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ABSTRACT 

In path factorization, Ushio [1] gave the necessary 

and sufficient conditions for   -design when k is odd. 

    -factorization of a complete bipartite graph for    

an integer, was studied by Wang [2]. Further, Beiling 

[3] extended the work of Wang [2], and studied     -

factorization of complete bipartite multigraphs. For 

even value of   in   -factorization the spectrum 

problem is completely solved [1, 2, 3]. However, for 

odd value of k i.e.            and     , the path 

factorization have been studied by a number of 

researchers [4, 5, 6, 7, 8]. The necessary and 

sufficient conditions for the existence of      -

factorization of symmetric complete bipartite digraph 

were given by Du B [9]. Earlier we have discussed 

the necessary and sufficient conditions for the 

existence of      and      -factorization of symmetric 

complete bipartite digraph [10, 11]. Now, in the 

present paper, we give the necessary and sufficient 

conditions for the existence of      factorization of 

symmetric complete bipartite digraph,     
 . 

 

Mathematical  Classification -  

68R10,  05C70,  05C38.  

 Key words  –  Complete bipartite Graph, 

Factorization of Graph, Spanning Graph.  

Introduction: 

Let     
  be a complete bipartite symmetric digraph 

with two partite sets having   and   vertices. A 

spanning sub graph       of     
  is called a path factor 

if each component of        is a path of order at least 

two. In particular, a spanning sub graph        of     
   

is called a        factor if each component of         is 

isomorphic to        . If     
  is expressed as an arc 

disjoint sum of        factors, then this sum is called 

       factorization of     
  . Here, we take path of 

order 9. A        is the symmetric directed path on   

vertices. 

 

 

Mathematical Analysis:  

The necessary and sufficient conditions for the 

existence of      factorization of complete bipartite 

symmetric digraph are given below in theorem 1.  

Theorem 1:  Let     be the positive integers. 

Then     
  has a          factorization iff: 

1.         

2.         

3.                

4.                is an integer 

Proof of necessity  

P roof: Let   be the number of        factors in the 

factorization, and   be the number of copies of       in a 

factor. Since any       –factor spans     
 , hence the 

number of copies of        in any factor, 

    
   

 
.                                                   

… (1 )  

Since every       –factor has            symmetric 

edges in a factorization, therefore total number of 

edges in symmetric complete bipartite digraph will 

be,         

Also, since total number of edges in a symmetric 

complete bipartite digraph are      therefore, 

                        

Hen ce,  

        
   

      
 .                                 … (2)  

Obviously,     and    will be integers. Thus conditions 

3 and 4 in theorem 1 are necessary. In a particular 

      factor, let   be the number of copies of       with 
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its end points in  , and   with end points in  , then 

by simple arithmetic we can obtain, 

                                      

 and 

         

From this, we can compute   and  , which are as 

follows: 

             
     

 
                                     … (3) 

             
     

 
                                      ... (4). 

Since, by definition   and   are positive integers, 

therefore equations (3) and (4) imply, 

     

 
   

  and 

     

 
    

This implies 

                                   

 and   

                                    

Therefore, conditions 1 and 2 in theorem 1 are 

necessary.  

This proves the necessity of theorem 1. 

Proof of sufficiency  

Further, we need the following number theoretic 

result (lemma 1) to prove the sufficiency of theorem 

1. The proof of lemma 1 can be found in any good 

text related to elementary number theory, one such is 

given in [12]. 

Lemma 1:  If gcd          then gcd       

       where       and   are positive integers. 

We prove the following result (lemma 2), which will 

be used further. 

Lemma 2:  If     
  has      -factorization, then 

      
  has a      -factorization for every positive 

integer  . 

Proof: Let      is 1- factorable [13] and {          } 

be a 1- factorization of it. For each   with         

replace every edge of    by a     
  to get a spanning 

subgraph    of       
 , such that the graphs      

         are pair wise edge disjoint, and there 

union is       
 . Since     

  has a      -factorization, it 

is clear that    is also                 , and hence 

      
  is      -                

Now to prove the sufficiency of theorem 1, there are 

three cases to consider: 

Case I:     . In this case from lemma 2,     
  has 

     -factorization. For instance      
 (trivial case) has 

     -factorization. These factorizations are illustrated 

in figure from 1 to 5. 

 

                                                                                                                         

  

 

                                                                                                                                              

                      F ig(1)           
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                F ig(2)  y1 x 2 y2 x 3 y3 x4 y 4 x 5 y5 ,  y5 x5 y4 x4 y 3 x 3 y2 x2 y1 ;  y 6 x6 y7 x7 y8 x 8 y9 x1 y1 0 ,  

y1 0 x 1 y9 x8 y8 x7 y 7 x 6 y 6 :  

. 

 

                                                                                                                         

 

 

 

 

                                                                                                                                              

   F ig(3)       y1 x 3 y2 x4 y3 x 5 y 4 x 6 y5 ,  y 5 x 6 y4 x5 y3 x 4 y2 x 3 y 1 ;  y 6 x7 y7 x 8 y8 x1 y 9 x2 y1 0 ,  y 1 0 x 2 y9 x1 y 8 x 8 y7 x 7 y6 :  

 

 

 

 

                                                                                                                           

 

  

  

                                                                                                                                              

 

 F ig(4 )  y1 x4 y 2 x5 y 3 x 6 y 4 x 7 y5 ,  y5 x7 y4 x 6 y3 x 5 y2 x 4 y1 ;  y 6 x 8 y 7 x 1 y8 x2 y9 x3 y 1 0 ,  y1 0 x3 y9 x 2 y8 x1 y 7 x 8 y6 :   .  
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 F ig(5 )     y1 x4 y2 x 5 y3 x6 y4 x 7 y5 ,  y 5 x7 y4 x 6 y3 x5 y2 x 4 y1 ;  y6 x 8 y 7 x 1 y8 x 2 y9 x3 y 1 0 ,  y1 0 x3 y9 x2 y8 x1 y 7 x 8 y6 :  

.  

Case I I :       .  Obviously,      
  has       -

factor i zat ion .  

Case I I I :        and       .  In  th is  case ,  

le t  

  
     

 
,     

     

 
  

  
   

 
  and     

   

      
  

Th en  fro m condi t ion s  1  -  4  o f th eorem (1) ,  

        are  in t egers  and       ,        .  

As obtained  previously  

                                     

           and   

                                   .  

Hen ce,  

         
  

      
  

S ince    i s  a  posi t ive  in t eger ,  there fore ,  

 
  

      
  (say)  

 must  b e  posi t ive  in t eger .  

Again  l e t                then        and  

        

 where      ar e  in t eger s  and  gcd       .   

Th en    beco mes  

  
   

        
  

Th ese equ al i t i e s  imp ly the  fo l lo win g 

equal i t ie s  

  
         

  
  

  
               

  
  

  
              

  
  

  
                 

   
  

  
         

  
  

  
          

   
  

To  co mpute  a l l  poss ib le  values  o f           

and     fo r  case  ( I I I ) ,  we  es t ab l i sh  th e  

fo l lo win g l emma,  l emma 3 .  

Lemma 3:   

Case  (1) :  I f  gcd          and  gcd           

then  there  exis t s  a  posi t ive  in teger    such  

that   
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                       and                  

Case  (2) : I f  gcd          and  gcd           

and  le t       ,  then  there  ex is t s  a  po si t i ve  

in teger     such  that  

                                      

                           

                      

                   and                  

Case (3) :  I f  gcd          and  gcd       

     and  le t        ,  then  there  exi s t s  a  

posi t i ve  in t eger   ,  such  th at  

                                              

                      

                                   

                         and           

        

Case  (4) : I f  gcd          and  gcd           

and  le t         then  there  exi s t s  a  posi t ive  

in teger     such  that  

                                                  

                                                  

                                                 

                           and           

    .  

Case (5) :  I f  gcd          and  gcd  (q ,  25)  =  

5 ,  and  l e t                then  th ere      exi s t s  

a  posi t i ve  in t eger     such  tha t  

                                                

                        

                                             

                       and                   

Case (6) : I f  gcd           and  gcd           

and  le t                 then  there  exi s t s  a  

posi t i ve  in t eger     such  th at  

                                                

                        

                        

                       and            

        

Case  (7) : I f  gcd         and  gcd           

and  le t        then  there  exi s t s  a  posi t i ve  

in teger     such  that  

                                      

                           

                                       

                     and                

Case  (8) :  I f  gcd           gcd           and  

le t              then  there  ex is t s  a  pos i t ive  

in teger     such  that  

                                              

                       

                                   

                       and                  

 Case (9) :  I f  gcd           gcd            and 

le t              ,  then  there  exis t s  a  

posi t i ve  in t eger   ,  such  th at  

                                             

                               

                               

                        and            

       

Case (10) : I f  gcd           gcd           and 

le t       ,  then  th ere  exi s t s  a  posi t ive  

in teger   ,  such  tha t  

                                       

                       

                      

                       and                  

Case (11) :  I f  gcd          gcd           and  

le t               then  th ere  exis t s  a  

posi t i ve  in t eger   ,  such  th at                                                        
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                        and             

      

 Case (12) : I f  gcd           gcd           

and  l e t              ,  th en  th ere  ex is t s  a  

posi t i ve  in t eger   ,  such  th at  

                                                  

                                     

                                     

                        and             

       

 Case (13) : I f  gcd            gcd           

and  le t        ,  then  th ere  exi s t s  a  posi t ive  

in teger   ,  such  tha t  

                                  

                      

                      

                          and                

Case  (14) :  I f  gcd            gcd       

    and  le t              ,  then  there  ex is t s  a  

posi t i ve  in t eger   ,  such  th at  

                        

                       

                        

                and    

              

Case (15) :  I f  gcd            gcd           

and  le t               ,  then  there  exi s t s  a  

posi t i ve  in t eger     such  th at  

                                        

                       

                        

                 and                   

P roof:  Let  gcd          gcd         and  

gcd          ho ld .  

Th en        gcd           = gcd            .   

S ince gcd         and  gcd         ,   

  hence  

         gcd               and  gcd          .   

S ince                                           

  
                 

   
 

 i s  a  posi t ive  in t eger .  Th ere fore  b y l emma 2 .2 ,  

we see  th at    

 gcd            = gcd            .   

Hen ce   mus t  be  an  in t eger ,  where:  

                                           
 

   
.  

Th ere fore ,    wi l l  be  a  pos i t ive  in t eger ,  where :  

                                            

S imi l ar ly a l l  valu es  o f       and  r  are  posi t ive  

in tegers  in  case  (1 )  o f  lemma 3 .  

Th e proofs  o f o ther  equal i t ie s  in  lemma 3  are  

s imi la r  to  case  (1) .  

Thi s  p ro ves  l emma 3 .   

Belo w in  l emma 4 ,  we give the  cons t ruct ion  o f  

     - factor  o f  co mple te  b ipar t i t e  symmetr i c  

d igraph  ( fo r  case  I I I  o n ly) ,  b y t ak ing  the  

va lues  o f   and    f ro m case  1  of  lemma 3  a t  

   .  

Lemma (4):-  

Let                  ,  and        

             be  posi t ive  in t eger s ,  t h en      
  

has       - factor i zat ion .  

 P roof: -For  given  valu es  o f   and    we h ave  

                                     

numb er  o f copies  o f       ,  wi th  i t s  end  po in ts  in  

Y in  a  p ar t icu l ar       -  factor ,  and  

                                               

numb er  o f copies  o f       ,  wi th  i t s  end  po in ts  in  

X  in  a  par t icu l ar       -  factor .   

Hen ce  to t a l  nu mber  o f cop ies  o f        

                                       

and  the  nu mb er  o f       -  factor s  
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 where  

                  and                

 Here  X ,  Y are  two par t i t e  se t s  o f      
 

 as ,  

                                      

  and  

                                     

 wi th   

                              

 and  

                            

No w for  each              l e t     be  th e  set  o f  

graphs  wi th  end  po in t s  in  Y,  su ch  that  

    

                                                        

 where  

                                   

For  each            l e t        be  a  se t  o f  g raphs  

wi th  end  po in t s  in  X ,  such  that  

     = {x 5 p  +  5 ( i  -  1 )  +  2 ( u  -  1 )  +  v ,  j  +  2 ( 5 p  +  4 q ) v  

+ 3 ( 5 p + 4 q ) w  +  ( 5 p + 4 q ) t  y2 5 p  +  1 6 ( i  - 1 )  +  4 u  +  2 v  +  w  + 1 ,  

j + 1 0 p + 8 ( i - 1 ) + 2 u + v + w },  

 where  

     1 ≤ j  ≤2 (5 p  + 4q ) ,  1 ≤ u  ≤3  ,  0 ≤ v,  w,  t  ≤1 .  

Let               Obvious ly    con tains  t  

numb er  o f ver t ex d i s jo in t  and  ed ge  d is jo in t        

co mponent s  su ch  tha t   

                               t  =  a  + b   

                                  =  2(5p  +  4q )  2   

                                       = (5p  +  4q )n 0 ,   

Also    sp ans      
   Then the  graph    i s  a       -  

factor  o f      
  .  Fur ther ,  in  the  graph           ,  

each  o f the  second  subscr ip t  o f       s  meet s  

each  o f the  second  subscr ip ts  o f       s  once and  

on ly once.  Al so  in  graph                ,  the  

second  subscr ip t  o f       s  meet s  each  of th e  

second  subscr ip t s  o f       s  once and  on ly once,  

Further ,  in  the  graph               ,  we see  

that  each  o f the  second  subscr ip t  o f       s  

connec t  each  o f the  second  subscr ip t s  o f       s  

once and  on ly on ce.  H en ce we  def ine a  

b i jec t ion    su ch  that  

             :
onto

XUY XUY    

 wi th   

                                  

 and  

                               

 for  each               and  each    

            Let   

       F ξ ,  η  = {   ξ ( x)    η (y) ;  xX, yY, xyF}  

be  the  set  o f  graphs ,  then  i t  i s  sho wn that  th e  

graphs  F ξ ,  η  {1 ≤ ξ  ≤ r 1 ,  1 ≤   ≤r 2 },  are  ed ge 

d is jo in t       - fac tors  o f      
  and  there  un ion  i s  

    
 .  

Thus  {F ξ ,  η :  1 ≤ ξ  ≤r 1 ,  1 ≤ η ≤r 2 } i s  a       -

factor i zat ion  o f     
 

.  This  p ro ves  l emma(4) .  

Proof of theorem (1):  Combin ing  l emmas  

2  to  4 ,  i t  can  be seen  that  when  the  

paramete rs    and    s a t i s fy condi t ions  (1) - (4)  

in  theorem 1 ,  the  graph      
  has       -

factor i zat ion .  

Conclusion:  In  th i s  paper ,  we  have 

ob tained  th e  condi t ion  for  path  fac tor i zat ion  o f  

co mplet e  b ip ar t i t e  symmetr i c  d igrap h  wi th  9  

numb er  o f ver t i ces  h av ing symmet r ic  d i s jo in t  

edges .    
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