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ABSTRACT
In this paper, we have investigate existance, uniqueness and
error bound of quintic spline interpolation.
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1. INTRODUCTION

Piecewise Quartic, Quintic and higher degree spline are
popular for smooth and best approximation see Deboor [1].
Interpolation by lower degree spline are widely used in the
method of Piecewise Polynomial approximation to represent a
non analytic funciton. Interpolation by Quintic and higher
degree spline, the maximum error between a function and its
interpolant can be controlled by mesh spacing and such
function have no corner at the joint of two pieces and
therefore no more data are required than lower order method
to get desire accuracy. Therefore, quintic and higher degree
spline are useful than lower degree spline for best
approximation See [1]. In the direction of more higher degree
spline Jianzhone and Hung [9] have obtained optimal error
bounds for quartic and quintic interpolatory splines (see also
Howell and Verma) [2] Wong and Agrawal [5], Gmelling
Meling [6] have obtained explicit error bounds for quintic and
biquintic interpolatory spline Dubey [10] has obtained
existence, uniqueness and error bound for higher degree spline
(See also Rana and Dubey) [8]. In the present paper we shall
obtain precise error estimate of deficient quintic spline
interpolation matching the given function values at mesh
points and its derivative at two interior points of the interval.

2. EXISTENCE AND UNIQUENESS

Consider a mesh P of [0, 1] given by 0 = X, <Xg,..., <X, =1
such that x;,; - X; = h;, 1 =0, 1,. .., n - 1. For a positive integer
m, let ©i5 [0, 1] denote the set of all real algebraic polynomials
of degree less than or equal to ms. For a function s defined
over P. we denote the restriction of s over [x;, Xi.1] by s. The
class R(5, 2, P) of deficient quintic splines defined over P is
given by

R(5,2,P)={s:s £ C*[0,1], si ¢ &, i=0,1,2 n—1},

wherein R*(5, 2, P) denotes the class of all deficient quintic
splines R(5, 2, P) which satisfy the boundary conditions

§'(Xo) =f” (%), 8" (%n) =F" (Xy).
2.1

We introduce the following interpolatory conditions:

s() =f(.), i =0,1, ..., n 2.2)
s(a@)=f(a), i=1,2, .in
S =F(B), i=1,2 ...n (2.3)
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where o =X+ (1/3)h|_1
Bi= X1+ (213)hiy
In fact, we shall prove the following:

THEOREM 2.1. Let f exist, then there exists a unique
deficient quintic spline s in R*(5, 2, P) which satisfies the
interpolatory conditions (2.1) - (2.3).

Proof : Considering a quintic polynomial P(z) on [0, 1], it
can be easily verified that

E(2) =E (0) Qu(2) + E'(1) . Qx(2) + E'(113) . Qs(9) + E'(2/3) .
Q42) + E'(0) Qs(2) + E'(1). Qs(2) (24)

where

Q (Z)=%[4—12022 +440z° -540z* +216 25]
Q (Z)=%[12022 —4407° +5407* —2162° |

Qs (Z)=%[—2722 +1352° -1892* +81z°]

Q. (2)2%[—5422 +189z° -2162* +812°]

Q, (z)=%[4z—822 —237°+547" -272°]

Q, (z)=%[—1522 +512° —632° +272°]

Now writing t = (x - x;)/h;, 0 <t < 1, (2.4) may be expressed
in terms of the restriction s; of s on [x;, X;+1] as follows :

Si() = f(xi) . Qu(t) + ' (Xira) . Qo) + F' (@is1) - Qa()+(fira) -
Qu(t) + his'(xi) . Qs(t) + his" (Xis1) . Qg (1) (25)

which clearly satisfies the conditions (2.1) - (2.3) and s;(x) is
quintic in [x;, X+1] fori =0, ...., n-1. Now observing the fact
that s e C? [0, 1], therefore, applying continuity condition of
second derivative of s in (2.5), we get the following system of
equations :
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- ? hs;, +(@5h +4h,)s, +12_5 S

~F,i'=12,...,n—1 (26)

where

Fogof| M| gof Mo Mg
T A U

=27 (f' () + F'(B.)h
—27h (f'(e))+ T'(B))

Since %(hi ~h,_,)>0for h,>h,

It may be seen easily that the coefficient matrix of the system
of equations (2.6) is diagonally dominant and hence
invertible. This completes the proof of Theorem 2.1.

3. ERROR BOUNDS

In this section of the paper, we shall estimate the bounds of
error function by using method of Hall and Meyer [2] and of
its derivatives, i.e. e€”(x) = s”(x) - f7(x), r =0, 1 for the spline
interpolant of Theorem 2.1 which are best possible. Let s(x)
be the twice continuously differentiable quintic spline
function satisfying the conditions of Theorem 2.1. Now
considering f € C® [0,1] and denoting the unique quintic
polynomial by L;[f, x] which agrees with given functional
values and derivatives f (0is1), F (Bist), f @) and O (Xis1),
for r=0, 1, we have for xe [X;, Xi+1],

() - FOI = 1si(x) FO)| < [si(x) - Lillf, ]| + [Lilf, ] - ()]
----- 3.1
We now proceed to get pointwise bounds of both the terms on
the right hand side of (3.1). The estimate of the second term
can be obtained by following a well known remainder
theorem for polynomial interpolation of Davis [4].
h?
ILi[f, X] - f(X)| < é [t2(1-t) % (1-3t)(2-3t)|F/9 (32)

Where t = (X-x;)/h;

and F= max |f® ()|

0<x<1

We next turn over attention to get a similar bounds for |s;(x)-L;
[fx]]. From (2.4), we have

s,(X)—L[f,x]=he'(x).Qs(t)+he'(x.,)Qs(t)

...... (3.3)
Thus,

|, ) —LiLf. xT<h|e'(x) [ Qs (1) |
+he' () 1Q® . .. (3.4)
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As

Qs (1) [+ Qs (1) |=%|t(1—t) |19t* ~19+4|

Thus, applying (3.5) in (3.4), we have
|5 () — LiLf, x]I< by max{]e'(x;) |, €'(X;..) [ (t)

where k(t) = %|t(1—t) |19t* —19+4|

Let the max |e’(x;)| exist for i=j, therefore (3.6) may be written
as

|s,()-L[f,x][<h|e'(x)k®t)| ... 3.7)
Where h=max h;, we now next proceed to find the upper
bound for |e’(x;)| needed in eq. (3.7). Replacing s'(x;) by e'(x;)
in (2.6), we have

23, . . 15 .
—?hj e;,+(5h;+4h;,)e; +?hHej+l

23

.15 .
=Fy+ 2 hy i, =(sh +ah ) £

= B(f) (say) ...(3.8)
In view of the fact that B(f) is a linear functional which is zero

for polynomial of degree 5 or less, we can apply the Peano
Theorem Davis [4] to obtain

B(f)= jf ') g VEIdy.  ..G9)

Thus from (3.9), we get,

F Xj1, 5
| B(f) |g§ij| BI(x-y)°]ldy.  ...G.10)
Further, it can be observed from (3.9) that for
SySXj+l
B[(x-y):1=(@5h; +4h ) (x; - y)!

75
Y hiy (X0 — y)* +60(x; — y):

h. h,

h.
J -1 J -1 5
- +60 Xiy—Y)
h, h i

J J

VP +(Ba-Y)'}
h,,-135{(a, -y)* +(8,-y)*}

—135{ Ay —
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In order to estimate the integral of r.h.s. of (3.10), we rewrite
the above expression in the following symmetric form about x;
to get.

Bl(x-y) T | - 4,600, -)|

[0 - y)-h,} X <y<a,
h, [ 255

“o | 2B, (1,90 -9001, -y
j-1

+15(x, - y)® h®, +10(x;, — y)h?, —25h, |

aijS,Bj

h; [-15
h_1|:7 h,(x; - y)* +90hj2—1 (X; — y)°
j1

—75(x; —y)* h?, +30h?, (x; —y)°

—-80
(x, - y)Thjf‘l]

hi— 5
Z—h—[GO(Xj ~Y:)

i

15
+?hj (x; —y)* —90h? (x; - y)®

213 4 80 5
+75(x; —y)” h; +30h; (xj—y)—?hj]

j+l
—=[60(x; - Y)°
i

+90(x; —y)*h; +15(x; —y)* h}

255
+7hj (x;-y)*

—10(x; —y)h{ —25h?]
j+l_y ﬂ]+l
h 45 4
== —h +60(x -Y) [xj—y+hj]
h, [ 2

ﬁj+l_y<xj+l
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From the above expression, it follows that

J.1Blx - y):11dy=256.72h;h, (} + b,
....(3.11)

Combining (3.10) with (3.11), we have

256.72h. h
T“[h“ +h, |F

....(3.12)
Thus from (3.8) and (3.12), it follows that

| B(f)[<

256.72h,.h, [ +h*, |

s{m By, }
2 2
...(3.13)
Now using (3.2), (3.7) along with (3.13) in (3.1), we have

le'(x;) =l¢€] |<

h6 2 2
le(x) |s@ 21— t)>(1—3t)(2 - 3t)F /9

+h|e'(t;) [t@—t)(Ot* —19t + 4) |
h6
<@F [C(t) ] ...(3.14)

Where

|C(t) =Ft(L—t)[ (1—3t)(2— 3t) +(9t* —19f +4)/15]
=K(t) (say) .(3.15)

THEOREM 3.1. Let s(x) be the quintic spline interpolant
of Theorem 2.1 interpolating a given function f(x) and

f eC°[0,1] then,
|e(x) |<K,h® /5 max | f©(x) ]| .(3.16)

0<x<1

Where K,=max | C(t) |, defined by the equation (3.15)

0<x<1

Also, we have

|e'(x,) <K h® /5imax | f O, ..@1

Where K; = 412/15

Furthermore, it can be seen easily that K in (3.16) be
improved for an equally spaced partition. Inequality (3.17) is
also best possible. Also, we have

le'(x) |<K, (h®/51) max| f @), ..18)

where K, is positive constant. Equation (3.14) proves (3.16)
whereas inequality (3.17) is a direct consequence of (3.13).
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Now, we turn to see that the inequality (3.16) is best possible
in the limit. Considering f(x) = x%/6! and using the Cauchy
formula Davis [4], we have

L[t° /6!, x]—x® /61=h°(1—t)?t?
(t-1/3)(t-2/3)/6!

Moreover, for the function under consideration (3.8) the
following relation holds for equally spaced knots,

..(3.19)

6
B{x_}zzsejz hs__ 2B 194 15 1
6! oS! 2! ®i
....(3.20)
Considering for a moment
, 256.72h° ,
€ (Xi):—:e (Xi—l):e (Xi+l)
(5H(5)
...(3.21)
we have from (3.4),
256.72h°
s(X)-L[f,x]= t
()-LLf.x]= 150) — o Qs (1) +Qs (1))
_ 256.72h°

56 [t(L—t)(9t2 —19t + 4)/ 4}
(3.22)

Now combining (3.19) and (3.22), we get for X, < X<X;,,

S0 £ ( )__{256.72t(1_t){9t —i9t+4}

&) | 15

+ %t(l—t)(t 173t - 2/3)} -623)

From (3.23), it is clearly observed that (3.16) is best possible,
provided we could prove that

(256.72)h®
|+1) e( ) (5')(15)
....(3.24)

In fact (3.24) is attained only in the limit. The difficulty will
appear in the case of boundary conditions, i.e.,

e'(X,)=e"(X,)=0. However, it can be shown that as we
move many subintervals away from the boundaries,
e'(x)—>256.72h° /(51)(15). For that, we shall apply

(3.20) inductively to move away from the end conditions

e'(x,)=¢'(x,)=0.

&' (%) =¢e'(x

The first step in this direction is to establish that €'(X;)>0

for some i, i=1, ..., n which can be shown by contradictory
result, let e'(x;) < 0 for some i =1, 2....n-1. Now making use of
(3.17), we get
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256.72h° 23 15
W_ 5 e, +19+— 5 €

for some j L.H.S. positive and r.h.s. is negative. Thus we have
a contradication. Thus, €'(X;)>0 fori=0, ..., n

Now from (3.20) we can write

5
o) 25072° (15, 23,
T g iy
5
=19e'(xj)§%

Since €'(X;)=0, we get

e x)< 256.72h° 05
NCON

Now again using (3.25) in (3.20), we have
5
e'(xi)SM{H i} i=23,..,n2
19(5") 19
Thus, it is clear that a repeated use of (3.20) leads us to

5
e (x)< 22072 1 L 4119)+(4/19)2+ ... ]

19(5!)

..... (3.26)

Now, it can be seen easily that the right hand side of (3.26)
256.72h°

15(61)

and hence in the limiting case.

256.72h°
15(51)

which verifies the proof of (3.17).

e'(x)<

..(3.27)

6
X
Thus, corresponding to the function f(X)=——, (3.26)

(61
_ , 256.72h° .
and (3.27) imply € (Xi)—)—ln the limit for
15(51)

equally spaced knots. This completes the proof of Theorem
3.1
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