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ABSTRACT

In this paper, using the direct method we study the
generalized Hyers-Ulam-Rassias stability of the following
quadratic functional equations f(2x+y)=f(xxy)+6f(X)

and f(3xxy)=f(xxy)+16f(x) for the mapping f from
normed linear space in to 2-Banach spaces.
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1. INTRODUCTION

In 1940, S. M. Ulam [10], triggered the study of stability
problems for various functional equations. He suggested the
stability problem of functional equations concerning the
stability of group homomorphism. In the next year, D. H.
Hyers [3] was the first mathematician to present the result
concerning the stability of functional equations on Banach
spaces. The generalized version of D. H. Hyers [3] result was
given by famous Greece mathematician Th. M. Rassias [11]
in 1978. The stability paper [12] given by Th. M. Rassias has
significantly influenced in the development of stability of
functional equations. Further, in 1994, P. Gavruta [6]
provided a further generalization in which he replaced the

bound 49(||x||p+||y||p)by a general function g¢(x,y) for the

existence of unique linear mapping. The functional equation
f@x+y)+ f@2x—y)=f(x+y)+ f(x—y)+6f(x) (1.1)
is called as quadratic functional equation. Since the function

f(x)=cx?is a solution of the above quadratic functional
equation (1.1). In 2002, 1. S. Chang and H. M. Kim [5]
established the general solution and proved the generalized
Hyers-Ulam-Rassias stability of the quadratic functional
equation (1.1). The functional equation

fRX+y)+ fBx—y)=Ff(x+y)+ f(x—y)+16f(x) (1.2)

is also called as quadratic functional equation. In 2011, H. A.
Kenary et.al. [4] proved the generalized Hyers-Ulam-Rassias
stability of the quadratic functional equation (1.2) using fixed
point method. Recently, W. G. Park [13] investigated the
stability of approximate additive mappings, approximate
Jensen mappings and approximate quadratic mappings in 2-
Banach spaces.

In section 1, we adopt some usual terminology, notations and
conventions which will be used later in the next sections. In
Section 2 we establish the Hyers-Ulam-Rassias stability of the
quadratic functional equation (1.1) in 2-Banach space. Further
in the last section we established the Hyers-Ulam-Rassias
stability of the quadratic functional equation (1.2) in 2-Banach
space. In 1960s, S. Gahler [8, 9] introduced the concept of
linear 2-normed spaces and established the following
definition:

Definition 1.1. Let A be a linear space over R with
dimA>1and let | |: Ax A—R be a function satisfying the

following properties:
(@ [x,y| =0 if and only if x and y are linearly dependent,

o) [xy]=[y.x].

© [y =[Allx ] .

@ [xy+z|<[xy[+[xz].

forall x,y,ze Aand 1<% . Then the function |.,.| is called

a 2-norm on A and the pair (A |) is called a linear 2-

normed space. Sometimes the condition (d) called the triangle
inequality.

In 2011, W. G. Park [13] introduces a basic property of linear
2-normed spaces as follows.

Lemma 1.2. Let (A].[) be a linear 2-normed space. If

[x.y|=0forall yeA,thenx=0.

In the 1960’s, S. Gahler and A. White [1, 2, 7, 8] also
introduced the concept of 2-Banach spaces. In order to define
completeness, the concepts of Cauchy sequences and
convergence are required.

Definition 1.3. A sequence {x,}in a linear 2-normed space A

is called a Cauchy sequence if there are two points y,ze A
such that y and z are |linearly independent,
limy oo [ %1 = X Y] =0and limy 50 [ —Xq. 2] =0
Definition 1.4. A sequence {x,} in a linear 2-normed space A
is called a convergent sequence if there is an x € A such that
limy .||, =%,y =0 forall yeA. If {x,}converges to x,
write X, — Xas n — oo and call x the limit of {x,}. In this
case, we also write lim,_,, X, =X.

Lemma 1.5. For a convergent sequence {x,} in a linear 2-
normed space A, limy . [x,. = [limy . %,y for all

yeA.

Definition 1.6. A linear 2-normed space in which every
Cauchy sequence is a convergent sequence is called a 2-
Banach space.

Throughout this paper, let A be a normed linear space and B
be a 2-Banach space.



2. STABILITY OF THE QUADRATIC
FUNCTIONAL EQUATION (1.1)

Theorem 2.1. Let A be a linear space, B be a 2-Banach space
and f:A—Bbe a mapping with 0<u<owand 0<p<2
satisfying the inequality

[f@x+y)+ f(@x=y)~ F(x+y)— f (x=y) =6 (0,2 < (X" +|y]")

21)

for all x,yeAand zeB. Then, there exists a unique

quadratic mapping ! : A— B such that
4(+D(m-=1) _ olp(m-1)

f(x)-C P22
[f00-C e = 4K @2
forall xe Aand yeB.

Proof: Lety =0in (2.1), we get
|27 (2x) -8 (x).2| < x|
f(2x) 1
— - f(x),2 Sgyllxllp (2.3)

for all xe Aand z e B. Substituting 2x at the place of x and

dividing by 4 in the above inequality (2.3), we get

f(2°x)  f(2x)
4? 4

1

for all xe Aand zeB. Again replacing x with 2'x and
dividing by 4' in
f2"*%)  f2'x 1 p
H (m _ (i )'Z‘< i+1”” | “ :
4 4 24

inequality (2.3), we have

a2’

(25)
forall xe A, zeBand i>0. Now, in order to prove that the

f2"x) | . .
sequence §——— - is a convergent sequence, let us consider
4

I, m be two positive number with I<m, such that

,l :
f") @' | 152"
— Y55 e o)
=
forall xe A, zeBand i>0. Taking limit on both sides of
(2.6), we get
m |
lim f(2 x)_ f(2 X),z 0
mlsw| 4M 4!

for all xe Aand all z< B . Which implies that the sequence

f2"x) | . . . .
——isa Cauchy sequence in B. Since the space B is 2-
4

n
Banach space, the sequence {f(jn X)

} is convergent also.

Therefore, we may define a quadratic mapping U :A—B

f(2"x)
4N

defined by I (x) = lim for all xe A. Now, to prove
n—oo

that the mapping U :A—Balso satisfies the functional

equation (1.1), by using Lemma 1.5 and the inequality (2.1),
we have

|2 @x+y)+C (2x—y) ~L (x+y) - (x—y) —60 (X), 2|
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_Ilm—HfZZ'x+2'y)+f(22x 2y) - f(@x+2y)- f@x-2'y) -6 (@),

i 4'

< lim = ,u(“Z' “ “2' y“ )< I|m —;1||x||p + I|m

I4)004

IIYII"—0

o 2x+y)+0 (2x—y) —C (x+y) -C (x—y) 60 (x), 2| =0
forall x,ye Aandall zeB. In order to prove the inequality

(2.2) that is the main result of theorem 2.1, by using (2.6), we
have

404D (m-1) _ lp(m-1)
2(4-2P)

for all xe Aand all y<B. Now, to prove the uniqueness of
the quadratic mapping U : A— B, let us consider another

F(x)— f(2mx)’y <

[ (x)-L (x), y||_ I|m

quadratic mapping [ : A— B which satisfies the inequality
(1.1), we have

||u () -0 '(x),y|| :4in||L @"%) -1 '(2"x), y||

<L @ 1@ nsfe| @ @)

which tends to zero as n—oofor all xe A and all yeB.

Hence by Lemma 1.2 we conclude that [ (x)=0 '(x) for all

x e A. Which proves the uniqueness of 1 : A—B. Hence
proved the theorem.

Theorem 2.2. Let A be a linear space, B be a 2-Banach space
and f:A—>Bbe a mapping with 0<pu<owand p>2

satisfying the inequality
[f @x+y)+ f@2x—y) - F(x+y) - T (x=y) -6 (x),2] < u(|x|” +[y]|")

2.7)

for all x,yeAand zeB. Then, there exists a unique
quadratic mapping U : A— B such that

SIp(m-1) _ 4()(m-1)

f(x)-U (x),y] < X" @8
[F-0 = 5" @9
forall xe Aand yeB.
Proof: Puttingy =0in (2.7), we get
[2f (2x) -8f (x), 2| < pe|||°
X 1 |x|P

for all xe Aand z<B. Substituting x/2 at the place of x
and multiplying by 4 in the above inequality (2.9), we get
1 p

<-4
2 H

X

22

4f(§)—42f(2—xz),z

for all xe Aand zeB. Again replacing x with x /2" and

multiplying by 4'in inequality (2.9), we have
e Xy gt X 1,
H4 f(;)—4 f(2i+1),z“sz

forall xe A, zeBand i>0. Now in order to prove that the

X p

2i+1

sequence {4”f(2in)}is a convergent sequence, let us

consider I, m be two positive number with I<m, such that

A

1

p



4mf( ) - 4'f( ), 2|l <

<H < 4 p
52 o || I
(2.10)

forall xe A, zeBand i>0. Taking limit on both sides of
(2.10), we get

lim
m,l—o0

4mf( —)- 4'f(—)z

for all xe Aand all z< B . Which implies that the sequence

{4“ f(zin)} is a Cauchy sequence in B. Since the space B is

2- Banach space, the sequence {4” f(in)} is convergent also.
2

Therefore, we may define a quadratic mapping U :A—>B
defined by L (x) = I|m 4"f( ) for all xe A. Further, the

remaining proof of this theorem is similar as the proof of
Theorem 2.1.

3. STABILITY OF THE QUADRATIC
FUNCTIONAL EQUATION (1.2)

Theorem 3.1. Let A be a linear space, B be a 2-Banach space
and f:A—Bbe a mapping with 0<u<owcand 0<p<2

satisfying the inequality

[f@x+y)+ £ @x—y)— f(x+y) - f(x—y)-16f (x),2] < (x| +[y]")
3.1)

for all x,yeAand zeB. Then, there exists a unique

quadratic mapping [J : A— B such that
(I+2)(m-1) _ glp(m-1)

9
) -0 (),y] <
100 =0 (. y] < 263

forall xe Aand yeB.

Proof: Taking y = 0 in (3.1), we get
2 (3x) -18f (), | < || 1| ”

f(3

EROF B

forall xe Aand zeB. Substituting 3x at the place of x and
dividing by 9 in the above inequality (3.3), we get

f(x),z

f(3x) HE
9? 9

< Lupf @

for all xe Aand zeB. Again replacing x with 3'x and
dividing by 9'in inequality (3.3), we have
i+1 i .
1@ f@x) .t “3'x”p
" gi+l 9 2.gitl
(35)
forall xe A, zeBand i>0. Now in order to prove that the

<——73Pu¥"

f(3"x) | . .
sequence — ISa convergent sequence, let us consider
9

I, m be two positive number with I<m, such that
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f3"x) f(3 x)
gm ﬂz |-i—1'u"x"p (3 6)

forall xe A, zeBand |20. Taking limit on both sides of
(3.6), we get

f@™ @ X)
gm 9
for all xe Aand all z< B . Which implies that the sequence

lim =0

m,l—o0

f(3"x) | . . . .
o is a Cauchy sequence in B. Since the space B is

f(3"x) | .
2- Banach space, the sequence - is convergent also.
9
Therefore, we may define a quadratic mapping Ll :A—>B

f (3” X)

defined by [ (x) = lim

n—oo

for all xe A. Now, to prove

that the mapping U :A—Balso satisfies the functional

equation (1.2), by using Lemma 1.5 and the inequality (3.1),
we get

|2 @x+y)+0 Bx—y)—L (x+y) -0 (x—y)—16C (x), 2
_Ilm—Hf @33'x+3'y)+ (33 x-3y) - f(3'x+3'y)- f@x-3'y)-16f(3X),z

>0 9'

< im Lo | < im 32+ im 3P o

|4)009
|2 @x+y)+0 Bx—y) -0 (x+y)—C (x—y) 160 (x),7||=0
forall x,ye Aandall zeB. In order to prove the inequality

(3.2) that is the main result of theorem 3.1, by using (3.6), we
have

g(+D)(m-1) _ glp(m-1) " "p
4|X
2(9-3")
for all xe Aand all yeB. Now, to prove the uniqueness of
the quadratic mapping [l : A— B, let us consider another

£(3"x)

[f(x)-LC x)y||_I|m f(x)- 7 <

quadratic mapping U "t A—> B which satisfies the inequality
(1.2), we have

| o0-0' 0] =5 @0 -0 @]

1 .
< 9—n(||L 3" - f3"x), y|| + "L @) - f(3"x), y||)
Which tends to zero as n—oofor all xe A and all yeB.

Hence by Lemma 1.2 we conclude that [ (x)=C (x) for all

x e A. Which proves the uniqueness of 1 : A—B. Hence
proved the theorem.

Theorem 3.2. Let A be a linear space, B be a 2-Banach space

and f:A—>Bbe a mapping with 0<pu<owand p>2

satisfying the inequality

[f@x+y)+ fBx—y)— f(x+y) - F(x—y)-16f(x), 2 < (x| +|y]")
@.7)

for all x,yeAand zeB. Then, there exists a unique

quadratic mapping [J : A— B such that




3lp(m-1) _ g(h(m-1) p
— u|X 3.8
oy P oo

forall xe Aand yeB.

[f0)-L (x).y]<

4. CONCLUSION

First we proved the Hyers-Ulam-Rassias stability of the
quadratic functional equations (1.1) in the section 2. Further,
in the section 3 we studied the Hyers-Ulam-Rassias stability
of the quadratic functional equations (1.2) for the mapping f
from orthogonal linear space in to 2-Banach space.
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