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ABSTRACT

The aim of this paper is to introduce the concept of fuzzy o-
generalized closed set and study its properties. Secondly the
concept of infra L-fuzzy topological space is introduced.
Making use of fuzzy o-closed sets and fuzzy o-generalized
closed sets the concept of fuzzy o-generalized continuous
mapping is introduced. Lastly the concept of fuzzy o-
generalized closed irresolute map in L-fuzzy topological

spaces are given.
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1. INTRODUCTION

The concept of generalized closed set was first introduced by
Levine [6] in ordinary topological space. Later on
Balasubramaian and Sundaram [1] introduced the concept of
generalized fuzzy closed set in fuzzy topological space. In this
paper the generalization of L-fuzzy topological spaceis
studied. In section 2 some definitions as ready references are
given. Section 3 is devoted to study fuzzy o-generalized
closed sets and their properties. In this section a new space
called infra L-fuzzy topological space also defined. In section
4 fuzzy o-generalized continuous mapping is defined and
studied its properties. Lastly the concept of fuzzy o-
generalized closed irresolute map in L-fuzzy topological
spaces are given in section 5

Throughout this work X and Y will be non empty ordinary sets
and L = L(<,v, A)") will denote a fuzzy lattice i.e. a complete
completely distributive lattice with a smallest element 0 and a
largest element 1 (0 # 1) and with an order-reversing
involution a—a’ (ael). L is therefore a continuous lattice.
Also L* will denote the lattice of L-fuzzy subsets of X.

2. PRELIMINARIES

2.1. Definition Let X be a non empty ordinary set, L be a
fuzzy lattice, 5cL*. &is called an L-fuzzy topology on X, and
(L*,9) is called an L-fuzzy topological space if & satisfies the

following conditions
i) 01€8
ii)for any ABesArBes
iii)vAcdéVvAES

Particularly, when L=[0,1], call an L-fuzzy topological space
(L*,6) a fuzzy topological space and denote itby (X, ¢).
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2.2 Definition [5] An element p of L is called prime iff
p # 1 and whenever a,b eL with afb<pthena<por b<p.

The set of all prime elements which are not 1 of L will be
denoted by pr (L).

2.3 Definition [6] Let L be a fuzzy lattice. ae L is
called a union-irreducible (or a molecule or coprime) element
of L, if for arbitrary a, be L, we have e<a vb = a<aora
<'b. The set of all nonzero union-irreducible elements of L is
denoted by M(L). The set of all molecules for a fuzzy lattice
L is denoted by M*(L¥). Clearly pe pr (L) iff p' € M(L).

2.4 Definition [8] Let (L*,6) be an L-fuzzy topological
space and aeM(L) and Ae L*, Ais called an a-closed set , if
for any xeX, CIA(X)> a=AKX)> «

The set of all e-closed set in (L*,8) is denoted by C, (6).
Clearly, VaeM(L), 5 cC, (d).

2.5 Theorem Let (¥, 5)be an L-fts, @ € M(L), A € L*.
Then A is a-closed iff 4'is a'-open.

2.6 Definition [1] A fuzzy set A in an fts X is called
generalized fuzzy closed (in short, gf-closed) if cl(A)=U
whenever A=U and U is fuzzy open.

2.7 Definition [1] A function f : X=¥ is called

generalized fuzzy continuous (in short gf-continuous)if the
inverse image of every fuzzy closed set in Y is gf-closed in X.

2.8 Definition [1] A function f : X—= ¥ is called fuzzy

gc-irresolute if the inverse image of every gf-closed set in Y
is gf-closed in X.

2.9 Definition [3] Let (1*.&)be an Lt
g EM(L)L, AL A is called fuzzy generalized a-closed

set,if cl {4} = u whenever 4 = u and p is fuzzya'-open set.

3. FUZZY &-GENERALIZED CLOSED

SETS IN L-FUZZY TOPOLOGICAL
SPACES

In this section, fuzzy g-closed set, fuzzy g-generalized closed
set is defined and studied its properties.

3.1 Definition
Let (L*,&) be an L-fuzzy topological space and & £ M(L) and

Ae X A is called a fuzzy s#-closed set , if for any xeX,
Cl (Int (CIA(X)))z ¢ =AX)> &
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The set of all fuzzy & -closed set in (L*,6) is denoted by
Ca(8).

3.2 Remark
Fuzzy closed set and fuzzy s-closed set are independent
concept as seen in the following example.

3.3 Example

Let X = {x;.%5. x5} Define fi.f5 fz : X—{0,1] as follows
f1= 0x fz = 1x fo= {(24, 0.5),( 2, 0.7), (x5, 0.6]}

Clearly & = { fi.fz. f2} isan L-fts on X.

{(x4.0.57.0 25, 0.3).(x5. 0,471 is fuzzy closed but this is not a
fuzzy o -closed set for ¢ = 0.3.

3.4 Definition

Let (L*,d) be an L-fuzzy topological space and & € M(L) and
Ae L*X, 4" is called a fuzzy #'-open set iff A is called an
fuzzy z-closed set.

3.5 Definition

If 4 is an L-fuzzy set in a L-fts L and & € M(L) then
cl(A) =n{u: w= 4} wis “fuzzy g-closed set”, is called o-
closure of 4.

An L-fuzzy set 1 in a L-fts (L*,8) is a fuzzy o-closed iff 1=
el ().

3.6 Definition
Let (L*,5) be an L-fts, and # € M(L) , and A L. 1is called
an fuzzy &-generalized closed set(in short Fg-gclosed set), if

el (A) = p whenever A = p and u is fuzzys'-open set.

3.7 Definition
If 4; and 4; are Fa-gclosed sets then 4, v A is a Fs-gclosed
set.

Proof: Let A, v A, = u where p is fuzzy ¢'-open set.
Since 4, and 4, are Fg-gclosed sets therefore el (4, < u
whenever 4; = u and el (4;) < u wheneverd, = p.

clo(dy v A0 = el 40w el (d;) whenever 43w d; =
and u is fuzzy &'-open set.

However the intersection of two Fz-gclosed sets is not Fa-
gclosed set as the following example shows.

3.8 Example

The intersection of two Fa-gclosed sets is not Fe-gclosed set.

Let X = {x;,x5,2,}. Define fi.fo fafafz + X—[01] as

follows

f1=0x, f2 = 1x f7= {(#4,0.5),( x3,0.5),(x3.0.5]},

Foo (e 0,400 25, 0.3), (%5, 0,270,

F5= (g, 0,700 20, 0,80 (260, 0,87}

Clearly & = {fufafafsfs} is an L-fts on X

Defined,, 4, : X—[0,1] as follows:

Ay = {x4,0.90. (x5, 0.4), (x5, 0.3)] and

Az = {(a, 0,57, 005, 0.4, (x4, 0,971

Here 4; and A; are Fg-gclosed sets but A, 4 4, =

{(x4. 0,570, 0x, 0.4), (x5, 0.3)] is not Fg-gclosed set where
1
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3.9 Theorem
If dis Fg-gclosed set and 4 = = ¢l (A1) , then u is Fg-
gclosed set .

Proof: Let § be a fuzzy ¢'-open set such that & = u.
Sincep =4, f= 4, and dis Fg-gclosed set , £ = ¢l () .
But cl () = clz(u). sincecl(d) = wandso § = cliu).

Hence u is Fa-gclosed set.

3.10 Definition

A fuzzy set A is called fuzzy «'-generalized open (in short
Fr'-gopen) iff 1- 4 is Fe-gclosed.

We now prove some properties of fuzzy &'-generalized open
sets.

3.11 Remarks

(1) The union of two Fz'-gopen sets is not generally Fg'-
gopen.

Example 3.8 serves the purpose.

(2) The intersection of any two Fz'-gopen sets is Fa'-gopen.
Proof: Let 4, and 4, are F#'-gopen sets in L* then A, and
A" are Fo-gclosed set in LX. By theorem 3.7 A, v 4, is Fo-
gelosed. A, v, = (A, Ad;)" is Fa-gclosed set. Therefore
(A, M A7 is Fa'-gopen set.

3.12 Definition

If 1is an L-fuzzy set in a L-fts L* and &' € P(L) then
int () =uin: A =p} pis fuzzy "-open set, is called
fuzzy &'-interior of A.

An L-fuzzy set 1 in a L-fis (L*,d) is a fuzzy o'"-open iff
A = int ().

3.13 Theorem

An L- fuzzy set 4 is Fg'-gopen <= u = int (4} whenever yu is
Fez-closed set and pr = 4.

Proof: Letibea fuzzy &'-gopen set and u be a Fz-closed
set such that p = A.Therefore 1-4= 1-u and 1-4 is Fa-
gclosed set. el {1 —A4) = 1-pie l-el {1 —-A) =1-(1-u) =
u.

But 1-cl.{1 — 1) = int(1). Thereforeun < int,.(1).
Conversely suppose that A is an L-fuzzy set such that
= intgy(A) whenever p is Fog-closed set and w = 4. We
claim that 1- 4 is Fg-gclosed set. So 1- 4= u where u is
fuzzy #'-open. 1- A= p=1-p = A

Hence by assumption we must have 1-u = int (4] .i.e.
l-int () =u But l-imtp (1) =cl{1-4 = p .This
shows that 1 — A is Fa-gclosed set. Therefore 4 is F&'-gopen.

3.14 Theorem
If ine (1) = p=Adand 1is fuzzy '-generalized open, then
wis fuzzy «'-generalized open.

Proof: Givenint ()= u=i We hae 1-1x1-
pZl—int ) =cl(1-4. As 1 is fuzzy o'-
generalized open, 1- 4 is Fg-gclosed and so it follows by
theorem 3.9 that is 1- u is fuzzy #-generalized closed, i.e. i is
fuzzy &'-generalized open.
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3.15 Definition

Let X be a non empty ordinary set, L be a fuzzy lattice, 5cL.*.
&is called an L-fuzzy infra topology on X, and (L*,5) is called
an L-fuzzy infra topological space if ¢ satisfies the following
conditions

N0.les
ii) for any A,Bed, AABes

3.16 Theorem
Let FG0 ;(5) = {The set of all Fz'-gopen in (L*,8) }. Then
(X FGO #(d7)) forms an infra L-fuzzy topological space.

Proof: It is obvious from remarks 3.11.
3.17 Definition

A function f:L¥ — ¥ is called fuzzys-continuous if the
inverse image of every fuzzy closed set in LY is fuzzys-closed
setin ¥,

Example. Let f:1* — L¥ where X = {x,, %, x;}and Y
= IV V2. 151 We define A: X—[0,1] as follows A(x,) =
A(xz) =1, A(x;) = 0. Clearly T = {1y, 0,4} forms an L-fts
on X. Let Y = {¥, ¥5.¥}, B: Y —[0,1] defined as follows
B(wy) = B(wy) = 1, B(yg) = 0.8 = {1,.0,. 5} forms an L-fts
onY. Let f is defined as f(x,) = vy, flx7) = o, flxz) = ¥a.

Here f is fuzzyg-continuous.

3.18 Remarks

L-fuzzy continuous«+ fuzzys-continuous

Example. (i) f:1¥ — ¥ X = {x,. x;, %3}. We define A:
X—[0,1] as follows A(x;) = 0.5, A(x;) = 0.7, A(x;) = 0.6.
Clearly 1 ={1; 044} forms an L-fts on X. Let Y =
. vz, v}, Br Y—[0,1] defined as follows B(y;) = 0.7,
B(y;) =0.5,B(y;) =0.6.5 = {1,.0,, B} formsan L-ftson Y.
Here f is defined as fixy) = v, fxs) = o flag) =¥
.Here f L-fuzzy continuous but f is not fuzzys-continuous.
Since the inverse image of fuzzy closed set {(v,, 0.3),( ¥;.
0.5),( vz, 0.4)}in LY is not fuzzyz-closed set in L*.

(i) fir* — LY X = {x, %, x,}, Define A: X—[0,1] as
follows A(xy) = 1, A(xy) = 0, A(xg) = 0. Clearly
T =11, 044} forms an L-ftson X. Let Y = {¥.¥2.3:}, B:
Y—[0,1] defined as follows B(v,) = 1, B(y;) = 1, B(wy) =0.
& = {1,204, B} forms an L-fts on Y. Let f is defined as
Flay) = v flag) = v flxg) =v,. Here f is fuzzys-
continuous but not L-fuzzy continuous . Since the inverse
image of fuzzy closed set{(v;, 0),( ¥z. 0),( ¥, 1)}in L¥ is not
fuzzy closed set in L¥but it is fuzzyes-closed in L¥.

3.19 Definition
A map f:I¥ — I¥ is called fuzzy s-closed (in short Fa-
closed) set if the image of every fuzzy o-closed set in L¥ is
fuzzy o-closed in L¥.

3.20 Theorem
If 4 is Fa-gclosed set in L* and if fil¥ — L¥ is fuzzyo-
continuous and Fe-closed, then £{A) is Fa-gclosed setin L.
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Proof: If fgA) =u where u is fuzzy open in LY, then
A = f~(w). Since 4 is Fo-gclosed and f~*(w) is fuzzy &'
open, cl ()= A =fMw. ie  f(h 2w

Now by assumption, f [.-Tj is Fe-closed
FOO 2 (D) = f(A) £ u. We know that F(A) = el (f(A)).
Thusel,{f(A)) = w. This means f(4) is Fo-gclosed set in LY.

3.21 Example

Under Fg-closed, fuzzys-continuous maps fuzzys'-
generalized open sets are generally not taken into fuzzy &'-
generalized open sets.

Let X = {a}, Y= {a.b.c} , Ty = {0x 14}, T2 = {041y By,
B, :¥ —=[0,1] issuch that By(a)=5,(c) =1, B, (k) =0,
Clearly 1, and Tjare L-fuzzy topologies on X and Y
respectively.

Define f:1¥ — L¥ as followsf(a) = b.

One can verify f is fg-continuous and Fz-closed.Now we
shall show that f does not take fuzzy '-generalized open
sets to fuzzy '-generalized open. Clearly 1y is fuzzy &'
generalized open in L* but f(1,) = {(a.0)(b.1), (c. 0]} is
not fuzzy «'-generalized open in L.

4. FUZZY = -GENERALIZED
CONTINUOUS MAPPING AND ITS
PROPERTIES

4.1 Definition

A map f:1¥ — L¥ is called fuzzy a-generalized continuous
(in short F «-gcontinuous) if the inverse image of every fuzzy
closed set in L¥is Fa-gclosed in L*.

Some properties of fuzzy g-generalized continuous function
has given.

4.2 Theorem
If f:L* — ¥ is fuzzy o-continuous then it is fuzzy o-
generalized continuous but the converse is not true.

4.3 Example

Let X = {xp 2323} Y= {VpVodad o Ti={0p 14}
Ty = {0p1ly By}, By :¥ = [0,1] is such that B(yy) = 1,
B(¥;) =1, B(y3) = 0. Clearly 1, and t,are L-fuzzy topologies
on X and Y respectively. Define f:1¥ — L¥ as follows
Flag) = v fla) = va. flxg) = v Here f is fuzzy o-
generalized continuous but not fuzzy g-continuous.

4.4 Theorem

Let f: L* — L¥ be a function,
The following statements are equivalent
(i) f is fuzzy g-generalized continuous

(ii) The inverse image of each fuzzy open set in L¥ is Fz'-
gopen in L*.

Balasubramanian and Sundaram [1] defined the
generalized fuzzy closure operator cl* to obtain some
properties of gf-continuity. So, in similarway, we define the
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fuzzys-generalized closure operator cl* for any L-fuzzy set A
in (Z*, ) as follows:

cl*(d) = A {u: w = Aand 4 is Fg-gclosed}.
4.5 Theorem

Let f:L¥ — L¥ be a fuzzy s-generalized continuous, then
F(cI*(D)=cl(f (A)) where A is any fuzzy set in L¥.

Proof: Let 4 be any fuzzy set in L¥. Then
A= A = FNel(FOD)). Now cl(FeAy) is a fuzzy
closed in LY. As f is fuzzy o-generalized continuous,
£ Ay is fuzzy a-generalized inL¥.
c*(Ay = FYel(FrA)) Hence F(cl*(A)=cl(FA)).

5. FUZZY =-gc-IRRESOLUTE
FUNCTIONS AND THEIR PROPERTIES

5.1 Definition

A function f:I¥ — LY is called fuzzy a-gc irresolute if the
inverse image of every Fa-gclosed set in L¥is Fe-gclosed in
L,

Following are the properties of fuzzy #-gc irresolute maps.

5.2 Theorem
If f: L¥ — LY is fuzzy s-gc irresolute if the inverse image of
every Fa'-gopen set in L¥is F#'-gopen in L*.

5.3 Remarks

Fuzzy &-gc irresolute== fuzzy =-generalized continuous

5.4 Example

(1) Let X = fxep 35}, Y= e vadad 7o = {05 154],
Ty = {0n1,1, A :X —[0.1]is such that A(x;) =0, A(x;) =
1, A(x5) = 0. Clearly 1, and tjare L-fuzzy topologies on
X and Y respectively. Definef:I*¥ — ¥ as follows
Frs) = y2. ) = yo fx2) = . Here f is fuzzy
g-generalized continuous but not fuzzy g-gc irresolute. Since
{0y, 10, (2. 00, (vs. 1)1 is Fe-gelosed set in LY but its inverse
image is not Fz-gclosed set in L*.

(i) Let X = {x3, x5, %3}, Y= {¥p. ¥2.¥2}, » Ty ={0p 15 4],
Ty = {01, B}, 4,B :¥ —=[0.1] is such that A(x,) = 0.7,
A(x;) = 0.5, A(x3) = 0.6; B(xy) = 0.5, B(x;) = 0.7, B(x3) =
0.6. Clearly 1; and tjare L-fuzzy topologies on X and Y
respectively.  Define fil¥ — ¥ as  follows
flaed = v flag) = v flag) = vg. Here f is fuzzy o-gc
irresolute but not fuzzy =-generalized continuous.

5.5 Theorem

Letf: (L%, 1) — (L%, &) and g:(L".&) — (L%.7) be any two
functions. Then

(i) g = f is fuzzy o-generalized continuous, if g is fuzzy &-
generalized continuous and f is fuzzy #-gc irresolute.

(i) g = f is fuzzy o-gc irresolute, if g is fuzzy #-gc irresolute
and f is fuzzy #-gc irresolute.

International Journal of Computer Applications (0975 — 8887)
Volume 70— No.4, May 2013

Proof: (i) Let F be a fuzzy closed in (LZ,77). Then g~*(F)
is fuzzy g-generalized closed in (L¥,&). Since g is fuzzy o-
generalized continuous.f ~*(g™*(F) |} = (g = f)(F) is fuzzy
g-generalized closed in{L¥,7).Since f is fuzzy o-gc
irresolute. Hence g = f is fuzzy #-generalized continuous.

(i) Let F be a fuzzy s-generalized closed in (L%,%). Then
g~ *(F) is fuzzy o-generalized closed in (L¥,&). Since g
fuzzy o-gc irresolute. f~*{g ™ (F)) = (g = f)*(F) is fuzzy
g-generalized closed in{L¥,t).Since fis fuzzy s-gc irresolute.
Hence g = f is fuzzy g-gc irresolute.

5.6 Remarks
The composition of two fuzzy #-generalized continuous need
not be fuzzy s-generalized continuous function.

6. CONCLUSION

The concept of infra L-fuzzy topological space is introduced
with the help of the properties of Fo'-gopen sets. There is a
scope to study the properties of infra L-fuzzy topological
space and its application. There is a future scope to study
Compactness, connectedness and separation axioms in infra
L-fuzzy topological space.
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