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ABSTRACT

Let R be a commutative ring. The prime graph of the ring R is
defined as a graph whose vertex set consists of all elements of
R and any two distinct vertices x and y are adjacent if and
only if xRy =0 or yRx =0. This graph is denoted by
PG(R). In this paper we investigate some relations between
the chromatic number of prime graph of finite product of
commutative rings and the chromatic number of prime graph
of these rings. We also obtain some results on the chromatic
number of prime graph of the ring Z,, X Z,.
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1. INTRODUCTION

Beck [2] introduced a new graph concept called zero-divisor
graph. This graph concept is associated to a commutative ring
with unity and the work was mostly concerned with colouring
of rings. Anderson and Livingston [1] modified the concept of
zero-divisor graph and defined the Zero-divisor graph as a
simple graph T'(R) associated to a commutative ring R with
unity whose vertices are Z(R)* = Z(R) — {0}, the set of non-
zero zero-divisors of R, and for distinct x,y € Z(R)*, the
vertices x and y are adjacent if and only if xy = 0. The paper
concentrated on the interplay between the ring-theoretic
properties of R and the graph-theoretic properties of I'(R).

Another graph structure associated to a ring called prime
graph was introduced by Bhavanari et al [3] which can be
considered as an extension of Beck’s work, where all
elements of the ring are considered as the vertices of the graph
and any two distinct vertices x, y € R are adjacent if and only
if xRy = 0 or yRx = 0. The work was related to the study of
the basic properties of prime graph of a ring.

In our present paper we investigate some relations between
the chromatic number of prime graph of finite product of rings
and the chromatic numbers of prime graph of these rings.

Definition 1.1[3]: Let R be a ring. A graph G = (V,E) is said
to be a prime graph of the ring R if V. =R and E = {{x, y} :

xRy = 0or yRx = 0,x=y}. This graph is denoted by
PG(R).

Example 1.1: Let R = Z,4. Then PG(R) is shown in Fig 1
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Fig 1: Prime Graph of Z14
2. THERINGR =R{ XRy X ...X R,

Let us consider the ring R, where R = Ry X Ry X ... X Ry,.

Let a = (aq,ay, ...,a,) and b = (b4, b,, ..., b,,) € R. Then a
and b are adjacent in PG(R) if and only if

(al, ay, ..., an)R(bl, bz, ey bn) = (0, 0, ey 0)
i.e. (a1R1b1, aszbz,...,aanbn) = (0, 0, ,0)
ie. a;R;b; =0forall1 <i<n.

Here we tried to find a relation between the yPG(R;) and
xPG(R).

Example 2.1: Let R =74 X Zg. Then PG(R) is shown in

1 N
1.2

Fig2.

Fig 2: Prime Graph of Z, X Zg¢
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Theorem 2.2: Let R = R; X R, X ... X R,, be a commutative
ring, where every R; is a prime ring. Then PG(R) consists of
a complete n-partite subgraph whose vertex set is a subset of
non-zero elements of R. Also yPG(R) = n + 1.

Proof: R = Ry X R, X ... X R,, be a ring where every R; is a
commutative prime ring. Therefore for any two elements
a,b € R, foreach i, if aR;b=0 then a=0 or b=0.

Let
Vi={rieR: n=(0,0,..,a,..,0), a €ER;, a # 0}.

Since each R; is prime ring, any two elements r;,r'; € V; are
not adjacent to each other.

But any element of V; is adjacent to all elements of V; for all
i # j. Therefore the elements of U}, V; induce a complete n-
partite subgraph of PG(R). This subgraph is n-colourable.

Let r = (aq, ay, ..., a,) € R such that at least two entries are
non-zero, let these be a; and a;. Then r is adjacent to the
elements of all V, k # i,j. So no other point of R is adjacent
to elements of all V; in PG(R). Since 0 € R is adjacent to all
these elements, so yPG(R) =n + 1. .

Theorem 2.3: Let R" = R X R X ...x R(n copies of R) be a
ring where R is any commutative ring. Then yPG(R) =
n(yPG(R) — 1) + 1 if there is no element a € R such that
aRa = 0.

Proof: Let yPG(R) = k + 1. Let a4, a,, ..., a; € R such that
a; :#OandaiRaj :O,I,;t_],lSl,_]Sk
Letforl <i<n,
Vi = {rLJ (S R’rlj = (0,0,...,aj,...,O),aj € R,
it
a; #0,1<j <k}

Let v/, v/ €V then

Jpmd _ /
4] R = (0,0,...,@,...,O)R (O,O,...,?J-_:,...,O)
ith ith

= (0, 0, ...,ajR’aj, T 0)
L'th
=0, forallj+j, 1<j, j'<k.

Therefore elements of V;for each i, are adjacent to each other.
Also the elements of each V; are adjacent to all elements of
Vi #j.

.. all elements of U, V; induce a complete subgraph of
PG (R") whose vertices are non-Zero elements of R’. Therefore
the elements of UL, V; along with 0 € R’ induce the maximal
cliquein (R") .

L xPGRY) = UL Vil +1=nk+1
=n(yPG(R)—1) +1. *

Theorem 2.4: Let R" = R X R X ...X R (n copies of R) be a
ring. Let {aq,a, ..,axk} SR such that a;Ra; =0,
foralli#j and {a'y,d'y,..,a",} € {as,a,..,a;} such
thata';Ra'; = 0, for alli # j, where k' < k, then

¥PG(R) = n(k — k') + (k' + D)™

Proof:- Since Let {a,,a,,..,ax} € R such that a;Ra; =0,
foralli=#j, yxPG(R) =k + 1.
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Letfor1 <i<n,

V; = {rij ER’:rij = (0,0,...,@,...,0),aj €R,a; # 0,

ith
1<j <k}

The elements of V; for each i, are adjacent to each other and
elements of each V; are adjacent to all elements of V; for all
i #j.S0 Ui, V; induces a complete graph of order nk.

Now any element r € R’, whose all non-zero entries are a';,
1<i<k'is adjacent to all elements of U}, V;. Also all
those elements whose non-zero entries are a';, 1 < i < k' are
adjacent to each other, so PG(R") consists of an induced
subgraph of order > nk. Total number of such elements with
at least two non-zero entries whose entries are elements of the

set{a'y,a’y, ..., @'k} is X, () (KN

. PG(R") contains a maximal clique of order
1+nk+3,(NED =nk — k) + X (1) (K)'
=n(k —k) + (k'+ 1"

Therefore yPG(R") = n(k — k) + (k'+ D™ .

Theorem 2.5: Let R = R; X R, X ...X R, be a ring where
every R; is a commutative ring. Let for 1 < i < m, each R; is
a prime ring. For m+1<i<mn, let a;;,a;2, ..,k € R;
such  that  a;;Rja;;=0,1<1, I'<k;. Also let
{a'i’l, a,irz, ey a'i’k,i} iS Subset of {aill, aiyz, ey ai'ki} SUCh
thatk'; < k; and a’uRia’u =0,1<1< k’[. Then
XPGR) =m + Z?=m+1(ki —k')+ H?:m+1(k'i +1)

Proof: Form+1<i<n,

Vi={r;€R: 1, =(0,0, ey Qi gy ey 0),(1[‘1 € Ri,au * 0,
1<1<k}

Then all the elements of U7-,,,,V; induce a complete graph
of order |U?=m+1 Vil = Z?=m+1|Vi| = ?=m+1 k; (Vin V] =
¢). For 1 <i,j<m, the elements r; = (0,0,...,q,..,0),
a€R;andr; = (0,0,..,b,..,0), b € R; are adjacent to each
other and these elements are also adjacent to all the elements
of set UlL,,+1Vi- SO we have a complete subgraph of order
m+ Z?=m+1 ki-

Now let {a'irl,a'irz, ...,a,i’k,i} c {ai‘l, ai‘z, ...,ai’ki} is such
thata';;R;a’;; = 0,1 < 1 < k';. Letus consider the non-zero
elements whose first m entries are 0 and rest of the (n-m)
entries are either 0 or a';; €R;, 1 <1 <k';. Then these
elements are adjacent to each other and also adjacent to all
elements of the set Ul,,.; V;- Number of such elements is

* ms1(k’s +1). But out of these elements we have already
considered Y7,..,k’; elements in the set Ul,,.1Vi
Therefore the number of elements that induce the complete
subgraph ism + X711 ki 4 [Tismea (k' + 1) = Xii e k'
=m+ Z?=m+1(ki - k'i) + H?=m+1(k,i + 1)-

No other elements can be adjacent to all of these elements, so
this is the complete subgraph with maximum order.

Therefore
XPGR) =m+ Xy (ki — kD) + [IiZ i (ks +1). @

Corollary 2.6: Let R = R X R X ... X R(n copies of R) be a
ring such that for all a;, 1<i<k, a;Ra; =0, then

XPG(R) = (xPG(R))".
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Proof: Putting k = k' in Theorem 2.5 we get yPG(R) =
(k+1)" = (xPGR))".

Example 2.7: Let R = Z¢g X Zg , then yPG(R) = 5.

Proof: We have yPG(Zg) = 3. Now 2 and 3 of Z, are such
that 2Z¢3 = 0. So k = 2 and k'’ = 0. Since Zg is not prime
ring so m=0. Therefore yPG(R) =0+ (2+2)+1x1=5.

Example 2.8: Let R = Z¢ X Zg , then yPG(R) = 5.

Proof: We have yPG(Zg) = 3 and yPG(Zg) = 3. Now 2 and
3 of Zg are such that 2Z¢3 = 0 and 2 and 4 of Zg are such that
27g4 =0.S0 ky =2,k'y =0 and k, = 2,k', = 1 (4Zg4 =
0). Since Zg and Zg are not prime rings so m = 0. Therefore
xPGR)={2-0)+R2-1D}+ 0+ x(1+1)=5.
Example 2.9: Let R = Z3 X Zg X Zg then yPG(R) = 6.
Proof: We have yPG(Zs) = 2, xPG(Z¢) = 3 and yPG(Zg)
3. Since Z5 is a prime ring we have m = 1, so k, = 2,k',
0 and k3 =2,k's =1 (4Zg4 = 0). Therefore yPG(R)
1+{2-0)+2-D}+O+1)xA+1)=6.

3. THERINGR = Z,, X Z,,

In this section we study the chromatic number of the PG(R),
where R = Z,,, X Z,,.

Theorem 3.1: Let R = Z,, X Z, then

(i) xPG(R) = yPG(Z,,) + xPG(Z,) —1 if there is no
a €Z, such that aZ,a=0 or b € Z, such that
bZ,b = 0.

(i) xPG(Z) + xPG(Z,) — 1 < xPG(R) < yPG(Z,,)xPG(Z,)
if there is elements a €Z, and b €Z, such that
aZna =0 and bZ,b = 0.

Proof:

(i) LetR =7, X Z, (m=n). Let (ay, by), (as, b;) ER.
Then (a4, by), (az, b,) are adjacent in PG(R) if a;Z,,a, =0
and b;Z,b, = 0,a,, a, € Z,,, by, b, €EZ, .

Case I: Let m and n are primes. Then Z,, and Z, both are
prime rings. So yPG(Z,,) = 2 and yPG(Z,) = 2. Also for a,
and a, of Z,, if a1Z,,a, = 0 then a; = 0 or a, = 0 and for
b, and b, of Z,, if b;Z,b, = 0 then b, = 0or b, = 0.

Therefore the elements adjacent in PG(R) are of the forms
(a,0) and (0, b) and no other elements are adjacent in PG (R).
So (0,0) (a,0) and (0, b) form a triangle and yPG(R) = 3.

Therefore yPG(R) = yPG(Z,,) + xPG(Z,) — 1

Case Il: Let Z,,0r Z, is not prime ring. Let Z, is not a prime
ring.

Let yPG(Z,) =k +1 and by, b,,...,by € Z,(b; # 0) such
that b;Z,b; = 0 forall i # j.

Then all the elements of the form (0, b;) are adjacent to each
other in PG(R). Also all of them are adjacent to each of
elements (0, 0) and (a, 0). So xPG(R) =k + 2.

Again if b;jZ,b; =0 for b; € Z,, then each of (a,b;) is
adjacent to (0,b;) and (0,b;) for i # j but not adjacent to
(a,0). So we can colour (a, b;) for all j and (a,0) with the
same colour. Therefore the chromatic number remains
unaltered that is k + 2.
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Now yPG(Z.,,) + yPG(Z,) =2+ (k+1) =k + 3.
Therefore yPG(R) = yPG(Z,,) + xPG(Z,) — 1.

Case Ill: Let Z,, and Z,, both are not prime rings i.e. m, n are
not prime and let yPG(Z,,) =s+ 1 and yPG(Z,) =7 + 1.
Let ay,ay,...,as € Zy(a; # 0) so that a;Z,a; = 0 for all
i #jand by, by, ..., b, € Zy(by # 0) so that byZ,b, = 0 for
all k # [. Therefore every element of type (a;, 0) for all i, are
adjacent to each other and every pair of type (0, by,) for all k
are adjacent to each other.

Also every element (a;, 0) is adjacent to each of the elements
(0,by). So all these elements of type (a;0) and (0, by)
induce a complete sub graph K. If for all a € Z,,, aZ,a #
0 and for all b € Z,,, bZ,b # 0 then (a;, by) is adjacent to
each of (a;, b)) where i # j, k # L.

Let Si={(a;,by): a; € Ly, b €Ly, k=1,2,...,7}
fori=1,2,..,s

S ={(apb) : a; € Ly, by €Ly, i =1,2,...,5}
fork=1,2,..,r

Now for each i, the elements of S; are not adjacent to each
other but they are adjacent to the element of the sets S; for
i # j. So they induce an s-partite graph and therefore we can
assign minimum s colours to elements of these s sets.

Similarly for each k, the elements of ', are not adjacent to
each other but they are adjacent to the element of the sets S,
for k =+ . So they induce a r-partite graph and therefore we
can assign minimum r colours to elements of these r sets.

Since the sets S; for all i and the sets S’j for all k represents
the same set of elements so both the colorings are colouring of
same set. Thus possible minimum number of colours assigned
to these vertices is min(s,r). But we already had shown that
we need s + r colours to colour the vertices of type (a;, 0)
and (0, b,) which is greater than both s and r.

Thus yPG(R) = s +r+ 1 = yPG(Z,,) + xPG(Z,) — 1.

(ii) Let Z,, and Z,, be not prime rings i.e. m, n are not
prime and let yPG(Z,,) = s + 1 and yPG(Z,) =r + 1.. Let
ay,ay, ..., as € Zym(a; # 0) so that a;Zpa; =0 for all
i, je{1,2,..,s} and by, by, .., b, €Z,(b, #0) so that
byZ,b, =0 forall k,l € {1,2,...,r}. Thus as in case Il of (i)
all the elements of type (a;, 0) and (0, by) induce a complete
sub graph K,.,. Let (a,b) €R such that aZ,a =0 and
bZ,b =0. If a and b are distinct from all a; € Z,, and
by € Z, then (a,b) is not adjacent to any of the vertices
(a;,0) and (0, by).

Therefore yPG(R) = yPG(Z,,) + xPG(Z,) — 1 ......... €))

If a =ay;, forsome i,1<i<s andb = b, for some k,1 <
k < r then (a,b) is adjacent to all elements of type (a;, 0)
and (0, b). So we obtain a complete subgraph K4 1-

Thus xPG(R) = s + r + 2 that is
¥PG(R) = yPG(Z,,) + xPG(Zy,)  ........... )

Now let aj, ay, ..., as, € Zp(a; # 0,5’ < 5), ajZy,a; = 0 and
by, by, ..., by € Zy(by # 0,7 <71) so that bZ,b, = 0, then
each vertex (a;, b;) is adjacent to all the vertices (a;, 0) and
(0, by). Also all the elements (aj, b;) are adjacent to each
other. Thus we obtain a complete subgraph K, 1 s

Therefore yPG(R) =s+r+sr'+1
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==Y+ -r+E"+DEF'+1D)  ....03
If s = s"and r = r', we have from (3),

XPGR) = (s + D+ 1) = (xPGC(Z))(xPG(Z)) .....(4)
Since s < s'and r < r’, we have from (1), (2), (3) and (4),

XPG(Zy,) + xPG(Zy) — 1 < xPG(R) < xPG(Z,) xPG(Zy,).
*

Corollary 3.2: Let R = Z, X Z,. Let yPG(Z,) =r + 1 and
1,0z, ...,y € Zy(a; # 0) such that a;Z,a; = 0 for all i # j.
Then

(i) xPGR) =2xPG(Z,)—1 if for no a €1Z,
aZna = 0.

(i) xPG(R) =3 ifnisprime.
(iii) xPG(R) = 2yPG(Z,) if there is only one a; € Z,
suchthat a;Z,a; = 0,1 <i<r.
(iv) xPG(R) = (xPG(Z,))?, if aZ,aj=0 and
aiZnai =0 Vi,j.
Proof: Let R=1Z,XZ,  xPG(Z,=r+1 and
ay,0z, ..., @y € Ly(a; # 0) such that a;Z,a; = 0 forall i = j.
(i) Takingm = n in Theorem 2.1 (i) we get
xPG(R) = xPG(Z,) + yPG(Z,) — 1 = 2yPG(Z,) — 1.
(i) Let n=p (a prime), then yPG(Z,) = 2. So from (i)
xPG(R) = 2yPG(Z,) — 1 = 3.

(iii) Since a; € Z,, is only element such that a;Z,a; = 0,
taking s =r, s=r=1in (3) of Theorem 2.1 (ii) we get
YPGRR) =r-D+@r-D+@+1DA+1)=
2(r +1) = 2yPG(Z,).

International Journal of Computer Applications (0975 — 8887)
Volume 69— No.10, May 2013

(iv) Taking m=n in (4) of Theorem 2.1(ii) we get
xPG(R) = (xPG(Z,))?. .

4. CONCLUSION

From the above discussion we observed that for the ring
R =[I, R;, the chromatic number of PG(R) lies between
(n+1) and [TL; xPG(R)) i.e.

n+1< yPG(R) <[I=1 xPG(R)).

The lower bound is obtained when each R; is a prime ring.
The upper bound is obtained if for every R;,1<i<n,
aiRiai =0 and aiRL-bL- =0 for a” a;, bi € Ri'
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