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ABSTRACT 
An analysis of mixed convective MHD visco-elastic flow 

with heat and mass transfer from a vertical plate in presence 

of ohmic heating and viscous dissipation has been 

presented. The governing equations of the momentum, 

thermal and concentration fields are solved by perturbation 

technique. Expressions for velocity, temperature, 

concentration profiles and non-dimensional skin-friction 

coefficient are obtained and illustrated graphically to 

observe the visco-elastic effect on velocity profile and skin-

friction coefficient in combination of other flow parameters 

involved in the solution. 
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1. INTRODUCTION 
 The study of visco-elastic fluid flows with heat and mass 

transfer over a vertical porous plate in presence of magnetic 

field has attracted the researchers for its application in 

various fields like soil physics, aerodynamics and 

aeronautics, geophysics, designing of underground water 

energy storage system, engineering sciences, nuclear power 

reactors, astrophysics, biological system, geothermal and oil 

reservoir engineering studies and so on. Nowadays, the 

period of MHD is of great enlargement and differentiation 

of subject matter. These problems have attracted the interest 

of many investigators because of their application in liquid 

metals, electrolytes and ionized gases. The problem of heat 

and mass transfer along a vertical plate with variable 

temperature and concentration in the presence of magnetic 

field has been studied by Elbashbeshy [1]. Hossain and 

Rees [2] have studied effect of combined heat and mass 

transfer in natural convection flow from a vertical wavy 

surface. Chien-Hsin-Chen [3] has analyzed combined heat 

and mass transfer in MHD free convection from a vertical 

surface with ohmic heating and viscous dissipation. Hall 

current on fluid flow with concentration plays an important 

role in MHD power generation, in various meteorological 

and astrophysical studies and in plasma flow through 

magnetohydrodynamic power generators. Keeping in view 

of all these facts, a number of researchers have studied the 

Hall current effect on free and forced convective flows. 

Acharya et al. [4], Aboeldahab and Elbarbary [5], Datta and 

Jana [6] have studied the effect of Hall current on MHD 

flow with heat and mass transfer. Hossain et al. [7] have 

investigated the effect of radiation on free convection from 

a porous vertical plate. The radiation effect on MHD free 

convection flow of a gas at a stretching surface with a 

uniform free stream has been analyzed by Ghaly and 

Elbarbary [8]. Muthukumarswamy and Senthil [9] have 

studied the effects of heat and mass transfer on moving 

vertical plate in the presence of thermal radiation. In all the 

above investigations, the combined effect of ohmic heating 

and viscous dissipation are not analyzed. Hossain [10] has 

studied the effects of viscous and Joule heating on free 

convective MHD   flow with variable plate temperature. 

Babu and Reddy [11] have analyzed the mass transfer 

effects on MHD mixed convective flow from a vertical 

surface with ohmic heating and viscous dissipation. 

Ganesan and Palani [12] have investigated the numerical 

solution of unsteady MHD flow past a semi-infinite 

isothermal vertical plate. Ganesan and Palani [13] have also 

presented a finite difference analysis of unsteady natural 

convection MHD flow past an inclined plate with variable 

surface heat and mass flux. Aydin and Kaya [14] have 

analyzed the non-Darcian forced convection flow of viscous 

dissipating fluid over a flat plate embedded in a porous 

medium. Aydin and Kaya [15] have also studied MHD 

mixed convection of a viscous dissipating fluid about 

permeable vertical flat plate.  

 

In all the above cases, the fluid models have been 

considered as Newtonian. But the mechanisms of non-

Newtonian fluid flows are used in various manufacturing 

processes and hence play an important role in modern 

technology and industrial applications. Authors like Kelly 

et al.[16], Shbhash et al. [17], Sonth et al. [18], Abel et al. 

[19], Choudhury and Mahanta [20],  Choudhury and Dey 

[21], Choudhury and Das [22] etc. have analyzed some 

problems of physical interest in this field. Bachok et al. [23] 

have studied MHD flow and heat transfer near the 

stagnation point on a stretching/shrinking sheet in a 

micropolar fluid. 

 

In this paper, the mixed convective MHD flow with heat 

and mass transfer from a vertical porous plate in presence of 

ohmic heating and viscous dissipation has  been  studied to 

observe the visco-elastic effects on the fluid flow field 

along with other flow parameters involved in the problem. 

The electrically conducting visco-elastic fluid flow is 

characterized by Walters liquid (Model B′). 

 

The constitutive equation for Walters liquid (Model B′) is 

                   ,       
      

       
        (1) 

where       is  the stress tensor, p is isotropic pressure,     

is  the metric tensor of a fixed co-ordinate system xi, vi is 

the velocity vector, the contravariant form of e′ik is given by                                                                                                                                                                

     
    

  
                                   (2) 

It is the convected derivative of the deformation rate tensor 

eik defined by 

2eik = vi, k +vk, i                                                      (3)   
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Here η0 is the limiting viscosity at the small rate of shear 

which is given by  

                    
 

 
         

 

 
                  (4) 

N(τ) being the relaxation spectrum as introduced by Walters 

[24, 25]. This idealized model is a valid approximation of 

Walters liquid (Model B′) taking very short memories into 

account so that terms involving 

   
 

 
                                                               (5)                                                                                                                                                            

have been neglected. 

2. MATHEMATICAL FORMULATION 
The mixed convective MHD flow with heat and mass 

transfer over a vertical plate in presence of ohmic heating 

has been considered. The   -axis is taken along the length of 

the non-conducting porous plate and   -axis is perpendicular 

to it. Let    and    be the velocities of the fluid along     and   

   directions respectively. As the motion is two dimensional 

and the plate is long enough, all the physical quantities are 

independent of     The equations governing the fluid flow 

are: 

 

equation of continuity: 

    
   

   
                                                                         (6) 

         (constant). 

also  
   

   
   

     is independent of    .                                                                                                     

 

momentum equation: 

  
   

   
  

    

    
 

  

 
  

    

       
            

   
   

 
 

                         
 

  
                                              (7)  

 

energy equation: 

  
   

   
 

 

   

    

    
 

 

  
 
   

   
 
 
      

   

   

    

    
  

   
    

   
 

                       
 

   

   

   
                                         (8) 

 

concentration equation: 

  
   

   
  

    

    
                                                                 (9) 

 

where   is the kinematic viscosity,   is the acceleration due 

to gravity,   is the volumetric co-efficient of expansion for 

heat transfer,    is the volumetric co-efficient of expansion 

for the fluid,   is the density,    is the temperature of the 

fluid near the plate,     is the free stream temperature of the 

fluid,   is the thermal conductivity,    is the specific heat at 

constant temperature,    is the concentration susceptibility, 

   is the mass concentration,    is the radiative heat flux,    

is the magnetic field, D is the molecular diffusivity,    is 

the constant suction velocity,   is the magnetic 

permeability,    is the permeability of the porous medium 

and    is the pressure.  

 The radiative heat flux    [26] is given by 
   

   
                                                                                                                       

where       
    

   
  

 

 
, Kλw is the absorption coefficient 

at the wall and ebλ is Planck’s function. 

The initial boundary conditions are 

                           

                                                      (10) 

On introduction of the non-dimensional quantities  
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  .                                            (11) 

equations (7) , (8) and (9)  become 

  
   

    
   

    
  

  
    

 

 
                  (12) 

   

      
  

  
                

  

  
 
 
        

  

                                                            
  

  

   

   
                (13) 

   

   
   

  

  
                                                              (14) 

where     
    

 

   
 , Gr is the Grashof number for heat 

transfer, Gm is the Grashof number for mass transfer, Pr is 

the Prandtl number, N is the radiation parameter, Sc is the 

Schmidt number, Ec is the Eckert number, M is the 

magnetic parameter and H is the heat source parameter. 

 

The modified boundary conditions are: 

                 

                                                      (15) 

3. METHOD OF SOLUTION 
To solve the equations (12) to (14), the perturbation scheme 

for      is introduced as follows: 

                       
                                                                            

                       
                                                                 

                       
                             (16) 

 

On substituting relations (16) in equations (12) to (14) and 

neglecting the second and higher powers of   , the zeroth 

and first order equations are obtained as follows: 

zeroth order equations: 

  
    

    
    

    
   

  
    

 

 
                                                                                                                      

                                                                            (17) 
    

   
   

   

  
                                           (18) 

    

      
   

  
                                                           (19) 

first order equations: 

  
    

    
    

    
   

  
    

 

 
                                                                            

                                                                            (20) 
    

      
   

  
               

   

  
 
 
      

  

                                                             
   

  

    

                 (21) 

    

      
   

  
                                                           (22) 

The new boundary conditions are now, 

                                     

                                                                                                          

                                                                             (23) 

In order to solve the equations (17) and (20), the          

multi-perturbation scheme for      (for low shear stress) 

has been introduced as follows: 

                 
    

                 
                                         (24) 

Using relations (24) in (17) and (20) and neglecting the 

second and higher powers of   , the zeroth and first order 

equations are obtained as 
     

    
    

  
    

 

 
                         (25) 
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                         (26) 

and 
     

   
 

    

  
    

 

 
      

     

   
                       (27) 

     

   
 

    

  
    

 

 
      

     

   
                       (28) 

 

The corresponding boundary conditions are 

                                

                                          (29) 

 

The solutions of equations (19), (22), (18), (21), and (25) to 

(28) subject to boundary conditions (23) and (29) are 

obtained as follows: 

                                                                           (30) 

                                                                              (31) 

                                                                           (32) 
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                                                                            (37) 

The constants are obtained but not given here due to 

brevity. 

4. RESULTS AND DISCUSSION 

The expressions for velocity, temperature and concentration 

for the flow field are given by  

                                                (38) 

                                                                     (39) 

                                                                    (40) 

The non-dimensional skin friction at the wall of the plate is 

given by 

       
       

        
       

          
  

              
                                           (41) 

The non-dimensional form of the rate of heat transfer in the 

form of Nusselt number Nu is given by, 

    
  

  
 
   

     
       

  
   

                          (42)      

The non-dimensional form of the rate of mass transfer at the 

plate in terms of Sherwood number    is given by  

     
  

  
 
   

    
      

  
   

                             (43)                                      

4.1. Discussions 

The objective of this study is to find out the effects of 

visco-elastic parameter on mixed convective MHD flow 

with heat and mass transfer from a vertical plate in presence 

of ohmic heating and viscous dissipation as the effects of 

other flow parameters have been analyzed by Babu and 

Reddy[11]. The non zero values of the non-dimensional 

parameter K1 reveals the visco-elastic effects while K1=0 

represents those for Newtonian fluid.  The expressions for 

the velocity field u, the temperature field T and the mass 

transfer C may be obtained from (38), (39) and (40) 

respectively. 

 

The numerical calculations are to be carried out for Prandtl 

number Pr=3, Eckert number Ec=.001, permeability 

parameter K=1, radiation parameter N=5, Schmidt number 

Sc=.4 in all the cases. The profiles of velocity component u 

against y are depicted for various flow parameters involved 

in the problem in the figures 1 to 4 to observe the visco-

elastic effect in presence of magnetic parameter M and heat 

source parameter H (M=.5, H=3).It is visualized from these 

figures that the velocity accelerates and then decelerates in 

both Newtonian and non- Newtonian cases. Again, an 

accelerated trend is noticed during the modification of 

visco-elasticity in comparison with Newtonian fluid. Also, 

in our study Gr and Gm characterize the free convection 

parameter for heat transfer and mass transfer respectively. 

 

The figures 1 and 2 depict that the magnitude of the 

maximum value of velocity is less for externally heated 

plate (     than that for externally cooled plate (    . 

 

The magnitude of the maximum value of velocity is less 

when         in comparison with       (figures1, 3). 

 

Again, the magnitude of the maximum value of velocity is 

diminished remarkably when        as compared to 

      (figures 1, 4). 

 

Figures 5 to 8 and 9 to 12 illustrate the behavior of skin 

friction coefficient    against the heat source parameter H 

and the magnetic parameter M respectively. 

 

The skin friction coefficient diminishes (figure 5) with the 

increasing value of H for externally cooled plate (Gr>0) but 

enhances (figure 6) for externally heated plate (Gr<0) along 

with the increasing values of the visco-elastic parameter K1. 

 

For      , the skin friction coefficient against H exhibits 

the same behavior as that in externally cooled plate for 

      (figures 7, 8). But the magnitude of the skin 

friction coefficient diminishes in the case of       as 

compared to       in both Newtonian and non-

Newtonian cases. 

 

Figure 9 reveals a diminishing trend of the skin friction 

coefficient with the enhancement of the visco-elastic 

parameter K1 as well as magnetic parameter M for 

externally cooled plate (Gr>0) but the figure 10 exhibits an 

opposite trend for externally heated plate (Gr<0). 

 

Also, for the growth of the visco-elastic parameter K1 and 

the magnetic parameter M, the shearing stress    

experiences a declination for externally cooled plate (Gr>0) 

when       (figures 11, 12). 

 

It is also found the from figures 9, 11 and 12 that the 

magnitude of the skin friction diminishes for       as 

compared to       with a higher variation in the case of 

      than in      . 

It is noticed that the thermal and concentration fields are  

affected by the magnetic parameter with the combination of 

other flow parameters in Newtonian case but they are not 

significantly affected by the visco-elastic parameter. 
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Figure 1: Velocity profile u against y for Gr=5, Gm=5 

 

 
Figure 2: Velocity profile u against y for Gr=-5, Gm=5 

 
Figure 3: Velocity profile u against y for Gr=2, Gm=5 

 

 

 

 
Figure 4: Velocity profile u against y for Gr=5, Gm=2 

 

 
Figure 5: Skin-friction coefficient    against H for Gr=5, 

Gm=5, M=.5 

 
          Figure 6: Skin-friction coefficient    against H for 

Gr=-5, Gm=5, M=.5 
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Figure 7: Skin-friction coefficient    against H for  

Gr=2, Gm=5, M=.5 

 
Figure 8: Skin-friction coefficient    against H for  

Gr=5, Gm=2, M=.5 

 
        Figure 9: Skin-friction coefficient    against M for 

Gr=5, Gm=5, H=3 

 
            Figure 10: Skin-friction coefficient    against M for  

Gr=-5, Gm=5, H=3 

 
           Figure 11: Skin-friction coefficient    against M for 

 Gr=2, Gm=5, H=3 

 

 
   Figure 12: Skin-friction coefficient    against M for  

Gr=5, Gm=2, H=3 
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5. CONCLUSION 
An analysis of mixed convective MHD visco-elastic flow 

with heat and mass transfer from a vertical plate in presence 

of ohmic heating and viscous dissipation has been presented 

for different values of visco-elastic parameter K1 in 

combination of other flow parameters.  

 

The study paves the way for the following conclusions: 

 

 The velocity field is considerably affected at every 

point of the fluid region by the visco-elastic 

parameter. 

 The velocity field is accelerated during the           

enhancement of the visco-elastic parameter in                 

comparison with Newtonian fluid. 

 The effects of Grashof numbers for heat and mass 

transfer in the flow field are remarkable. 

 The skin friction coefficient against the heat source 

parameter diminishes on the porous plate with the 

rising effect of visco-elastic parameter and the heat 

source parameter as well for externally cooled plate 

and an opposite trend is observed for externally 

heated plate. 

 The skin-friction coefficient against the magnetic 

parameter exhibits a decelerating trend with the 

enhancement of the visco-elastic parameter for 

externally cooled plate and an opposite trend is 

noticed for externally heated plate. 

 The skin-friction coefficient against the magnetic 

parameter exhibits a diminishing trend with the 

growth of the magnetic parameter for both externally 

cooled and externally heated plates.  

 Visco-elasticity has no prominent effect in the 

thermal and concentration fields. 
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