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ABSTRACT

In path factorization, Ushio [1] gave the necessary
and sufficient conditions for P,-design when k is odd.
P,, -factorization of a complete bipartite graph for p
an integer, was studied by Wang [2]. Further, Beiling
[3] extended the work of Wang [2], and studied P, -
factorization of complete bipartite multigraphs. For
even value of k in Py-factorization the spectrum
problem is completely solved [1, 2, 3]. However, for
odd value of k i.e.Ps, Ps, P;,Py andPy,_4, the path
factorization have been studied by a number of
researchers [4, 5, 6, 7, 8]. The necessary and
sufficient conditions for the existence of ﬁ3-
factorization of symmetric complete bipartite digraph
were given by Du B [9]. Earlier we have discussed
the necessary and sufficient conditions for the
existence of Ps and B, -factorization of symmetric
complete bipartite digraph [10, 11]. Now, in the
present paper, we give the necessary and sufficient
conditions for the existence of ﬁg —factorization of
symmetric complete bipartite digraph, K, ,,.
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Introduction:

Let 17 - be a complete bipartite symmetric digraph
with two partite sets having (1 and (1 vertices. A
spanning sub graph T of [J* - is called a path factor
if each component of T is a path of order at least
two. In particular, a spanning sub graph = of 05,0
is called a TJ, —factor if each component of T is
isomorphic to Ty . If 17 is expressed as an arc
disjoint sum of Ty —factors, then this sum is called
Ty —factorization of 117 . Here, we take path of

order 9. A [y is the symmetric directed path on 9
vertices.
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Mathematical Analysis:

The necessary and sufficient conditions for the

existence of ﬁg —factorization of complete bipartite
symmetric digraph are given below in theorem 1.

Theorem 1: Let m,n be the positive integers.
Then K, , has a 341(-1 —factorization iff:

1. 5n>4m,

2. 5m > 4n,
3. m+n=00(nod9),

4. 9mn/[4(m + n)] is an integer
Proof of necessity

Proof: Let r be the number of 1_59 —factors in the
factorization, and e be the number of copies of 1_59 ina
factor. Since any ﬁ; —factor spans Ky, ,, hence the
number of copies of B, in any factor,

_ m+n

9
(1)

Since every P,-factor has e'(e' = 8 x ) symmetric
edges in a factorization, therefore total number of
edges in symmetric complete bipartite digraph will
be, e’ = 8re.

Also, since total number of edges in a symmetric
complete bipartite digraph are 2mn, therefore,

2mn = 8re.
Hence,
Imn
"= ... (2)

Obviously, r and e will be integers. Thus conditions
3 and 4 in theorem 1 are necessary. In a particular

P, —factor, let a be the number of copies of P, with

14



its end points in Y, and b with end points in X, then
by simple arithmetic we can obtain,

5a+4b=m,
and
4a + 5b =n.

From this, we can compute a and b, which are as
follows:

q =2nm . 3)

b:Sm—4n (4)

Since, by definition a and b are positive integers,
therefore equations (3) and (4) imply,

5n—4m

5 >0
and
5m—4n
) =
This implies
5n > 4m
and
5m = 4n.

Therefore, conditions 1 and 2 in theorem 1 are
necessary.

This proves the necessity of theorem 1.

X1 : sz ﬁ3 ﬁA} §x5 § §7 §
V1 Y2 Y3 Va Vs Ve Y7 Vs Yo Y10

Fig(1)
YV1X1Y2X2Y3X3Y4X4Y5, Y5X4Y4X3Y3X2Y2X1YV1; Y6X5Y7X6Y8X7Y9X8Y10, Y10X8Y9X7YV8X6Y7X5Y6
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Proof of sufficiency

Further, we need the following number theoretic
result (lemma 1) to prove the sufficiency of theorem
1. The proof of lemma 1 can be found in any good
text related to elementary number theory, one such is
given in [12].

Lemma 1: If gcd(xu,yv) = 1 then ged(uv, ux +
vy) = 1, where u, v, x and y are positive integers.

We prove the following result (lemma 2), which will
be used further.

Lemma 2: If K;,, has Py-factorization, then

Kimsn has a Fg-factorization for every positive
integer s.

Proof: Let K, ¢ is 1- factorable [13] and {Fy, F,, ..., F;}
be a 1- factorization of it. For each i with 1 <i <s,
replace every edge of F; by a K, , to get a spanning
subgraph G; of Kg,,, such that the graphs G;'s
{1<i<s} are pair wise edge disjoint, and there
union is K¢y sn. Since Ky, , has a ﬁ,-factorization, it
is clear that G; is also 1_59 — factorable, and hence

K¢m,sn IS Po- factorization.

Now to prove the sufficiency of theorem 1, there are
three cases to consider:

Case I:5m = 4n. In this case from lemma 2, K, , has
ﬁg-factorization. For instance Kgqq(trivial case) has

ﬁg-factorization. These factorizations are illustrated
in figure from 1 to 5.
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Fig(2) Y1X2Y2X3Y3XaYaXsYs, YsXsYaXaY3X3Y2X2Y1: YeXeY7X7Y8X8Y0X1Y10,

Y10X1Y9XgYsX7Y7XsYs-

Y6X7Y7XgYsX1Y9X2Y10, Y10X2Y9X1YsXgY7X7Ys:

Y1X3Y2XaY3Xs5YaXeYs5, YsXeYaX5Y3XaY2X3Y1,

Fig(3)

Fig(4) yiXaY2Xs5Y3XeYaX7Ys, YsX7YaXeY3X5Y2XaY1: YeXsY7X1YeX2YoX3Y10, Y10X3YoX2YsX1Y7XsYs: -
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Y10

Fig(5) YiXaY2Xs5Y3XeYaX7Ys, YsX7YaXeY3X5Y2XaY1: YeXaY7X1Y8X2Y0X3Y10, Y10X3YoX2YsX1Y7XgYs:

Case Il: 4m=5n. Obviously, Kp, has P,
factorization.

Case Ill: 5m >4n and 5n>4m. In this case,
let
a= 5n—4m’ b= 5m—4n’
9 9
m+n Imn
e=—— and r= .
9 4(m+n)

Then from conditions 1 - 4 of theorem (1),
a,b,e,r are integers and 0 <a<m, 0<b<n.
As obtained previously

5a+4b=m
and
5b+ 4a =n.
Hence,
ab
r = 5(a+ b) +m

Since ris a positive integer, therefore,

ab
4(a+b)

z(say)
must be positive integer.

Again let gcd(4a,5b) =d, then 4a = dp and
5b =dq,

where p,q are integers and gcd(p,q) = 1.

Then z becomes

Lo a4
4[5p + 4q]

These equalities imply the following
equalities

d= 4[5p + 4q]z
pqg

r_@+ﬂX%p+1wk
rq '

m_4@+®6p+wk
rq '

(25p + 16q)(5p + 4q)z
n=
5pq

y

a_p6p+4®z
rq '

b= 4q(5p + 4q)z
Spq

To compute all possible values of m,n,a,b,d
and r for case (I11), we establish the
following lemma, lemma 3.

Lemma 3:
Case (1): If gcd(p,16) =1 and gcd(q,25) =1,
then there exists a positive integer s such
that

m =20(p + q)(5p + 4q)s,

n = (5p +4q)(25p + 16q)s,

r=5(p + q)(25p + 16q)s,
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a=5p(5p +4q)s and b = 4q(5p + 4q)s.

Case (2):1f gcd(p,16) =1 and gcd(q,25) =5,
and let g =5gq;, then there exists a positive
integer s, such that

m = 20(p + 5¢.)(p + 4q1)s,
n =5(5p+ 16q,)(p + 4q41)s,
r =5(p + 5p;)(5p + 16q4)s,
a=5p(p +4qy)s and b = 20q;(p + 4q4)s.
Case (3): If gcd(p,16) =1 and gcd(q,25) =
25, and let g =25q,, then there exists a
positive integer s, such that
m = 4(p + 25q,)(p + 20q,)s,
n=5(p + 16q,)(p + 20q,)s,
r=5(p + 25¢q,)(p + 16q,)s,

a=p({+20q,)s and b =20q,(p +

20q,)s.

Case (4):1f gcd(p,16) =2 and gcd(q,25) =1,
and let p =2p,, then there exists a positive
integer s, such that

m = 20(2p; + @)(5p; + 29)s,
n = 2(25p; + 89)(5p; + 2q)s,
r =5(2p; + q)(25p; + 8q)s,

a=10p;(5p, +2q)s and b =4q(5p; +
2q)s.

Case (5): If gcd(p,16) =2 and gcd (g, 25) =
5, and let p = 2p4, ¢ = 5¢q,, then there exists
a positive integer s,such that
m = 20(2p; + 5q)(p1 + 2q1)s,
n = 10(5p; +8q,)(p1 + 2q4)s,
r = (2p; + 5q,)(5p1 + 8q4)s,
a = 10p,(p, + 2q;)s and b = 20q;,(p; + 2q1)s.
Case (6):1f gcd(p,16) =2, and gcd(g, 25) = 25,
and let p =2p;, q =25q,, then there exists a
positive integer s, such that
m = 20(2p; + 25q,)(p1 + 10q;)s,

n =10(p; + 8q2)(p1 + 10qy)s,

r = 52p; + 25q,)(p1 + 8q2)s,
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a =20p;(p, +10q,)s and b = 20q,(p, +

10q,)s.

Case (7):1f gcd(p,16) =4 and gcd(q,25) =1,
and let p =4p, then there exists a positive
integer s, such that

m = 20(4p; + q)(5pz + @)s,
n = 4(25p, +4q)(5p; + @)s,
r = 5(25p; +4q)(4p; + @)s,

a = 20p,(5p, + @)s and b = 8q(5p, + @)s.
Case (8): If gcd(p,16) =4, gcd(q,25) =5, and
let p =4p,,q = 5q, then there exists a positive
integer s, such that

m = 20(4p; + 5q1)(p2 + q1)s,
n = 20(5p; + 4q1)(pz + q1)s,
7 =5(4p; + 5q1)(5p2 + 4q4)s,
a = 20p;(p; + q1)s and b = 20q,(p; + q1)s.

Case (9): If gcd(p,16) =4, gcd(q,25) = 25,and
let p=4p,,q=25q, then there exists a
positive integer s, such that

m = 4(4p, + 25q,)(p2 + 592)s,
n = 20(p; + 5q2)(p2 + 5q2)s,
T = 5(4p; + 25q,)(p; + 4q2)s,

a=4p,(p, +5q2)s and b =20qg,(p, +

5¢2)s.
Case (10):1f gcd(p,16) =8, gcd(q,25) =1,and
let p=8p;, then there exists a positive
integer s, such that
m = 10(8p; + q)(10p3 + q)s,
n = 4(25p3 + 2q)(10p; + q)s,
T =5(8p3 + ¢)(25p3 + 29)s,
a = 20p3(10p; + g)s and b = 2q(10p3 + q)s.
Case (11): If gcd(p,16) =8, gcd(q,25) =5, and
let p=8ps,q=>5q;, then there exists a
positive integer s, such that
m = 10(8ps + 5¢1)(2p3 + q1)s,
n = 20(5ps + 24:)(2p3 + q1)s,

r = 5(8p; + 5q,)(5ps + 2q1)s,
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a=20p;(2ps +q;)s and b =10q;(2p; +
q1)s,

Case (12):1f gcd(p,16) =8, gcd(q,25) = 25,
and let p =8ps,q =25q,, then there exists a
positive integer s, such that

m = 2(8p3 + 25q,)(2p3 + 5q2)s,
n = 20(p3 + 2p2)(2p3 + 5q2)s,
T =5(8ps + 25q2)(p3 + 293),

a=4p;(2p; +5q;)s and b =10q,(2p; +
5q2)s.

Case (13):If gcd(p,16) =16, gcd(q,25) =1,
and let p = 16p,, then there exists a positive
integer s, such that
m = 5(16p, + @)(20p, + @)s,
n = 4(25p, + q)(20p, + @)s,
r =5(16ps + q)(25p4 + @)s,
a=20p,(20p, + q)s and b = q(10p, + q)s.
Case (14): If gcd(p,16) =16, gcd(q,25) =

5, and let p = 16p,,q = 5q;, then there exists a
positive integer s, such that

m = 5(16ps + 5¢1)(4ps + q1)s,
n = 20(5ps + q1)(4ps + q4)s,
r =5(16ps + 5q;)(5p4 + q1)s,

a=4p,(4ps + q1)s and b=
5q1(4ps + q1)s.

Case (15): If gcd(p,16) =16, gcd(g,25) = 25,
and let p = 16p,,q = 25q,, then there exists a
positive integer s, such that
m = (16p, + 25q,)(4p4 + 5q7)s,
n = 20(ps + q2)(4ps + 542)s,
T = 5(16ps + 25q2)(ps + q2)s,

a = 4p,(4ps + 5q2)s and b = 5q,(4p, + 5q,)s.

Proof: Let gcd(p,q) =1, gcd(p,16)=1 and
gcd(q,25) =1 hold.

Then gcd(25p + 16q,5)= gcd(5p + 4q,5) =1 .
Since gcd(p,q) =1 and gcd(16,25) =1,

hence
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gcd(25p,16q) =1 and gcd(5p,4q) = 1.

Since

(25p + 16q)(5p + 4q)z
n=
5pq

is a positive integer. Therefore by lemma 2.2,
we see that

gcd(25p + 16q,pq)= gcd(5p + 4q,pq) = 1.

Hence s must be an integer, where:

z

S = .
5pq
Therefore, n will be a positive integer, where:
n = (5p + 4q)(25p + 16q)s.

Similarly all values of m,a,b and r are positive
integers in case (1) of lemma 3.

The proofs of other equalities in lemma 3 are
similar to case (1).

This proves lemma 3.

Below in lemma 4, we give the construction of

1_59-factor of complete Dbipartite symmetric
digraph (for case Il only), by taking the
values of mandn from case 1 of lemma 3 at
s=1

Lemma (4):-

Let m=20(p+q)(5p+4q), and n=(5p+
4q)(25p + 16q) be positive integers, then Kn,
has P,-factorization.

Proof:-For given values of m and n we have
a=>5p(5p +4q)

number of copies of f’;, with its end points in
Y in a particular f’;- factor, and

b = 4q(5p + 4q)

number of copies of f’;, with its end points in
X in a particular f’;- factor.

Hence total number of copies of B,
t=a+b=(5p+4q)?
and the number of ﬁg- factors

r=5(p +q)(25p + 16q) = 11.73,
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where Further, in the graph F = Ujci<sp+qEir We see
that each of the second subscript of x;;’s
connect each of the second subscripts of y;;'s
once and only once. Hence we define a
bijection o such that

r, =5(p+q) and r, = (25p + 16q).
Here X, Y are two partite sets of Ky, , as,

X={xi'j;1SiSr1,1SjSm0}

o XUY ——— XUY

onto
and
with
Y={yi,j;1SiSrz,1 SanO},
o(xi;) = (xisn)
with
and
mo =m/r; = 4(5p + 4q)
o(yi;) = Wisr)
and
for each i€(,2,..,;,) and each jE€E
ny =n/r, = (5p + 4q). (1,2, ..,7,). Let
Now for each i (1 <i <5p), let E; be the set of Fey= (o 5(x) 6 (y): XEX, yEY, xy EF}

graphs with end points in Y, such that
be the set of graphs, then it is shown that the

k= graphs F. , {1< & <r;, 1< n <r,}, are edge
(Fij(spraqut spraave Gpraawsi-Drssorurvinl disjoint P,-factors of K;,,and there union is
where Konn-
1<j<Gp+4q),0<u<1,0<v,w<1,0<st<l Thus {Fe 4 1= & =r;, 1= m =1} is a B

factorization of Ky, , This proves lemma(4).
For each i(1 <i<q), let Eg,y; be a set of graphs

with end points in X, such that Proof of theorem (1): Combining lemmas
2 to 4, it can be seen that when the

Egpyi= {Xsp + 5(i-1) + 2(u-1) + v, j + 2(5p + 4q)v parameters m and n satisfy conditions (1)-(4)

+3(5p+4a)w + (5p+4q)t Y25p + 16(i -1) + 4u + 2v + w +1, in theorem 1, the graph Ky, has Bs-

j+10p+8(i-1)+2u+v+w} factorization.

where

Conclusion: In this paper, we have
obtained the condition for path factorization of

1<) <2(5p+4q9), 1fu<3,0<v,w,t<l.
complete bipartite symmetric digraph with 9

Let F=Ujsssp B Obviously F  contains t number of vertices having symmetric disjoint
number of vertex disjoint and edge disjoint 1_59 edges.
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