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ABSTRACT 

In this paper, using the direct method we study the 

generalized Hyers-Ulam-Rassias stability of the following 

quadratic functional equations  (2 ) ( ) 6 ( )   f x y f x y f x  

and (3 ) ( ) 16 ( )   f x y f x y f x
 
for the mapping f from 

normed linear space in to 2-Banach spaces. 
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1. INTRODUCTION 

In 1940, S. M. Ulam [10], triggered the study of stability 

problems for various functional equations. He suggested the 

stability problem of functional equations concerning the 

stability of group homomorphism. In the next year, D. H. 

Hyers [3] was the first mathematician to present the result 

concerning the stability of functional equations on Banach 

spaces. The generalized version of D. H. Hyers [3] result was 

given by famous Greece mathematician Th. M. Rassias [11] 

in 1978. The stability paper [12] given by Th. M. Rassias has 

significantly influenced in the development of stability of 

functional equations. Further, in 1994, P. Gavruta [6] 

provided a further generalization in which he replaced the 

bound ( )
p p

x y  by a general function ( , )x y for the 

existence of unique linear mapping. The functional equation  

(2 ) (2 ) ( ) ( ) 6 ( )f x y f x y f x y f x y f x         (1.1) 

is called as quadratic functional equation. Since the function 
2( )f x cx is a solution of the above quadratic functional 

equation (1.1). In 2002, I. S. Chang and H. M. Kim [5] 

established the general solution and proved the generalized 

Hyers-Ulam-Rassias stability of the quadratic functional 

equation (1.1). The functional equation  

(3 ) (3 ) ( ) ( ) 16 ( )f x y f x y f x y f x y f x         (1.2) 

is also called as quadratic functional equation. In 2011, H. A. 

Kenary et.al. [4] proved the generalized Hyers-Ulam-Rassias 

stability of the quadratic functional equation (1.2) using fixed 

point method. Recently, W. G. Park [13] investigated the 

stability of approximate additive mappings, approximate 

Jensen mappings and approximate quadratic mappings in 2-

Banach spaces. 

In section 1, we adopt some usual terminology, notations and 

conventions which will be used later in the next sections. In 

Section 2 we establish the Hyers-Ulam-Rassias stability of the 

quadratic functional equation (1.1) in 2-Banach space. Further 

in the last section we established the Hyers-Ulam-Rassias 

stability of the quadratic functional equation (1.2) in 2-Banach 

space. In 1960s, S. Gahler [8, 9] introduced the concept of 

linear 2-normed spaces and established the following 

definition: 

Definition 1.1. Let A be a linear space over   with 

dim 1A  and let .,. : A A   be a function satisfying the 

following properties: 

(a) , 0x y   if and only if x and y are linearly dependent, 

(b) , ,x y y x , 

(c) , ,x y x y  , 

(d) , , ,x y z x y x z   , 

for all , ,x y z A and  . Then the function .,.  is called 

a 2-norm on A and the pair ( , .,. )A  is called a linear 2-

normed space. Sometimes the condition (d) called the triangle 

inequality. 

In 2011, W. G. Park [13] introduces a basic property of linear   

2-normed spaces as follows. 

Lemma 1.2. Let ( , .,. )A  be a linear 2-normed space. If 

, 0x y  for all y A , then x = 0. 

In the 1960’s, S. Gahler and A. White [1, 2, 7, 8] also 

introduced the concept of 2-Banach spaces. In order to define 

completeness, the concepts of Cauchy sequences and 

convergence are required. 

Definition 1.3. A sequence { }nx in a linear 2-normed space A 

is called a Cauchy sequence if there are two points ,y z A  

such that y and z are linearly independent, 

,lim , 0l m l mx x y   and ,lim , 0l m l mx x z   . 

Definition 1.4. A sequence { }nx  in a linear 2-normed space A 

is called a convergent sequence if there is an x A  such that 

lim , 0n nx x y    for all y A . If { }nx converges to x, 

write nx x as n → ∞ and call x the limit of { }nx . In this 

case, we also write limn nx x  . 

Lemma 1.5. For a convergent sequence { }nx  in a linear 2-

normed space A, lim ,n nx y  lim ,n nx y  for all

y A . 

Definition 1.6. A linear 2-normed space in which every 

Cauchy sequence is a convergent sequence is called a 2-

Banach space.  

Throughout this paper, let A be a normed linear space and B 

be a 2-Banach space. 
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2. STABILITY OF THE QUADRATIC 

FUNCTIONAL EQUATION (1.1) 

Theorem 2.1.  Let A be a linear space, B be a 2-Banach space 

and :f A B be a mapping with 0   and 0 2p 

satisfying the inequality  

(2 ) (2 ) ( ) ( ) 6 ( ), ( )
p p

f x y f x y f x y f x y f x z x y         

     
(2.1) 

for all ,x y A and z B . Then, there exists a unique 

quadratic mapping : A B such that  

( 1)( ) ( )4 2
( ) ( ),

2(4 2 )

l m l lp m l
p

p
f x x y x

  
 


 (2.2) 

for all x A and y B . 

Proof: Let y = 0 in (2.1), we get  

 2 (2 ) 8 ( ),
p

f x f x z x    

(2 ) 1
( ),

4 8

pf x
f x z x    (2.3) 

for all x A and z B . Substituting 2x at the place of x and 

dividing by 4 in the above inequality (2.3), we get 

 
2

2 2

(2 ) (2 ) 1
, 2

44 2.4

pf x f x
z x   (2.4) 

for all x A and z B . Again replacing x with 2i x  and 

dividing by 4i
 in inequality (2.3), we have

1

1 1 1

(2 ) (2 ) 1 1
, 2 2

4 4 2.4 2.4

i i p pi ip

i i i i

f x f x
z x x 



  
  

 
     (2.5) 

for all x A , z B and 0i  . Now, in order to prove that the 

sequence 
(2 )

4

n

n

f x  
 
  

is a convergent sequence, let us consider 

l, m be two positive number with l<m, such that  
1

1

(2 ) (2 ) 1 2
,

24 4 4

mm l ip
p

m l i
i l

f x f x
z x






   (2.6) 

for all x A , z B and 0i  . Taking limit on both sides of 

(2.6), we get 

,

(2 ) (2 )
lim , 0

4 4

m l

m lm l

f x f x
z


   

for all x A and all z B . Which implies that the sequence 

(2 )

4

n

n

f x  
 
  

is a Cauchy sequence in B.  Since the space B is 2- 

Banach space, the sequence 
(2 )

4

n

n

f x  
 
  

is convergent also. 

Therefore, we may define a quadratic mapping : A B

defined by 
(2 )

( ) lim
4

n

nn

f x
x


  for all x A . Now, to prove 

that the mapping : A B also satisfies the functional 

equation (1.1), by using Lemma 1.5 and the inequality (2.1), 

we have 

(2 ) (2 ) ( ) ( ) 6 ( ),x y x y x y x y x z         

1
lim (2.2 2 ) (2.2 2 ) (2 2 ) (2 2 ) 6 (2 ),

4

i i i i i i i i i

ii
f x y f x y f x y f x y f x z


        

1 2 2
lim ( 2 2 ) lim lim 0

4 4 4

ip ipp p p pi i

i i ii i i
x y x y 

  
    

 

(2 ) (2 ) ( ) ( ) 6 ( ), 0x y x y x y x y x z          

for all ,x y A and all z B . In order to prove the inequality 

(2.2) that is the main result of theorem 2.1, by using (2.6), we 

have 

( 1)( ) ( )(2 ) 4 2
( ) ( ), lim ( ) ,

4 2(4 2 )

m l m l lp m l
p

m pm

f x
f x x y f x y x

  




   



for all x A and all y B . Now, to prove the uniqueness of 

the quadratic mapping : A B , let us consider another 

quadratic mapping ' : A B which satisfies the inequality 

(1.1), we have 
' '1

( ) ( ), (2 ) (2 ),
4

n n

n
x x y x x y    

 

'1
( (2 ) (2 ), (2 ) (2 ), )

4

n n n n

n
x f x y x f x y   

 

which tends to zero as n for all x A  and all y B . 

Hence by Lemma 1.2 we conclude that 
'( ) ( )x x  for all 

x A . Which proves the uniqueness of : A B . Hence 

proved the theorem. 

 

Theorem 2.2.  Let A be a linear space, B be a 2-Banach space 

and :f A B be a mapping with 0   and 2p 

satisfying the inequality  

(2 ) (2 ) ( ) ( ) 6 ( ), ( )
p p

f x y f x y f x y f x y f x z x y         

     (2.7) 

for all ,x y A and z B . Then, there exists a unique 

quadratic mapping : A B such that  

( ) ( )( )2 4
( ) ( ),

2(2 4)

lp m l l m l
p

p
f x x y x

 
 


 (2.8) 

for all x A and y B . 

Proof:  Putting y = 0 in (2.7), we get 

2 (2 ) 8 ( ),
p

f x f x z x   

1
( ) 4 ( ),

2 2 2

p
x x

f x f z      (2.9) 

for all x A and z B . Substituting / 2x  at the place of x 

and multiplying by 4 in the above inequality (2.9), we get 

 2

2 2

1
4 ( ) 4 ( ), 4

2 22 2

p
x x x

f f z    

for all x A and z B . Again replacing x with / 2ix and 

multiplying by 4i
in inequality (2.9), we have 

1

1 1

1
4 ( ) 4 ( ), 4

22 2 2

p
i i i

i i i

x x x
f f z 

 
   

for all x A , z B and 0i  . Now in order to prove that the 

sequence 4 ( )
2

n

n

x
f

 
 
 

is a convergent sequence, let us 

consider l, m be two positive number with l<m, such that  
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1
4

4 ( ) 4 ( ),
22 2 2

m i
pm l

m l ip
i l

x x
f f z x






    

   (2.10) 

for all x A , z B and 0i  . Taking limit on both sides of 

(2.10), we get 

,
lim 4 ( ) 4 ( ), 0

2 2

m l

m lm l

x x
f f z


   

 

for all x A and all z B . Which implies that the sequence 

4 ( )
2

n

n

x
f

 
 
 

is a Cauchy sequence in B.  Since the space B is    

2- Banach space, the sequence 4 ( )
2

n

n

x
f

 
 
 

is convergent also. 

Therefore, we may define a quadratic mapping : A B

defined by ( ) lim 4 ( )
2

n

nn

x
x f


  for all x A . Further, the 

remaining proof of this theorem is similar as the proof of 

Theorem 2.1. 

 

3. STABILITY OF THE QUADRATIC 

FUNCTIONAL EQUATION (1.2) 

 

 

Theorem 3.1.  Let A be a linear space, B be a 2-Banach space 

and :f A B be a mapping with 0   and 0 2p 

satisfying the inequality  

(3 ) (3 ) ( ) ( ) 16 ( ), ( )
p p

f x y f x y f x y f x y f x z x y         

        (3.1) 

for all ,x y A and z B . Then, there exists a unique 

quadratic mapping : A B such that  

( 1)( ) ( )9 3
( ) ( ),

2(9 3 )

l m l lp m l
p

p
f x x y x

  
 


 (3.2) 

for all x A and y B . 

Proof: Taking y = 0 in (3.1), we get  

2 (3 ) 18 ( ),
p

f x f x z x    

(3 ) 1
( ),

9 18

pf x
f x z x   (3.3) 

for all x A and z B . Substituting 3x at the place of x and 

dividing by 9 in the above inequality (3.3), we get 

  

 
2

2 2

(3 ) (3 ) 1
, 3

99 2.9

pf x f x
z x 

 

(3.4) 

for all x A and z B . Again replacing x with 3i x and 

dividing by 9i in inequality (3.3), we have 

1

1 1 1

(3 ) (3 ) 1 1
, 3 3

9 9 2.9 2.9

i i p pi ip

i i i i

f x f x
z x x 



  
  

 (3.5) 

for all x A , z B and 0i  . Now in order to prove that the 

sequence 
(3 )

9

n

n

f x  
 
  

is a convergent sequence, let us consider 

l, m be two positive number with l<m, such that  

1

1

(3 ) (3 ) 3
,

29 9 9

mm l ip
p

m l i
i l

f x f x
z x









      (3.6) 

for all x A , z B and 0i  . Taking limit on both sides of 

(3.6), we get 

,

(3 ) (3 )
lim , 0

9 9

m l

m lm l

f x f x
z


   

for all x A and all z B . Which implies that the sequence 

(3 )

9

n

n

f x  
 
  

is a Cauchy sequence in B.  Since the space B is       

2- Banach space, the sequence 
(3 )

9

n

n

f x  
 
  

is convergent also. 

Therefore, we may define a quadratic mapping : A B

defined by 
(3 )

( ) lim
9

n

nn

f x
x


  for all x A . Now, to prove 

that the mapping : A B also satisfies the functional 

equation (1.2), by using Lemma 1.5 and the inequality (3.1), 

we get  

(3 ) (3 ) ( ) ( ) 16 ( ),x y x y x y x y x z         

1
lim (3.3 3 ) (3.3 3 ) (3 3 ) (3 3 ) 16 (3 ),

9

i i i i i i i i i

ii
f x y f x y f x y f x y f x z


        

 

1 3 3
lim ( 3 3 ) lim lim 0

9 9 9

ip ipp p p pi i

i i ii i i
x y x y 

  
    

 

(3 ) (3 ) ( ) ( ) 16 ( ), 0x y x y x y x y x z          

for all ,x y A and all z B . In order to prove the inequality 

(3.2) that is the main result of theorem 3.1, by using (3.6), we 

have 

( 1)( ) ( )(3 ) 9 3
( ) ( ), lim ( ) ,

9 2(9 3 )

m l m l lp m l
p

m pm

f x
f x x y f x y x

  




   



for all x A and all y B . Now, to prove the uniqueness of 

the quadratic mapping : A B , let us consider another 

quadratic mapping ' : A B which satisfies the inequality 

(1.2), we have    

' '1
( ) ( ), (3 ) (3 ),

9

n n

n
x x y x x y    

      

'1
( (3 ) (3 ), (3 ) (3 ), )

9

n n n n

n
x f x y x f x y     

Which tends to zero as n for all x A  and all y B . 

Hence by Lemma 1.2 we conclude that 
'( ) ( )x x  for all 

x A . Which proves the uniqueness of : A B . Hence 

proved the theorem. 

 

Theorem 3.2.  Let A be a linear space, B be a 2-Banach space 

and :f A B be a mapping with 0   and 2p 

satisfying the inequality  

(3 ) (3 ) ( ) ( ) 16 ( ), ( )
p p

f x y f x y f x y f x y f x z x y         

 
    (3.7) 

for all ,x y A and z B . Then, there exists a unique 

quadratic mapping : A B such that  
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( ) ( )( )3 9
( ) ( ),

2(3 9)

lp m l l m l
p

p
f x x y x

 
 


 (3.8) 

for all x A and y B . 

 

4. CONCLUSION 

First we proved the Hyers-Ulam-Rassias stability of the 

quadratic functional equations (1.1) in the section 2. Further, 

in the section 3 we studied the Hyers-Ulam-Rassias stability 

of the quadratic functional equations (1.2) for the mapping f 

from orthogonal linear space in to 2-Banach space.  
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