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ABSTRACT

This paper deals with an (n + 1)-unit warm standby sys-
tem based on imperfect repair facility and two types of fail-
ures. These types of failure are hardware and human error
failures. Various measures of the system reliability are ob-
tained using the regenerative point technique. Finally a numer-
ical example is presented to illustrate the theoretical results.
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1. INTRODUCTION

The theory of reliability is one of the most important branches
of operations research and system engineering. Any system is
analyzed in order to be complete, must give due consideration to
system reliability. With remarkable advances made in electronics
engineering, military and communication systems have become
more sophisticated and when such systems fail, very serious sit-
uations aries. Thus in the present day context, high system re-
liability has become very important from the viewpoint of both
makers and users.

A system designer is faced often with problems of determining
the various system measures like reliability, availability - - - etc.
He also has to suggest ways that improve the efficiency of a given
system. Due to the nature of the subject, the methods of proba-
bility theory and mathematical statistics are necessary to study
and solve the problems that arise in reliability theory.

Many papers [1,9H121|14,|18] studied the reliability of the two-
unit standby system from various points of view. In all these pa-
pers, the authors did not take into their account the human error
failures in spite of 20 — 30% of failures are due to human error
(see Mister [17])).

In addition, many papers [248]], [13[], [[15}|16] dealt with the re-
liability of some standby systems are subject to the human error
failures.

As we know, there is no papers in the literature deal with (n+1)-
unit standby system in which n units are initially in operation and
the other unit is kept as a standby unit. Thus the aim of this paper
is to bridge a gab of analyzing (n + 1)-unit warm standby sys-
tem based on imperfect repair facility and two types of failures.
Various measures of the system reliability such as mean time to
system failure, steady-state availability, steady-state busy period
and cost benefit analysis, are derived based on regenerative point
technique.

Finally, numerical example is given to illustrate the theoretical
results.

2. ASSUMPTIONS

The following assumptions are associated with the proposed
model.

1- The system consists of n + 1 identical units.
2- Initially n units begin operation and the other unit is kept as
warm standby.
3- The switch is perfect and instantaneous. (i.e. it is not fail and
the time spend to put the standby in operating is negligible).
4- The operative units suffer two types of failures namely, hard-
ware and human error failures, while standby unit suffers only
one type of failure.

5- There is one repair facility one serverman which it is avail-
able with probability P.

6- After repair the unit is as good as new.

7- All random variables are independent and exponentially dis-
tributed

8- The system fails when there are (n — 1) operating only.

3. NOTATIONS

A, © = 1,2 : failure rates of hardware and human error respec-
tively

v;, © = 1,2 : repair rates of repair for hardware and human error
failures respectively

~ : failure rate of the standby unit

7 : repair rate of the standby unit

1 —exp(A;t), i = 1,2 : CDF of hardware and human error fail-
ures respectively



1 — exp(—v;t),i = 1,2 : CDF of repair due to hardware and
human error respectively

1 — exp(—~t) : CDF of standby failure time

1 — exp(—nt) : CDF of repair time of the standby unit

1 — exp(—¢&t) : CDF of waiting time for repair facility to be ac-
tive

Ey : state of the system at ¢ = 0

E : set of regenerative states

E : set of non-regenerative states

P : probability that facility the repair is available

g;,; (t) : PDF of time for the system transition from regenerative
state S; to S

Q;;(t) : CDF of time for the system transition from regenerative
state S; to S

qz(;C ) (t) : PDF of time for the system transition from regenerative
state S; to S; via state Sy,

quk D) (t) : PDF of time for the system transition from regenera-
tive state S; to .S; via two non-regenerative state Sy, and Sy

wi | P (System sojourns in states .S; of the set E for at least
time t) dt

M;(t) : P (System is up initially in state .S; of the set E is up at
time 7" without passing through any other regenerative state or
returning to itself through on or more states of E)

AV, (t) : P (system is up to time ¢t|Eq = S; of E)

B}(t) : P (the serverman is busy with repair due to hardware
failure)

B2(t) : P (the serverman is busy with repair due to haman error
failure)

B3(t) : P (the serverman is busy with standby repair)

IL;(t) : CDF of time to system failure starting from state .S;

u : dummy variable in Laplase transform (LT")

* : symbol for LT

(© : symbol for convolution

St : unit is in standby case

r;, (1 = 1,2) : unit is under repair due to hardware failure and
human error failure respectivey

R : repair continued from earlier state

Sr : the standby unit is under repair

SR : the repair of standby unit continued from earlier state

W : the unit is waiting for repair

SWr : the standby unit is waiting for repair

r fg : the repair facility is available

r fb : the repair facility is not available

W R : the unit is waiting for repair from earlier state

SW R : the standby unit is waiting for repair from earlier state
O,, : m units are operating.

The proposed system can be in one of the following states:

SO = (OnaSt)’ Sl = (On7r17rfg)s S2 = (OT’L:TQ»ng)’
SB = (O7L,ST', rfg)’ S4 = (007WT17be)’

Ss = (On, Wra,rfb), Se = (On, SWr,rfb),
S7 = (On—laRlywrl)’ Ss = (On—laRthQ)’
Sy = On-1,Ry,wr1), S0 = On-1, Ry, wry),
S = (On71,WR1,1U7’1)’ S = (07L717WR17’W7"2)7
Si3 = (On71,WRz7UI7“1), S = (On717WR27w7’2),
Sis = (On—lysRawrl)’ Si6 = (Oml,SR,’LWQ),

Sl? = (On717 SWR7 wrl)’ 318 = (OnflaSWRv 11)7"2)-

REMARK 1. 1. The states Sy — Sg are regenerative states.

2. The states S; — S1g are non-regenerative states.

4. THE TRANSITION PROBABILITIES

It can be observed that the points of entry into any of the states
S, of the set E are regenerative points. Let To(= 0), 11, T3, - - -
denote the epochs at which the system enters any state S; of F/
and let X,, denote the state visited at epoch 7;,+ (i.e. just after
transition at 7},). It is easy to see that {X,,, 7, } is a Markov
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renewal process with state space E and

Qij(t) = P Xpy1=3,Tny1 — T, < t| X, =1,

is the semi Markov kernel over E.
The matrix of transition probabilities s given by

with nonzero elements. It is easy to obtain
P npA1
01= v T N . -
nA +nAe +
Similarly
_ npia _ Y — ngAy
Poz = nAi+nia+7y’ Pog = nAi+niz+7y’ Poa = nAi+nia+7y’
P = ngAo P = 9y Py, = nAg
05 7 nXitndaty? T 06 7 aXidndatyr 17T T nXidnda o
Pis = nAg P = Y1
1:;) n>\1+n§\2+’u ’ 1(2) nA1+n§\z+~/1 )
[ (oS W— [ [ 7a v ME—
P = oyt = D Pl = g = Diss
Py = 2 Poo = nAy
20 nAi+niz+y2’ 29 nAi+niz+y2’
P — nig P(Q) — niy — P
2107 nXitnda 2 21 7 nArtndatoz 29
po) _ niy - p P. _ nA1
22 = nA1+/<M2+'Yz — 12100 23,15 7 hXi+nxa+n?
— nA2 —
P3a16 T onAp+niz+n? P3’0 T nArtniz+n?
ps) nAy - P pLe nAa — P
31 T nAit+nigt+n T 315 32 T nAi4nig+n T 3169
Py= 71— Py = "1
41 = nxitnagter 4(,11117> nxitniz+e’
_ nia 5 _ nii _
P4<’11228>_ "M+n§"’+5’ P T mArtniztE P,
) — nA2 — — —
P = oxiare = Paey P2 = o557 = P,
P5 13 = Py, Ps 14 = Py 12,
(13,9) _ p(12,8) —
Poy ™ =P Pe3 = Py,
Ps17 = Pya1, Pg,18 = Py12,

(17,15) __ _
Psy = Ps17 = Py 11,

(18,16)
P62 :P6,18:P4,12~

5. THE MEAN SOJOURN TIMES

One can show that

1
e Wiy poret (1)
1
= - 2
M1 nA1+n>\2+M17 ()
1
=V 3
H2 nA1 + ndg + po’ ©)
1
M3 = n)\1+n>\2+777 (4)
=y == ©)
M4_M5_u6_nA1+n/\2+f'
6. THE MEAN TIME TO SYSTEM FAILURE

In this section, we derive the mean time to failure MTTF. Upon
using the probability theory we get

6

Mo(t) = e MM+ 808 L% " g0, ()OI (8),  (6)

1=1
0, (t) = e (mMtmretvdt 4 g (D) ©TTo (), @)
My (t) = e (MAafnmrztvall 4 g0 (H)©T(t), (8)



Ms(t) = e-(MMtndetmt 4 oo (D ©To (1), 9)
(1) = e M2 F0t L g (DO (¢),  (10)
M5 (t) = e (MMHm22t0l 4 oo ()OI (t), (11

T (t) = e~ (MMFnA2 4Ot 4o (H)©TT3(2). (12)

Taking Laplace transform of both sides of the system (6)-(12),
setting w = 0 and solving for ﬁZ(O) yields
L

T,(0) = MTTF = 72 (13)
1

Ll :17P01P107P02P207P03P307PO4P41P10
7PO5P52P20 7P06P63P307

Ly = po + aypuy + agpio + azps + Poapa + Posps + Pospts,

where

a1 = Po1 + PosPy1, ax = Poa + Pos P52, az =

7. SYSTEM AVAILABILITY

Using probabilistic arguments, gives

)+ > i) ©AVi(t), (14)

AVp(t) =
AV (t) =M (1 )+(Z10( YAVo(t) + a7 () AVA (1) (15)
+ai3 () AV (1),
AVa(t) =My (t) + gao () AV (1) + a5y (£) AVA (2) (16)
+asa” () AVa (),
AVa(t) =Ma(®) + aso(AVD(0) + 051" DAV
+ 4" () AVa(2),
AVA() =Ma(®) + e (DA + ai DAV
+ 4" () AV2(0),
AV () =Ms (1) + (D AVa(D) + 051> (D AVI(H) |
+a5""” (D AVa(1),
AVo(£) =Mo () + a03 (1) AV (1) + 45" () AVA (1)
(20)
+ a5 (D AV2(0),
where

My (t) = exp[—(nA1 + nAa +7)i]
t) = exp[—(nA1 + 1Az + 1)t

My (t) = exp[—(nA; + nXy + o)t
M;(t) = exp[—(nA1 + nAa + n)t]

M4( ) = eXp[ (’Il)\l —|—n)\2 +€)t] = M5( ) = M (t)

Taking Laplace transform of both sides of Egs. (14)-(20) and
solving for AV; (u), the steady-state availability of the system
AV, can be given by

o o . Ny
AVy = }Lrglo AVy(t) = ng% uAVy (u) = Do’

Poz + Poe Pss.
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where

No =po + p1Po1 + p2Poz + 13 Pos + paPos + pi5 Pos + 116 Pos
— poPr7 — poPoa Pir — p3Pos Prr — paPoa Prz — ps Pos Prr
— pePos Pr7 + p2Po1 Pig — #0P2,10 - mulpmpz,w
- #3P03P2,10 - H4P04P2,10 - H5P05P2,10 - ,LLGPOGPQ,lO
+ o P17 P 10 + p3Pos PirPajio + ppaPosPr7Po 10
+ 15 Pos P17 Pa 10 4 6 Pos P17 Pa,10 + 1 Po2 Pao
— poP1gPag — pi3 Po3 Prg Pag — pra Posa Prg Pag
+ w5 Pos Prg Pag + 116 Pos Prs Pag + 111 Po3 Ps, 15
+ o PosPs 16 — paPos P17 Ps,16 + 1 Pos Pao Ps,16
+ w1 Pos Pyy + po Pos Prg Py — p1 Pos Pe 10 Paa
- M1P04P4,11 + M2P04P18P4,11 - N1P04P2,10P4,11
+ poPos Py 12 — poPos ProPyio + (11 PoaPag Py 12
+ 1 Pos Ps 13 + paPos Pig Ps 13 — p1 Pos Pa,10Ps 13
+ 2 Pos Ps 14 — paPos P17 Ps 14 + 1 Pos Pag Ps 14
+ p2Pos Psa — o Pos Pr7 Psa + pu1 Pos Pag Psa
+ p1Pos Ps,17 + 2 Pos P1s Pe, 17 — 11 Po6 Pa,10 Ps, 17
+ p2Pos Ps,18 — 2 Pos Pr7FPs 18 + 11 Pos P29 P18
+ p3Pos P3¢ — i3 Pos PrrPss — 113 Po6 P2 10 P36
+ p3Pos P2, 10 P17 P3s — 13 Pos Pag Prs Pss
+ p11 Po6 Pao P3,15 P36 + 12 Pog P1g P3,15 Pag
- M1P06P2,10P3,15P36 + N2P06P3,16P36
- M2P06P17P3,16P36 + M1P06P29P3,16P367

and

Dy =— MO(—Plo — Pig Py + P10P2,10) - M1(—P01 + P01P2,10
— Poa Pag — Po3P3,15 + Po3 P2 103,15 — Po3 Pao P3,16
— Poa Py + PoaPo10Pa — PoaPaj1 + PoaPa10Pa 1
— Pos P> 29 Py 12 — Pos Ps 13 + Pos P2,10P5,13 — Pos Pag Ps 14
— Pos Pag Psa — Pos Ps,19 + Poe P2,10P6,19 — Pos P29 6,20
— PosPs,15Ps3 + PogP2,10P3,15Pss — Pog Pao P3,16Pe3)
— po(—Po2Pro — Pis + PosPigPsg — PosP1oPs, 16
— PoaP1oPa12 — PosProPs,14 — Pos ProPs2
— Pos P10 Ps,20 + Po P1s P30 Pss — Pog ProPesPs,16)
— p3(—Po3Pro — PosPis Pag + PosPioPa, 10
— Pos P1oPss — Pog Pig Pss Pao + PogProPssPa2,10)
— pra(—PosPro — PosPrs Pag + Pos P15 Ps 10)
— p5(—Pos Pag + Pos P17 Pag — Pos PioPag)
— pre(—Pos Pro — Pos Pis Pag + PoaP1oPs,10).

8. BUSY PERIOD ANALYSIS

8.1 Expected busy period with repair due to
hardware failure

Upon using the probabilistic arguments, we obtain the following
equations;

o(t) = qui(t)c@B} (t), (21)
BL(t) = G () +q10() @B (1) +4{ ) ()@ B (t)+q (8><>@(>£)<>
BX(t) = a20()© B4 () + ¢5)) () ©BL () + a5y (t) © B3 g%,)



a5y’ (OB (2),
24)

Bi(t) = 30(t)©B4 (t) + 45" () ©B1 (1) +

4% (@B (),
(25)

Bi(t) = [an(t) + aiy"" " W]©BL () +

Bi(t) = gs1 (OB (t) + [a52(t) + a5 ()] ©BL (1), (26)

Bi(t) = 45" ()©B} (1) +q

27
Taking Laplace transform of Equations [(21)-(27)] and solving
for B{*(s), we get
N1 (u)
Do(u)’

The steady-state of the total fraction of time for which serverman
is busy with hardware repair is given by

Bl (u) = (28)

N
. 1% _ 71
By = lim By (t) = lim uBy" (u) = Dy’ (29)
where
1
N, :V—[Pm — Py1 Pag + Py3P3 15 — PosPa,10Ps,15
1

+ Po3PagP3 16 + Pos Pa1 — Poy P 10Pa

+ PoaPs11 — PoaPy11Pojio + PoaPy10Pag
+ PosPs 13 — Pos P2,10P5,13 + Pos Pag Ps 14
+ Pos Pag Ps2 + Pos Ps,17 — Pos P2,10 6,17
+ Po6 P29 Ps,18 + Pos Pe3 3,15

— Pos P10 Ps3Ps 15 + Pog Pao Ps,16 Pes).-

8.2 Expected busy period with repair due to human
failure

Let B2(t) be the probability that the server man is busy with
repair due to human failure at time ¢ starting form state s; € E.
Upon using the probabilistic arguments, we obtain the following
equations;

= i q0s () © B} (1), (30)
B (1) = quo()©B3(t) + ¢i7 () ©B3(¢) + ¢iy () © B3 (¢),

(€29}

a5y (OB (1),
(32)

B3(t) = a20()@B3 (1) + asy OB (1) +

B2(t) = V() +as0 () @B (t)+45,” () © B2 (1) +

(33)

B3(t) = lgu(t) + a5V (OI@©BA(t) + 4> ()©B3 (1)
(34)

[as2 () + a5 (D@ B3 (1),
(35)

Bi(t) = 45, (@B (1) +

B2(t) = ¢ () @B (t)+
(36)

(18 19 () @B (£)+qe3 (1) ©BA (1)

a5y’ (OB (1),

a5y " () © B2 () +qes (1) © B2 (2).
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Once again takin Laplace transforms of Equations [(30)- (36)]
and solving for B2*(s), we get

Na(u)
DO (u) ’
The steady-state of expected busy period of the human error re-
pair is given by

B (u) = 37)

N
. b _ 1
B2 = }Lr{.ch ()= ilg% uB§*(u) = Dy’ (38)

Upon using Equations (38), we get
1
Ny :7[}302 — Pyo Pi7 + Py Pig + PosPisPs 15
2

+ Po3P3,16 — Po3 P17 P316 + PoaP1gPay
+ PoaP1gPy11 + PoaPy12 — PoaPy12Priv
+ Pos P18 Ps 13 + Pos Ps,14 — Pos Ps 14 P17
+ Pos Ps2 — Pos Psao P17 + Pos PisPs,17 + Pos P18
— Pos P17 Ps 18 + Poc PisPs 15 Ps3 + Pos P3,16 P63
— Pos P17.Ps,16 Pes).

8.3 Expected Busy period with Standby Repair

Let B3(t) be the probability that the server man is busy with the
standby repair at time ¢ starting from state S; € F.
Using the probabilistic arguments, yields

(1) =>_ (OB (t) (39)

OICIHG
a5y (1) ©B3 (1)
a5y’ (OB (1),

B}(t) = quo()©B3 (t) + ¢ (V@B (1) + a5
B}(t) = a0 () OB (t) + a5 (V@B (1) +
B}(t) = gso()©B () + a5, (N©B; (t) +
Bi(t) = lan(t) + 5,V 0]©B; () + a1 () © B3 (¢)
Bi(t) = ¢5,"” () @B} (1) + g2 (1) + g5 (1) © B3

Bi(t) = qia” " (OB} +ag 'Y () © B3 (1) +463 (N ©BS (0).
After some calculations, the steady-state expected busy period
with standby repair can be given as follows

N

B3 = lim B3(0) = lim uBY"(u) = 5.

where B$*(S) is LT of B3(t), and
1
N3 :%[Pos(l = P17 — Py10 + Ppy7P2 10 — PigPag — PosPri7)
— Pos Po3(P2,10 — P2,10 P17 + Pag Pis)).-
9. COST BENEFIT ANALYSIS

Let C(t) be the net revenue of the system in (0, ¢], then

C(t) = app(t Z Bitt (t) (40)

where

« is the revenue per unit of up time

Bi; i=1,2,3 are the cost per unit time of repair of the unit
and the switch respectively.

= /Ot AVy(t) dt
t) :/Ot Bi(t) dt



Taking LT of (40), gives

C*(u) = apl,(u) — Z Bips (u).

Define C to represent the expected profit per unit of time in
steady state.
So C can be written as follows

C = C(oc0) = lim e = lim u?C*(u)
t—00 t u—0

_aNo— 300, BiNs

= D, .

10. NUMERICAL EXAMPLE

Setting o« = 300, 5; = 20, o = 10and B3 = 5, n = 2,
Ay =0.002, P =0.8,¢g =0.2,; =0.08, 5, = 0.02,7 = 0.06
and £ = 0.04.

Figures (1-4) represent the variation of MTTF, AV;, BZ, BS and
C' versus \; when vy < vy, v = V5 and vy > vs.

Note: To save the space, figures versus Ay are omitted because
they have the same manner.

(41)

REMARK 2. From Figures (1,2 and 4), we can see that

1- The MTTE, AVy and C' decreases as Ay increases
2- From Fig (3) the expected Basy period BY, BS and BY in-
crease as \1 increases.

11. SPECIAL CASES

1- Setting n = 1, we get the results for two-unit warm standby
based on imperfect repair facility and two types of failures.

2- Setting n = 1 and v = 0, the results for two-unit cold
standby system based on imperfect repair facility and two
types failures.

3- Settingn = 1,y = 0 and P = 1, we obtain the result for
two-unit cold standby system based on two types of failure.

12. CONCLUSION

The stochastic behaviour of (n + 1)-unit warm standby system
based on imperfect repair facility and two types of failure are
studied. Some measures of reliability for the system are derived
in the steady state. Based on a numerical example, it has been
showed that MTTF, AV}, and C decrease as A\, or A\, increases
while B, B2 and B} are increasing as A1 or )\, increases.
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Fig (4): Variation of C versus 4
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