 = 6.25,  x31 + x32 + x33 = 5 

0xij ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11 = 3.92,  x12  = 4.25, x13  = 8.25, x22  =  6.25, x31 = 0.08,  

x33 = 4.92. 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step 4 in the 

objective function of step1 is (84.89, 147.88, 36.50, 104.32). 

 

Case (ii) xe)x(R)x(L   

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:   

 ((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14)L(2,1)-R(2,1)) x21   

((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23 

 ((12,20,1,7)L(3,1)-R(3,1))x31 ((5,10,0,5)L(3,2)-R(3,2))x32   

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ ,  x12 + x22 + x32 = 2a~  

 x13 + x23 + x33 = 3a~ ,  x11 + x12+ x13 = 1b
~

 

x21 + x22 + x23 = 2b
~

,  x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12  

(R (5,8,3,10))x13 (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23  

(R (12,20,1,7))x31  (R (5,10,0,5))x32  

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

 x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij 
 

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:  

 11c~R =10,  12c~R =5,  13c~R =10,  21c~R =17,  22c~R =7.5,

 23c~R =17.5,  31c~R =19,  32c~R =10,  33c~R =7.5 and  

 1a~R  = 5,  2a~R =7  3a~R = 7.5,  1b
~

R ) =7.5,  2b
~

R  =7, 

 3b
~

R = 5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(10)x11  (5)x12  (10)x13  (17)x21  (7.5)x22  (17. 5)x23

 (19)x31  (10)x32  (7.5)x33 

subject to :  

 x11 + x21 + x31 = 5,    x12 + x22 + x32 = 7 

 x13 + x23 + x33 = 7.5,  x11 + x12+ x13 = 7.5 

 x21 + x22 + x23 = 7,     x31 + x32 + x33 = 5 

0xij  ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 5,  x13  = 2.50, x22  =  7.0, x33 = 5 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (92.5, 161, 39.5, 118). 

 

Case (iii)   xe)x(Randx -1 0,max)x(L   
 

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:    

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12  

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1)) x21   
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((5,8,2,4) L(2,2)-R(2,2))x22 ((9,13,2,15) L(2,3)-R(1,2))x23  

((12,20,1,7) L(3,1)-R(3,1))x31 ((5,10,0,5) L(3,2)-R(3,2))x32   

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ ,  x12 + x22 + x32 = 2a~  

 x13 + x23 + x33 = 3a~ ,  x11 + x12+ x13 = 1b
~

 

 x21 + x22 + x23 = 2b
~

,  x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11 (R(2,5,1,4))x12  

(R(5,8,3,10))x13 (R(9,12,1,14))x21  

(R (5,8,2,4))x22  (R (9,13,2,15))x23  

(R(12,20,1,7))x31 (R(5,10,0,5))x32  

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

  x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

  x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij   

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:   

 11c~R = 10.75,  12c~R =5.25,  13c~R =10.75,  21c~R =17.25, 

 22c~R =8,  23c~R =18,  31c~R =19.25,  32c~R =10,  

 33c~R =7.75 and  1a~R = 6,  2a~R =7.75  3a~R  = 7.75, 

 1b
~

R =8,  2b
~

R =8,  3b
~

R = 5.5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(10.75)x11  (5.25)x12  (10.75)x13  

 (17.25)x21  (8)x22  (18)x23   

 (19.25)x31  (10)x32  (7.75)x33 

subject to :   

x11 + x21 + x31 = 6 ,  x12 + x22 + x32 = 7.75 

x13 + x23 + x33 = 7.75 ,  x11 + x12+ x13 = 8 

x21 + x22 + x23 = 8, x31 + x32 + x33 = 5.5 

0xij ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 5.75,   x13  = 2.25,  x21=0.25,  x22  = 7.75, x33 = 5.50 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (102.75, 178.75, 45.25, 131).

 

Case (iv)  x -1 0,max)x(Rande)x(L x  
 

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize 

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12  

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1))x21  

((5,8,2,4)L(2,2)-R(2,2))x22 ((9,13,2,15) L(2,3)-R(1,2))x23  

((12,20,1,7)L(3,1)-R(3,1))x31  ((5,10,0,5) L(3,2)-R(3,2))x32   

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :  

 x11 + x21 + x31 = 1a~  , x12 + x22 + x32 = 2a~  

 x13 + x23 + x33 = 3a~  , x11 + x12+ x13 = 1b
~

 

 x21 + x22 + x23 = 2b
~

 , x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13 (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23  

(R (12,20,1,7))x31  (R (5,10,0,5))x32   

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R 0xij  

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:   

 11c~R = 7.5,  12c~R =4,  13c~R =7.5,  21c~R =13.5,  

 22c~R =6.5,  23c~R =13.75,  31c~R =17.25,  32c~R =8.75, 

 33c~R =6.75and  1a~R = 4.5,  2a~R =6. 5,  3a~R  = 6.75,  

 1b
~

R =6.5,  2b
~

R =6.75,  3b
~

R =4.5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(7.5)x11  (4)x12  (7.5)x13  (13.5)x21  (6.5)x22  

 (13.75)x23   (17.25)x31  (8.75)x32  (6.75)x33 

subject to :   

x11 + x21 + x31 = 4.5 ,   x12 + x22 + x32 = 6. 5 

x13 + x23 + x33 = 6.75 , x11 + x12+ x13 = 6.5 

x21 + x22 + x23 = 6.75,  x31 + x32 + x33 = 4.5 

0xij ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 4.25,  x13  = 2.25,  x21=0.25,  x22  =  6.50, x33 = 4.50 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (85.5, 147.25, 37.25, 108). 

 

5.2. Optimal solution using the method based on fuzzy 

linear programming formulation with inequality condition 

The optimal solution of fuzzy transportation problem with in 

equality condition may be obtained by using the following 

steps of the proposed method: 

Case (i)  x -1 0,max)x(R)x(L 
 

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:    

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12  

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1)) x21   

((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23  

((12,20,1,7) L(3,1)-R(3,1))x31  ((5,10,0,5) L(3,2)-R(3,2))x32   
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((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ , x12 + x22 + x32 = 2a~  

x13 + x23 + x33 = 3a~ , x11 + x12+ x13 = 1b
~

 

x21 + x22 + x23 = 2b
~

, x31 + x32 + x33 = 3b
~

 

0xij  

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13  (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23   

(R (12,20,1,7))x31  (R (5,10,0,5))x32   

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

x13 + x23 + x33 =  3a~R ,x11 + x12+ x13 =  1b
~

R  

x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij  

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are: are 

 11c~R = 8.25,  12c~R =4.25  13c~R =8.25,  21c~R =13.75, 

 22c~R =7,  23c~R =14.25,  31c~R =17.5,  32c~R =8.75,  33c~R

=7and  1a~R  = 4.5,  2a~R =7.25,  3a~R = 7,  1b
~

R =7, 

 2b
~

R =6.25,  3b
~

R =5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(8.25)x11  (4.25)x12  (8.25)x13  (13.75)x21  (7)x22 

(14.25)x23  (17.5)x31  (8.75)x32  (7)x33 

subject to :   

x11 + x21 + x31 = 4.5 ,    x12 + x22 + x32 = 7.25 

x13 + x23 + x33 = 7,       x11 + x12+ x13 = 7 

x21 + x22 + x23 = 6.25,  x31 + x32 + x33 = 5 

0xij ,  for all i=1, 2,3  and  j=1,2,3.
 
 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 4,  x12  = 1, x13  = 2, x22  =  6.25,  x33 = 5 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (90.75, 163.25, 39.75, 117). 

Case (ii) xe)x(R)x(L   

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:   

 ((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1)) x21   

((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23    

((12,20,1,7) L(3,1)-R(3,1))x31  ((5,10,0,5) L(3,2)-R(3,2))x32   

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ , x12 + x22 + x32 = 2a~  

x13 + x23 + x33 = 3a~ , x11 + x12+ x13 = 1b
~

 

x21 + x22 + x23 = 2b
~

, x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:   

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13  (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23    

(R (12,20,1,7))x31  (R (5,10,0,5))x32   

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

 x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

 x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R 0xij   

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:   

 11c~R = 10,  12c~R =5,  13c~R = 10,  21c~R =17,  22c~R =7.5, 

 23c~R =17. 5,  31c~R =19,  32c~R =10,  33c~R =7.5and  

 1a~R = 5,  2a~R =7,  3a~R = 7.5,  1b
~

R =7.5,  2b
~

R  =7, 

 3b
~

R =5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(10)x11 (5)x12  (10)x13  (17)x21  (7.5)x22   

(17. 5)x23 (19)x31  (10)x32  (7.5)x33 

subject to :   

x11 + x21 + x31 = 5,     x12 + x22 + x32 = 7 

x13 + x23 + x33 = 7.5,  x11 + x12+ x13 = 7.5 

x21 + x22 + x23 = 7,     x31 + x32 + x33 = 5 

0xij  ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 5,  x13  = 2.50, x22  =  7.0, x33 = 5 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (92.5, 161, 39.5, 118).

 

Case (iii)   xe)x(Randx -1 0,max)x(L   

Step1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:    

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12  

((5,8,3,10) L(1,3)-R(1,3))x13 ((9,12,1,14) L(2,1)-R(2,1)) x21   

((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23    

((12,20,1,7) L(3,1)-R(3,1))x31  ((5,10,0,5) L(3,2)-R(3,2))x32   

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ , x12 + x22 + x32 = 2a~  

 x13 + x23 + x33 = 3a~ , x11 + x12+ x13 = 1b
~

 

 x21 + x22 + x23 = 2b
~

, x31 + x32 + x33 = 3b
~

 

0xij  
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Step 2: Using Step2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13  (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23     

(R (12,20,1,7))x31  (R (5,10,0,5))x32   

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij   

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:  

 11c~R = 10.75,  12c~R =5.25,  13c~R =10.75,  21c~R =17.25, 

 22c~R =8,  23c~R =18,  31c~R =19.25,  32c~R =10,  

 33c~R =7.75and  1a~R = 6,  2a~R =7.75,  3a~R  = 7.75,  

 1b
~

R =8,  2b
~

R =8,  3b
~

R =5.5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step 2 may be written as: 

Minimize:    

(10.75)x11  (5.25)x12  (10.75)x13  (17.25)x21  (8)x22 

 (18)x23   (19.25)x31  (10)x32  (7.75)x33 

subject to :   

x11 + x21 + x31 = 6, x12 + x22 + x32 = 7.75 

x13 + x23 + x33 = 7.75, x11 + x12+ x13 = 8 

x21 + x22 + x23 = 8, x31 + x32 + x33 = 5.5 

0xij ,  for all i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 5.75,   x13  = 2.25,  x21=0.25,  x22  = 7.75, x33 = 5.50 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (102.75, 178.75, 45.25, 131) 

Case (iv)  x -1 0,max)x(Rande)x(L x  
 

Step 1: The fuzzy linear programming formulation of the 

fuzzy transportation problem given in Table III 

Minimize:    

((4,9,3,10)L(1,1)-R(1,1))x11 ((2,5,1,4)L(1,2)-R(1,2))x12  

((5,8,3,10) L(1,3)-R(1,3))x13  ((9,12,1,14) L(2,1)-R(2,1)) x21   

((5,8,2,4) L(2,2)-R(2,2))x22  ((9,13,2,15) L(2,3)-R(1,2))x23   

((12,20,1,7) L(3,1)-R(3,1))x31 ((5,10,0,5) L(3,2)-R(3,2))x32  

((5,8,1,3) L(3,3)-R(3,3))x33 

subject to :   

x11 + x21 + x31 = 1a~ ,  x12 + x22 + x32 = 2a~  

x13 + x23 + x33 = 3a~ ,  x11 + x12+ x13 = 1b
~

 

x21 + x22 + x23 = 2b
~

,  x31 + x32 + x33 = 3b
~

 

0xij   

Step 2: Using Step 2 of the proposed method, the formulated 

fuzzy linear programming problem is converted into the 

following crisp linear programming problem: 

Minimize:    

(R(4,9,3,10))x11  (R (2,5,1,4))x12   

(R (5,8,3,10))x13  (R (9,12,1,14))x21   

(R (5,8,2,4))x22  (R (9,13,2,15))x23    

(R (12,20,1,7))x31  (R (5,10,0,5))x32   

(R (5,8,1,3))x33 

subject to :   

x11 + x21 + x31 =  1a~R , x12 + x22 + x32 =  2a~R  

 x13 + x23 + x33 =  3a~R , x11 + x12+ x13 =  1b
~

R  

 x21 + x22 + x23 =  2b
~

R , x31 + x32 + x33 =  3b
~

R  

0xij 
 

Step 3: Using Definition 2 and Section 2.2, the values of 

 ijc~R  ,  ia~R  and  jb
~

R , j,i  are:  

 11c~R = 7.5,  12c~R =4,  13c~R =7.5,  21c~R =13.5,  

 22c~R =6.5,  23c~R =13.75,  31c~R =17.25,  32c~R =8.75, 

 33c~R =6.75and  1a~R = 4.5,  2a~R =6.5,  3a~R =6.75,  

 1b
~

R =6.5,  2b
~

R =6.75,  3b
~

R =4.5 

Using the values of  ijc~R  ,  ia~R  and  jb
~

R , the crisp linear 

programming problem obtained in step2 may be written as: 

Minimize:    

(7.5)x11  (4)x12  (7.5)x13  (13.5)x21  (6.5)x22  

 (13.75)x23 (17.25)x31  (8.75)x32  (6.75)x33 

subject to :   

x11 + x21 + x31 = 4.5 , x12 + x22 + x32 = 6. 5 

x13 + x23 + x33 = 6.75 , x11 + x12+ x13 = 6.5  

x21 + x22 + x23 = 6.75,  x31 + x32 + x33 = 4.5 0xij ,  for all 

i=1,2,3  and  j=1,2,3. 

Step 4: Solving the crisp linear programming problem, 

obtained in step3, the optimal solution is 

x11  = 4.25,  x13  = 2.25,  x21=0.25,  x22  =  6.50, x33 = 4.50 

Step 5: The minimum fuzzy transportation cost by 

substituting the optimal solution obtained in step4 in the 

objective function of step1 is (85.5, 147.25, 37.25, 108). 

6. CONCLUSION 
In this paper two new fuzzy transportation linear 

programming models are developed: one with equality 

constraints and other with inequality constraints using L-R 

fuzzy numbers. The membership function of L-R fuzzy 

numbers of fuzzy cost are consider to be linear and 

exponential. A procedure have been developed to derive the 

fuzzy objective value of the fuzzy transportation problem, in 

that the cost coefficients and the supply and demand are L-R 

fuzzy numbers. The two models are illustrated with an 

example and we observed that the optimal fuzzy 

transportation cost for the two models slightly varies when 

linear membership functions are equal and the optimal fuzzy 

transportation cost is same in case of different membership 

functions i.e., either linear or exponential membership 

functions defined on L-R fuzzy numbers. Most of the fuzzy 

transportation problems reviewed in literature have the 

negative optimal fuzzy transportation cost but in our proposed 

method we obtain positive optimal fuzzy transportation cost in 

all most all cases. 
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Table I. Reference functions and their inverses 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table II: Fuzzy transportation model with fuzzy cost 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Function Name Reference Function (RF) Inverse of Reference function   

 1,0  

Linear     x -1 0,maxxRFp      


1xRF
1

p  

Exponential    1p,exRF p x

p
       p/InxRF

1

p




 

Power     1p,x1,0maxxRF p

p
    p1

p
1xRF 



 

Exponential power   1p,exRF
px

p
     p1

p
InxRF 



 

Rational     1p,x11xRF p
p      p1

p 1xRF 


 

Source/ 
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1 1
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2 1
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TABLE III: Fuzzy transportation problem with fuzzy cost 

 

 

 

 

 

 

 

 

 

 

Table IV: Comparison of Optimal fuzzy transportation cost 
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