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ABSTRACT
In this paper, the fuzzy solution of the initial boundary
value problem of hyperbolic one-dimensional wave equation

is considered. The solution by finite difference method is observed
by using fuzzy intervals.
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1. INTRODUCTION

In the context of fuzzy theory, first introduced by Zadeh [1], the
arithmetic operations on fuzzy numbers are usually ap-
proached

either by the use of the extension principle (in the domain of
the membership function) or by the interval arithmetics (in the
domain of the a-cuts). The exact analytical fuzzy operations
dates back from the early 1980s and are outlined by Dubois and
Prade [2] ; the same authors have introduced the well-known L-R
model and the corresponding formulas for the fuzzy opera-
tions [3]. The fuzzy

differential equations and fuzzy initial value problem were
regularly treated by Kaleva [4,5]. The numerical methods
for

solving fuzzy differential equations are introduced in [6, 7, 8, 9].
In this paper, first finite difference method to solve one-
dimensional wave equation is applied using fuzzy in-
terval  arithmetics

[10,11,12], numerically.

2. BASIC CONCEPT OF FUZZY SET THEORY

A triangular fuzzy number u can be defined as a triplet [a, b, c].
Its membership function is defined as:

rx—a
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uu(w)—{cz b<

b
b c
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To find the a-cut of u, ae[0,1] to both left and right refer-

ence functions of u is set. That is, @ = 7= and @ = <.
Expressing x in terms of o« , * = (b — a)a + a and

xz = ¢ — (¢ — b)a is obtained, which gives the a-cut of u is
Uy = [(b—a)a+a,c— (c—b)a].

If u = [u™,u"] and v = [v™,vT] are two given fuzzy numbers,
the arithmetic operations are defined for 0 < v < 1 as follows:
1.w = vifand only if u, = v and u}f = v7.

2.u+v=[u; +v,,ul +vl].

3. ku = [min{kug, kul}, maz{ku, kul}], (keXRt)

4ou+v=[uy, —viul —vy]

3. APPLICATION OF FINITE DIFFERENCE
METHOD IN WAVE EQUATION

Consider the initial boundary value problem of hyperbolic
one-dimensional wave equation [13]

%:aQ%,OgmgL,tEO (1)
initial condition
u(z,0) = f(x) )
subject to boundary conditions
u(0,t) =u(L,t) =0 3)
with initial velocity
ui(z,0) = f(z). “

Using finite difference method and substituting
e = 35 (Ui g1 — 2ui5 + u; 5-1) and
1

Uge = 77 (Wit1,j — 245 + Ui-1,5)
we get

W1 = Uiy + (2= 2r)ui; +ruiog; —uiga ()

21,2 . . .

“h’; .This explicit method converges and stable for

0 < r < 1. For a given a? , choose h and k such that 7 = 1.
Hence, (5) becomes

where r =

Wi g1 = Wig1,j T Uin1j = i1 ©)

For the initial condition u;(z,0) = f(z), central difference
approximation for the derivative is used and u;; = % i

written.

S

4. FUZZIFICATION OF WAVE EQUATION

Let  w;_1,-1 = [Wo1, Woo, Wos] and
Uit1,5-1 = [W217W227W23]-

Wo1+Wa1 Woet+Was Woz+W:
[ui,j] — [ 01; 217 02+ 227 0372L 23} — [E11>E127E13}
is obtained. Firstly, fuzzy membership function for u;_q ;_; is
X-W,
" (x) = { g W= A=W g,
e Toettrng Wor2 < X < Wos

Then, [ui—l,j—l]a = [W()l + (Woz - W01)047W03 - (Wos -
Wos)a] is the a-cut of fuzzy number u; 1 ;1.



Secondly, fuzzy membership function for u; 1 ;1 is

X-W,
g, 1 (X) = § Tt TSN g
I Wiy Wa2 < X < Whs
Then, [Uit1,j-1]a = [Wa1 + (Waz — War)a, Waz — (Was —
Was)al is the a-cut of fuzzy number w; 11 ;1.
Hence a-cut for u; ; is [14]

[ ] = 3 {(Wor + Wa1) + {(Woa — Wor) + (Wag — War) e, .
BT 2 (Wog + Was) — {(Wog — Woa) + (Wag — Was) b

Let
X, = {Wo1+Wa1) H{(Wo2~Wo1)+(Waa—Wai )t
2
2X1 - (Wo14+Wa1)
(Wo2-Wo1)+(Waz2—Wa1)

=a=

and
Xy = {(Wos+Was)—{(Wo3—Woa)+(Waz—Waa)}a
2
2Xo—(Wo3+Wa3)
(Wo3—Wo2)+(Wag—Waz) "
Thus, fuzzy membership function for w; ; is fiy, ; (X) =

{ 2X—(Wo1+Wa1) (Wo1+Wa1) ~ y « (Wo2+Wa3)
2 — — 2

=a=

(Wo2+Waz)—-(Wo1+Wa1)’
—2X+(Wo3+Wa3)
(Wo3+Wa3)—(Wo2+Waz)’

Now,let u;—1,; = [Eo1, Eo2, Eoz] s Uit1,; = [E21, Bz, Eo]
and ui,jfl = [Wlh ng, W13]. We get

[ijr1] = [Eor + E21 — Wiy, Eoa + Eay — Wia, Egz + Eas —
Wh3). Firstly, fuzzy membership function for w;_1 ; is

(Woza+Waz) ~ X < (Wo3+Was)
2 — — 2

X-E
fss_y 5 (X) = { B tpo P =X =Pe
7 Boshog» o2 £ X < Eos

and [u;1 j]a = [Eo1 + (Eo2 — Eo1)a, Egs — (Eos — Eo2)a]
is the a-cut of fuzzy number u;_; ;.
Then, fuzzy membership function for ;1 ; is

X—E>
s, (X) = { Brdy PnSX<Ba o
B Fos Ea22’ E2 < X < Eos

and (w1 j]a = [B21 + (Fa2 — Ea1)a, Eog — (Eog — Eag)a
is the a-cut of fuzzy number u;_1 ;.
Then, fuzzy membership function for u; ;_ is

T, Wi <X < Wiy
a0 = { My Cx <y, 0D

Wis-Wia’

and [ui,j—l}a = [W11 + (W12 - W11)047 Wiz — (W13 - W12)Oé]
is the a-cut of fuzzy number u; ;1.

Hence,a-cut for w; j 11 18 [U; j+1]a =

[(Eor + Ea1 —Wis) +{(Eo2 — Eo1) + (E22 — Ea1) + (Wis —
Wia) e, (Eos + Eoz — Wit) — {(Eoz — Eo2) + (Eas — Ea2) +
(W12 - Wll)}Oé]~

Let

Xl —
(Eo1+Eo1—Wis)+{(Eoo+Ea—Wiz)—(Eo1 +E21 —Wis) ta

= a= X1-(Eo1+FE21-Wi3)
(Eo2+E22-Wi2)-(Eo1+E21-Wi3)

X2 ==
(Eos+Ea3—Wi1)—{(Foz+FE23—Wi1)—(Ep2+Ea—Wi1)ta
= a= —Xo+(Eoz+FEo3—Wii)
(Eo3+E23-Wi1)-(Eo2+FE22-Wi1)* )

Then, fuzzy membership function for u; ;41 is on the way

A= Eg + Ez — Wiz, B = Ega + Eap — Wio and

C = Eo3 + Ey3 — W1y

XA A< X<B
= B-A> — =
Foug, i (X) = { L pox<o (12)

With the help of this fuzzy membership function of different u’s
of 5 + 1th level can be found out.
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5. NUMERICAL EXAMPLES

Consider the one-dimensional wave equation

82u =16 82u

ot2 oz

with the conditions

u(z,0) = z%(5 — )

u(0,t) = u(b,t) =0

ug(z,0) =0

Let ugo = [—0.001,0,0.001] and uae = [11.999,12,12.001].
and uq; = [5.999, 6, 6.001].

Firstly, fuzzy membership function for ugg is

:1:+0.001, —0.001 S T S 0
onte)={ 2 (ST

and a-cut for ugg is [ugo]o = [0.001a—0.001,0.001 —0.001¢
Secondly, fuzzy membership function for usyg is

e—1L.999 = 17 999 < z < 12
MuZO(x) = { 00?)(117037 _ =
7120'001 , 12 <2 <12.001

and a-cut for ugg is [ug]e = [0.001cr + 11.999,12.001 —

0.001c]). Thus, a-cut for wjy; is [u11]a = [0.00la +
5.999,6.001 — 0.001a]. Let X7 = 5.999 + 0.00la = a =
X1-5.999 d

0.001 an
X5 =6.001 — 0.00la = o = =X2£6.001

0,001 *
Hence, fuzzy membership function for u;; is

2-5.999 = 5999 < z < 6
Muu(:c) = { 6%8912 6 <z <6.001

0.001 ~

Now, let ug; = [—0.001, 0, 0.001], us; = [10.999, 11, 11.001],
u1g = [3.999,4,4.001]. and uy5 = [6.997,7,7.003]. Firstly,
fuzzy membership function for g, is

— 001
Huo1 () = 0 B6PL, 0<z<0.001

0.001

{ 2£0.001 )01 <z <0

and [uo1]o = [0.001a — 0.001,0.001 — 0.001c].
Then, fuzzy membership function for us; is

2-10.999 © 10999 < z < 11
Pu21(2) = { Ot ~
Lo 11 < 2 < 11.001
and [u21], = [0.001a 4+ 10.999,11.001 — 0.001¢].
Then, fuzzy membership function for u, is

2=3.999 1 3999 < z < 4
Puto(T) = { 45601, 4 <z <4.001

0.001 ~

and [u10]o = [0.001a + 3.999,4.001 — 0.001c].
Thus, [u12]e = [0.003a + 6.997, 7.003 — 0.003q.
Let X; = 6.997 + 0.003q = o = Z1=8:997 4pq

0.003

Xz =7.003 — 0.003q = o = =—X2£L.003

Hence, fuzzy membership function for w5 is

z—6.997 6.997 < x <7
— 003 7 - A

0.003

Similarly, fuzzy membership functions can be found out at dif-
ferent grid points. In Table 1-2, the a-cut with left and right func-
tions of fuzzy number u is shown for a = 0, respectively.

6. CONCLUSION

In this paper, fuzzy membership functions to find solution of
wave equation has been shown in numerical fuzzified form. Nu-
merical computations have been made to illustrate ability and
reliability of the method.



Table 1. The left side of fuzzy number u for a=0.

N[ o 1 2 3 4 5

0 | -0.001 | 3.999 | 11.999 | 17.999 | 15.999 | -0.001
1 | -0.001 | 5999 | 10.999 | 13999 | 8999 | -0.001
2 | -0001 | 6997 | 7.997 | 1997 | -2.003 | -0.001
3 [ -0001 | 1995 | -2.007 | -8.007 | -7.005 | -0.001
4 [ -0001 | 9011 | -14.015 | -11.015 | -6.011 | -0.001
5 | -0.001 | -16.021 | -18.033 | -12.033 | -4.021 | -0.001
6 | -0.001 | -9.035 | -14.069 | -11.069 | -6.045 | -0.001
7 | -0001 | 1909 | -2.137 | -8.147 | -7.091 | -0.001
8 | -0001 | 6817 | 7.693 | 1703 | -2.193 | -0.001
9 | -0001 | 5601 | 10373 | 13353 | 8.611 | -0.001
10 | -0.001 | 3.189 | 10647 | 16,677 | 15.159 | -0.001

Table 2. The right side of fuzzy number u for a=0.

N ] o0 1 2 3 4 5

0 | 0001 | 4001 | 12.001 | 18.001 | 16.001 | 0.001
1 | 000l | 6001 | 11.00I | 14.001 | 9.001 | 0.001
2 | 0001 | 7.003 | 8.003 | 2003 | -1.997 | 0.001
3 [ 0.00I | 2005 | -1.993 | -7.993 | -6.995 | 0.001
4 | 0001 | -8989 | -13.985 | -10.985 | -5.989 | 0.001
5 | 0001 | -15979 | -17.967 | -11.967 | -3.979 | 0.001
6 | 0.001 | -8955 | -13.931 | -10.931 | -5.955 | 0.001
7 | 0001 | 2091 | -1.853 | -7.853 | -6.909 | 0.001
8 | 0.001 | 7.183 | 8307 | 2307 | -1.807 | 0.001
9 | 0.00I | 6399 | 11.627 | 14647 | 9399 | 0.001
10 | 0.001 | 5811 | 13353 | 19323 | 15.841 | 0.001
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