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ABSTRACT

In the recent years, there has been much interest in
development of coupled Fibonacci sequences. The concept of
coupled Fibonacci sequences was first introduced by
Atanassov, K. T. in 1985. He deliberated multiplicative
coupled Fibonacci sequences of second order in 1995.
Multiplicative coupled Fibonacci sequences are less known.
In this paper we present some identities of multiplicative
coupled Fibonacci sequences of second order under three
specific schemes.
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1. INTRODUCTION

The concept of additive coupled Fibonacci sequence was first
introduced by Atanassov, K. T. [1] in 1985. He defined four
different schemes of additive coupled Fibonacci sequences [1]
and called them 2-Fibonacci sequence (or 2-F sequences).

In 1995, Atanassov, K. T. [2] deliberated multiplicative
coupled Fibonacci sequences of second order. He notified
four different schemes of multiplicative coupled Fibonacci
sequences.

Let {(Zi }:x;o and {ﬂi }TO:O be two infinite sequences with
initial values a, b, ¢ and d. Then four different schemes of

multiplicative coupled Fibonacci sequences of second order
[2] are defined as follows:
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an+2 = ﬂm—l' ﬂn'

First Scheme (1.2)

ﬂn+2 = an+1' anl =
o =, .. ,

Second Scheme w2 = By 1.2)
n+2 = ﬂn+1‘ an’ nz0.
= .a,, nx=0

Third Scheme Oniz = Pra- O (1.3)
ﬂn+2 = an+1' n? nz0.

Forth Scheme Cnsz = Tnsa: G (1.4)
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Singh B. and Sikhwal [5] have studied some fundamental
properties for scheme (1.1). Rathore, G. P. S., Jain, S. and
Sikhwal, O. [4], presents multiplicative coupled Fibonacci
sequences of third order under two specific schemes. Sikhwal,
O. [6], presented some fundamental properties of coupled
Fibonacci sequences of higher order and multiplicative
coupled Fibonacci sequences of second order.

In this paper, some identities of multiplicative coupled
Fibonacci sequences of second order are presented under
various schemes.

2. MAIN RESULTS

In this section, identities under scheme (1.2), (1.3) and (1.4)
will be described.

Some identities of scheme (1.2) are discussed below:
Theorem (2.1). If n>0is any integer, then

(a)' ﬂO'asn = aO'ﬂGn’ (b) ﬂl'aeml = al'ﬂﬁml’
©. Brni2 = Binias (d). Qi3 =By-LPonsas
(€). g =PB-Bonias (f). s = Bo-Bnis:

Proof. Induction method will be used to derive the identities.

(@) If n=0, then B,.a, =a,.5,.
Thus the result is true for n = 0.

Now assume that the result is true for some integer
n>1. Then,

Po- a6n+6 =Po(Gen5- Pen+a) (By scheme 1.2)

=Bo(Cn+a- Ben+3)Pen+a (By scheme 1.2)

=Bo- %gn+4Ben+2- %en+1) Bon+a
(By scheme 1.2)

=Bo- %gn+aBen+1- %6n)en+1Pen+a

(By scheme 1.2)
g +4-Ben+1(Bo-Cten)ten+1-Ben+4

(By scheme 1.2)
Agn+4-B6n-+1(00 Ben)%en1Ben-a

(By hypothesis)

= 0g-Ogn+4-B6n+1-%6n+2-Bon+4
(By scheme 1.2)
= 0oBsn+6 (By scheme 2.2)

Hence the result is true for all integers n>0.



Similar proofs can be given for remaining parts (b) to (f).

Theorem (2.2). If n>0isan integer, then
(®). «

n+4

(b) IBn+4 = ﬂn+2ar%+lﬂn'

_ 2
= Oy 2P,

Theorem (2.3). If n>0is an integer, then

CnioPnya = (aoﬂo) " (af ) "

Theorem (2.4). If n>0isan integer, then
@ @b, = (Ov’oﬂo)’:w1 () Fe,
). BB = (Ofoﬂo)lcm1 () Foe,

Theorem (2.5). If n>0is an integer, then

(a) 5:3 = (oo )™ (0B )™,

(b) Poss _ () (afy)
o

n

Theorem (2.6). If n>0is an integer, then

[Tawhi = (st ™ (@)™

Theorem (2.7). If n>0is an integer, then

Ao :alll[ﬂk’
©). frz=5]]a

Theorem (2.8). If n>0is an integer, then

6n 6n+l
Q, (04
(@) l L (b) ! L
. 6n ﬂ ’ . 6n+1 ﬁﬂ !
[1s ™ [1s5 7™
k=0 k=0
6n+2 6n+3
ay 2 Hak 2
k=0 _ % ko _a B
(C)' 6n+2 = 2! (d) 6n+3 ~ p2 '
B B
[1s ™ [15
k=0 k=0
6n+4 n
Q, (04
H “ alﬁo g “ _
(e). (f). =1.
6n+4 ,6'0: n
[1s 7% [14
k=0 k=0

Some identities of scheme (1.3) are discussed below:

Theorem (2.9). If n>0isan integer, then
(@) 3 =00 P02

®).  Binis = LPona%nia

Theorem (2.10). If n>0is an integer, then
(®). «

n+4

(b) ﬁn+4 = ﬂn+2an+1ﬂn'

=Q,

n+2 n+1a '

Theorem (2.11). If n>0is an integer, then
2B = (050,30)':H () Foe,
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Theorem (2.12). If n>0is an integer, then
(a)' an n+1an+2 :{

ol B nis even

B a2, nis odd
2Fs o2z n i even

b' nan+ n+.
©)- Atniboz {”“ﬂﬂ Fez nisodd

Theorem (2.13). If n>0is an integer, then

2F, 2Fn 1
(a) s :{ 2o N is even

B, a™ B2 nis odd

(b) Po

n

Theorem (2.14). If n>0is an integer, then

[Tenf = (s ) ()

2F, 2F,,

alf B, niseven
o 0Ly ,nisodd

Theorem (2.15). If n>0is an integer, then
AT 2F3,,- .
(a) Seuss Bg 7.0, N is even
B3n+2 aé%mz _Blz':ams , n is Odd

agf B2 n s even

(b) B3n+5
Olgnin 2F3” o2 s odd '

2F3n+3 B2F3n+4 n |S even

(c) Dgnie _
BZFzma a2F3n+4 n |S Odd

B3n+3

2F3n+3 2F3n+4
(d) Bsm o, N is even
Olgnya ZFM P nisodd
ZFer 2F3n,s
(&) Oy _ o, ™, N is even
B3n+4 2F3n+4 BZFzms nis Odd
2F3n+A 2F3n.5
(f) B3n+7 B, niseven
Olgng 2F3n+4 2F3n75 ,nis Odd

Finally, identities of scheme (1.4) are stated:
Theorem (2.16). If n>0is an integer, then

(a)' an+4 = an+2a +1a

(b) ﬁn+4:ﬂn+2 n+1ﬂn'

Theorem (2.17). If n>0is an integer, then
n+2 n+2 (aoﬂo) " (alﬂl)':nvz'

Theorem (2.18). If n>0is an integer, then

F,,  2F,
@) @@, =) ",

n+2

). B.B..B.., = B2

Theorem (2.19). If n>0is an integer, then

(a) (xn+3 — F, QZF‘l
(08



Bﬂ+ n n+l
(b) T2 =g g7,

Theorem (2.20). If n>0is an integer, then

n
(a) H ak = a(;:n+1 .af“” —1’
k=0
n
(o) [1A =5 B0
k=0

Theorem (2.21). If n>0is an integer, then
3n+1 3n+1

() az,s =0‘1Hak1 (b) Binss =:B1Hﬁkl

3n+2 3n+2

(©) apa=afla. () fu=BITA

3n+3 3n+3

(e) a3n+5=alHak’ (f) ﬂ3n+5=ﬂlnﬂk'

Theorem (2.22). If n>0is an integer, then
(a) %anis =OL§F3"‘2 'OMIZF%AQ’

Olznyz

(b) g3n+5 — Bg’:smz .B12F3n+3 ,
3n+2

o

3n+6 _ ~2Fnis 2P0
(c) Lams — g2 g2fns,

OL3n+6

(d ) g3n+6 — BgFam .BfF&wA ,
3n+3

(08

3n+7 _ ~2Fsna y2Fsnis
(e) =0 oy o,

O3nig

( f ) BSnH — B§F3M _Bf'zamsl
B3n+4
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The proof of all above identities under schemes 1.2 to 1.4 can

be given by induction method.

3. CONCLUSION

This paper describes identities of multiplicative coupled
Fibonacci sequences of second order under various schemes.
Many similar identities can be developed for higher order
multiplicative coupled Fibonacci sequences.
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