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ABSTRACT

The concept of the Generalized Parikh Matrices (GPM) of
words is introduced in this paper. Some results and properties
of the GPM for finite words over ¥ are discussed. The
definition is extended for infinite words too.
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1. INTRODUCTION

The Parikh mapping, also called Parikh vector introduced in
[1] is a significant contribution in the theory of formal
languages and this has led to some important results. The
Generalized Parikh vector introduced in [2] gives finer details
about a word since it gives the exact positions of the letters in
the word whereas the Parikh vector of a word over an
alphabet counts only the number of occurrences of the letters
of ¥ in w. An extension of the Parikh mapping, called the
Parikh matrix mapping was introduced in [3] based on a
certain type of matrices. The Parikh matrix mapping is not
injective as many words over an alphabet have the same
Parikh matrix. In this paper we introduce Generalized Parikh
matrix mapping which is injective and discuss a few
properties of the same.

2. PRELIMINARIES

We recall certain notations of Formal Languages here.

Definition 2.1.

Let = be a finite alphabet and =" be the set of all words over
T. Foru,w e X", u is said to be a scattered subword of w, if
w, which is a sequence of letters contains u as a subsequence.

Example 2.1.
¥ ={a, b}. Let w = aabaabab be a word. Then aa, ab, aaa,
abba are all scattered subwords of w.

Definition 2.2.
The collection of all infinite words is denoted by X and
=3 uze

Definition 2.3.

An alphabet = = {ay, ..., a} is said to be an ordered alphabet
if there is a relation of order < on it. If a; < -+ < a then we
use the notation X = {a; < - < a}.

Definition 2.4.
The Parikh mapping is a monoid morphism y : =° — NX
where N denotes non-negative integers and

W(W): (l\Nla1 ’|W|aZ e |W|ak ) !

where |w|. is the number of occurrences of a in w.
k

Parikh matrix for a binary word
Let £ = {a, b} with a <b. The Parikh matrix mapping v is a

110
mapping from X" to M; given by w(a)=|0 1 0
0 01

100
yb)={0 1 1|.
001

Definition 2.5.
For each u € =*, the Generalized Parikh vector denoted by

L 1
p(u) is given by p(u) = (p1, P2, ---» pn) Where p; = E Y
ed )
JEA
where A; « N and A; contains all the positions where g;
occurs.

Definition 2.6.

A triangle matrix of order k, is a square matrix M = (m;;)
1 <, j < k such that m;; is a non-negative integer for all
1<i,j<k,mj=0forall1<j<i<k

Notations.
1.  The set of all triangle matrices of order k > 1 is denoted
by M.

2. The set of all triangle matrices is denoted by M.

Definition 2.7.

Let ¥ = {a; < - < a} be an ordered alphabet. The Parikh
matrix mapping, denoted by sy is the monoid morphism
vs (25, &) > (Mg, - lsy) defined by the condition, if
ys(ag) = (mj) 1 <i, j <k+1, then for each 1 <i <k+1,

¢ om;=1,

‘:’ mq'q+1 =1

% and all other elements of the matrix ys(ag) are 0.

Definition 2.8.
The Parikh matrix for a word w = a;a, ... a is the product of
Parikh matrices of the letters in the word.

i.e, (W) = y(a)w(a) - w(aw.

Definition 2.9.

A language L < X” is called a line language if there exists a
line ¢ in R? such that L = {X € =* : p(x) lies on £}. Then  is
called the language line of L.

3. GENERALIZED PARIKH MATRICES
FOR FINITE WORDS

In this section we introduce the concept of Generalized Parikh
Matrices (GPM) using the Generalized Parikh Vectors of
words.
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Definition 3.1.

The Generalized Parikh  Matrix is a morphism
v E A o (Mg, - ley) defined by the following
conditions:

Let u=a;a;..a; X where &, eX={a,,a,,...a,} and

v =v(a; )y(a;,)..y(a; ) where each wy(a;)=Mj such
that Mij = (mi,j) with 1 <i, j < (k+1),

% m;;=1foreach 1<i< (k+1)

% m;q = r where ris the ith coordinate of the GPV of u

< all other elements of the matrix are 0.

Example 3.1.
Let ¥ = {a < b} be an ordered alphabet. Then the Generalized
Parikh matrix (GPM) of the word w = aba is

y(aba)= y(a)y(b)y@)

1 % 0)(1 0 0)(1 % 0
=0 1 0(|0 1 2% 0 1 0
0 0 1)ilo 0 1){0 0 1
1 3+d b
=0 1 2%
0 o0 1
Example 3.2.
y(baab)= y(b)y(a)y@)y (b)
1 0 0)\(1 % 0)(1 % 0L 0 O
=/0 1 £|/0 1 0fl0 1 0Off0 1 %
00 1){0 0 1)(0 1/10 0 1
1 L4111
22 22 2 2
=0 1 3 %,J.
0 0 1
Note.

The elements of the super diagonal of the GPM of a word w
are the GPVs of the letters of the alphabet taken in the given
order.

In the above Examples 2.1 and 2.2 the entries m;,, m, 3 and
m; 3 are the GPVs of a’s, b’s and scattered subwords ab’s in
the words.

We now give a characterization theorem for Generalized
Parikh Matrices.

Theorem 3.1.
1 nom

Given an upper triangular square matrix [0 1 r; | where
0 0 1

r . . .
each ry, r,, r3 are of the form —, (n is +ve integer), this
2n

matrix corresponds to a word w € X", where £ = {a < b} if it
satisfies the following conditions: (i) ry + r3 is of the form

n_

22n1 (i) If rlzzin, rzzz—k[, r3:2im thent=n+ mand
k=0 or <xy.
Proof.

(i) The GPM for a word is an upper triangular square matrix,
whose super diagonal elements are the coordinates of the
GPV of the word. Thus if r; and r; are the positions of a and b
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in the word resp. then by a property of line languages, we

2"-1
have r,+1; = T

(ii) If the GPV of the word is (rl,r3):( X ZLJ then the

on ' om

GPV of the scattered subwords ab in the word is the product
1 1 . 1 .
of (ZEJ(ZEJ for V i < j where Z; is the

positions of a, and Z% is the positions of b. Hence it

follows directly that t = n + m. The value of k is 0 or < xy.
We consider the three following cases:

Case (1) If in the word w, all a’s preceed b then all the
scattered subwords ab of the word will be the product of the
positions of every a and every b and hence k = xy.

Case (2) If in the word w, some b’s are followed by a after
which there are no other b’s then in the scattered subword ab,
the positions of a which follows b are not considered for the
GPV of ab. Hence k < xy.

Case (3) If the word begins with b or a sequence of b’s and is
followed by a’s, and there are no b’s following a in the word
then there are no scattered subwords ab hence k = 0.

Theorem 2.2.

If w; and w, are words over X = {a, b} where the generalized
Parikh matrices for w; and w, are wy(w;) and wy(w,)
respectively denoted as follows:

1 pn 1p, 1
y(w)=(0 1 q y(wy)={0 1 q,
0 0 1 0 0 1

Then the Generalized Parikh Matrix for the catenation of the
words w; and w, is

1 1

1 Py + Z‘Wl‘ p, n+ W i+ Py Z‘Wl‘ d;
1
y(wiW,) =| 0 1 ql*W%
0 0 1

Proof.

Let w; and w, be words over =¥, = = {a, b}. Let the GPV of
the words w; and w, be p(wy) = (p1, 1) and p(w.) = (p2, d2)
where p; are the positions of a’s and q; are the positions of b’s
in the words w; and w, for i = 1, 2 respectively. Then by the
above note, we have the GPV of the word w;ws, is

1 1
p(wyw,) = [pl oy P2t Ty QZJ :
2 2

4. GENERALIZED PARIKH MATRICES
FOR INFINITE WORDS

The concept of generalized parikh matrices introduced in the
previous section was defined using generalized parikh vectors
(GPV) of that finite word

We now define the generalized parikh matrices for infinite
words (GPMI) using the following vectors.
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Definition 3.1.
Let> = {a, b}. Letw=a; a, ... a, be aword, w € =". Then
we define the following vectors for w.

P1(W) = (pa Pv) Where p, = E L Where A N and A
et 2!
je

contains all the positions where a occurs in the word w.

1
pZ(W) = (paax pab: pbar pbb) where palaJ = Zz_kl Ai < N where
keA;

A contains all the positions of a; where the factors a;a; occurs.
Properties:

e Forx={a b}and w e = py(w) = (pa po) and
P2(W) = (Paas Pabs Pras Pon) We observe that for py(w),

oM g
Pa+Py = ]
2
o g
In pa(w), Zp(aiaj)zw
I<i,j<2

e For an infinite word w, the sum of the coordinates of
pi(w) for all integers i, is equal to 1.
For example, if w e X* and ¥ = {a, b} then

P1(W) = (Pa, Po) Where p, + p, = 1.
e Forawordw e X', py(w) = (X, y) the word w lies on the

. 2 _q
line x+y=
Z‘W‘
For pa(W) = (X1, Xp, X3, X4), the word w e =" lies in the
2 g
hyperplane X; +X, + X3+ X, = ————
2“""‘1

|w]
e The sum of the coordinates of p,(w) is Z% and that of
i=1
WL

p2(w) is Z%
i=1

e Forz = {a, b}, pi(w) is a 2-coordinate vector.
i.e., p1(w) is a 2-coordinate vector.
p,(w) is a 2% = 4-coordinate vector.

Definition 3.2.
Let £ = {a;, ay, ..., a,} and a; < a, < ... < a, be the ordering of
the alphabet. Then the generalized parikh matrices for a word
w € X denoted by GPMI, is an upper triangular square
matrix of order (n+1) satisfying the following conditions;
entries m;;,; are p, and p, of py(w), for i = 1, 2 respectively.
entries m. ., :{paiaj of p,(w) withi ;t_jandi <j,

' 0 otherwise.

Example 3.1.
Let w = (ab)® over T = {a, b}. Then
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1 Pa Pap
GPMI(@aby)=|0 1 p,
0

0 1
1 l+i+i+w l+i+i+ o0
2 23 2% 2 23 2%
_ 1 1 1
- 22 2_4+26 *©
1

1 2 2
3 3
o 1 %
3
0 1
Example 3.2.
n_
GPMI@'b®)=| 0 1 L
2[1
0 0 1
Example 3.3.
1 1
2—2+2—3+"'OO 0
GPMI(bd)=|0 1 %
0 0 1

5. CONCLUSION

The Generalized Parikh Matrix mapping introduced in this
paper, is injective and found to give finer details of a word. A
characterization theorem for GPM and the properties of the
same have been dealt with in this paper. It will be of interest
to examine the problem of finding properties of GPM for
infinite words.
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