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ABSTRACT

In this paper, we establish some new results related to
distributive properties of AND (A) and OR () -operations

with respect to operations of union, restricted union restricted
intersection, extended intersection and restricted difference on
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1. INTRODUCTION

More often than not, real life problems inherently involve
uncertainties, imprecision and vagueness. In particular, such
classes of problems arise in economics, engineering
environmental sciences, medical sciences, social sciences, etc.
In course of time, a number of mathematical theories such as
probability theory, fuzzy set theory, rough set theory, interval
mathematics theory, vague set theory, etc., formulated to
solve such problems, have been found only partially
successful.

The major reason for the difficulties arising with the aforesaid
theories is due to the inadequacies of their parameterization
tools (See Molodtsov [5]).

In order to overcome these difficulties, Molodtsov [5]
presented an elaborate theory of soft sets as a completely new
mathematical tool with adequate parameterization for dealing
with uncertainties. This prototype work of Molodtsov, besides
unfolding a rich potential of soft set theory for applications,
included directions for further research, especially discovering
new operations on soft sets and their properties ([5], p. 21). It
is encouraging to note that a number of researches in this
direction have appeared during the labasic algebraicbb

st few years.

Following the work of Molodtsov [5], Maji et al. [4] were the
first to present a detailed study of soft set and its operations.
Ali et al. [1], Sezgin and Atagun [8], Ge and Yang [3], etc.,
pointed out some modifications in the work of Maji et al. [4].
They also introduced some new operations and established
some of their properties.Qin and Hong [7] and Fu Li [2] also
established  some  results concerning these  new
operations.Neog and Sut[6] and Zhu and Wen[9] redefinded
the intersection, complement and difference of soft sets and
investigated their basic algebraic properties.

In this paper, we establish some new results on distributive

properties of AND (/\) and OR (V) operations on soft sets

~ |\
with respect to union (U) restricted union ( R),
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- N
restricted intersection (O) , extended intersection ( g)and

restricted difference ( R ) on soft sets, and provide some
illustrative examples.

2. PRELIMINARIES

Definition 2.1 [3]

Let U be an initial universe se and E be a set of possible
parameters with respect to U. Let P(U) denote the power set
of Uand A — E . Then a pair (F,A) is called a soft set over

U, where F is a mapping given by
F:A— PU).
For e A,F(e)may be considered as the set of e-

approximate elements of the soft set (F,A). Thus (F,A) can be
defined as a set of ordered pairs given by

(F,A)={(e.F(e)lecs A E,F(e) e P(U)}.
Definition 2.2 [3]

For two soft sets (F,A) and (G,B) over a common universe U,
we say that:

(1) (F,A) is a soft subset of (G,B) if

(l) A [ B y and

(i)Y e AF®© and G(e) are identical approximations.
We write (F, A) & (G, B) -

(2) (F,A) is soft equal to (G,B),denoted (F,A)=(G,B), if (F,A)
is a soft subset of (G,B) and (G,B) is a soft subset of (F,A).

Definition 2.3 [7]

Let (F,A) and (G,B) be two soft sets over the same universe U.
Then the AND-operation of (F.A) and
(G,B),denoted (F, A) A (G, B), is a soft set (H, Ax B)
where V (o, ) € Ax B,

H (a, B) = F(a) " G(B).

Definition 2.4 [7]

Let (F,A) and (G,B) be two soft sets over the same universe U.
Then the OR-operation of (F,A) and (G,B), denoted
(F,A)v (G,B).s a soft set (H,AxB) where
V (e, p) e AxB,

H(a, B) = F(a) G ().

Definition 2.5 [7]

The union of two soft sets (F,A) and (G,B) over a common
universe U denoted (F, A) O (G, B), is the soft set (H,C),

where C = AuB and v e e C,
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F(e), if ec A-B;
H(e)=1G(e), if ee B— A;and

F(e)uG(e), if ee ANB.
Definition 2.6 [5]

The restricted union of two soft sets (F,A) and (G,B) over a
universe U, denoted (F, A) Uk (G, B) Jis the soft set

(HC)where C=AnBzJ and v e<ccC,
H(e) =F(e)uwG(e):

Definition 2.7 [5]
The extended intersection of two soft sets (F,A) and (G,B)
over a common universe U, denoted (F, A) N, (G,B). is the

soft set (H,C) where C = AuBand V eeC,
F(e), if eec A—B;

H(e)=1G(e), if ee B—A;and
F(e)G(e), if eec AnB.

Definition 2.8 [5]

The restricted intersection of two soft sets (F,A) and (G,B)
over a common universe U, denoted (F,A)O(G,B) is the soft
set(HC)where C=A~B=and VeesC,

H((e) = F () "G(e).

Definition 2.9 [5]

The restricted difference of two soft sets (F,A) and (G,B) over
a common universe U, denoted (RA8)  (G,B),is the soft set
(HC)where C=AnB= and v e C,
H(e)=F(()—-G(e)-

3. DISTRIBUTIVE PROPERTIES OF
AND-OPERATION AND OR-
OPERATION ON SOFT SETS

Proposition 3.1 (Distributive Properties of
OR-Operation)

Let (F,A),(G,B) and (H,C) be soft sets over a common
universe U. Then we have the following:
)(F,A)Vv((G,B)YI(H,C))=

((F,A)v (G,B))I((F,A) v (H,C));

(ii))(F,A)v((G,B)n, (H,C))=

((F,AV(G,B))n, ((F,A) Vv (H,C));

(iii)(F, A v ((G,B)O(H,C)) =

((F,A)Vv(G,B))O((F,A) v (H,C)); and

(iV)(F,A)v((G,B) Uy (H,C)) =

((F,A)Vv(G,B))ug ((F,A)Vv(H,C)).

Proof (i): Let (F, A)v((G,B)O(H,C))
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=(F,A)v(K,BUC)

=(M,Ax(BUC))
where V a € BUC, we have

Again, V (a, §) e(Ax(B uC)),
we have
M(a, B) =F(a) WK (p)
F(a)UG(p), (o, B) e Ax(B-C);
=<F(a)UH(p), (a, ) € Ax(C-B); and
F(a)u{G(ﬂ)uH(/})}, (ar, B) € Ax(BNC).

G(a), e B-C;
K(a)=<H(a), e eC-B; and
G(a)UH(a), e BNC.

Let ((F, A)v (G, B))I((F,A)v (H,C))
=(1,AxB)JO(J,AxC)

=(N,(A>< B)u(AxC))

—(N,Ax(BUC))

where Vv («, B) € Ax B, I (a, B) = F(a) WG(B);
YV (a, B) € AxC,J(a, B) = F(a) UH(B);
andV (a, ) € A<(BUC), e have

I(a,p).(a, B) € (AxB)—(AxC);
N(a,p)=1Jd(a,p), (a, ) e (AxC)—(AxB); and
(a,p)ud(a,p),(a,f)e(AxB)n(AxC) =

Ax(BAC)

F(a)VG(p), (a p) e Ax(B-C);
=1F(a)UH(B), (a,f) € Ax(C-B); and
[Fl@)uG(B)|V[F(a)wH(B)]=

F(a)u{G(,B)u H(pB), (a,p) € Ax(BmC)}.
Hence, M («, B) = N(a, ) V (a, ) € Ax(BUC).

Thus (i) holds.
Similarly, (ii) can be proved.

(iii) Let (F, A)v((G,B)O(H,C))
=(F,A)v(L,BNC)

=(P,A><(BmC))
where vV o € B ~C , We have

L(x) =G(a) "H ().
Again, Vv (a, ) € Ax(BNC),
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P(a, B) = F(a) v L(B)
=F(a) U{G(B)~H(p)}.
Let ((F, A) v (G,B))O((F,A) v (H,C))
=(1,AxB)O(J, AxC)
= (Q,(Ax B) N (AxC))

=(Q,Ax(BNC))
where v (a, B) € AxB, I (x, B) = F(a) UG(S);

V (a, B) € AxC, J(a, B) =F(a) vH();
and v («, B) € Ax(BNC),
Qe, p) = (e, ) nI(x, B)

=[F(@) vG(B)]N[F(a)wH(B)]

= F (@) W {G(B) N H(B)}.
Hence P(c, ) =Q(a, B) ¥ (a, B) € Ax(BNC),
Thus (iii) holds.
Similarly, (iv) can be proved.

To illustrate Proposition 3.1(i) and (iii), let consider the
following example.

Example 3.1
Let U ={h,h,,h,,h,, h } be a universe set consisting of five

types of dresses and let E = {el, e,,6, e4} be the parameter
set, where e, i=12,3,4, represents respectively casual,

traditional, colourful, and fashionable.
Let A= {el,ea}, B= {el,ez} and C = {ez,e4}such that

(F, A) :{(el’{hl!hZ})’ (e3,{h3})};
(G,B) :{(el,{hl}), (ez,{h4})};and
(H,C)={(e2,{h3,h4}), (94'{h2})}'

Let (F,A)v((G,B)J(H,C))
=(F,A)v (K,BUC)
=(M,Ax(BUC))
where v o e BUC ={e,e,,€,},
{G(a), if ceB-C={e};
K(a)={H(a), if aeC—-B={e,}; and
G(a) VH(x), ifaeBmC:{ez}.
and
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M (e.€,)={h.h, h.h};

M (el,e4):{hl,h2};

M (e, € ) ={h,h};

M (e,,e,)={h,,h,}; and

M (e, e,)={h,,h,}.

Let ((F,A)v(G,B))O((F,A) v (H,C))
=(1,AxB)J(J,AxC)
=(N,(AxB)U(AxC))

=(N,A><(BuC))
where

v (avﬁ)EAXB:{(911e1)1(e11ez)v(e31e1)v(eaae2)}'

I(a, B) = F(ax) ©G(B);
V (o, B) e AxC ={(e,8,).(e.8,). (85,8, ). (85,8, )}
J(ex, ) =F(x) o H(B);

V (a,f) e Ax(BUC) =
and

{(el,e_l),(el,ez),(el,eA),(es,el),(e3,e2),(es,e4)},

F(a)uG(p), e A=

{ee;}, BeB-C={e};
F(@)OH(B), ae A=
N(a,B)=1{e.e},BcC—-B={e,};and
(F(@)uG(A)V(F(a)wH(A)
= F(@) U{G(B)UH(B)}, ac A=

{ee;},BeBNC ={e,}.

It implies

N(ene)={h.h};
N (e, e,)={h,h,,hy,h,};
N (ee)={h.h, )
N (e; ) ={h.hy;
N (e, e,)={h;,h,}; and

V(a,ﬂ)eAX(BUC)={(el,el),(el,ez),(61,64),(63,El),(e3,ez),(e3,e4);\l 93,64 :{hzahg}-

M(a. B) = F(a) UK(f)
F(a)uG(ﬂ),aeA:{el,es},ﬂeB—C:{el};

= F(a)UH(B).aeA={e,e}, feC-B={e,}; and
F(a)U(G(B)UH(B)), ae A={e &}, fecBNC={e,}.
Thus, M(e.e,)=1{h.h,}

Hence
M (e, f)=N(ea, p) V (e, f) € Ax(BUC).
Thus

(F,A)v((G,B)T(H,C))=((F, A)v(G,B))I((F, A)v (H,C)).

Let (F, A)v((G,B)O(H,C))
=(F,A)v(L,(BNC))=(P,Ax(BNC))
where V o e BNC ={e, },

L(e) =G(a) "H(2);
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and v (a, B) e Ax(BNC)={(e,e,).(es.8,)},
P(a, B) = F(a) W L(B) = F(a) u{G(B) "H(p)}.

Then
P(e.e)=F(e)u{G(e,)nH(e,)}

={h,h,}U{h,}={h,h,h,}.

similarly, P(e;,€,)={hy,h,}.
Let ((F,A)V(G,.B))O((F,A)v(H,C))
=(,AxB)O(@J,AxC)

= (Q, (AxB)~(Ax C)) = (Q, Ax(B mC))
where

V (o, B) e AxB={(e. &), (e €,),(e5e). (e 8, )},

I(a,B) =F(a) v G(p);
V (o, ) e AxC =

J(a, B) = F(a) W H(p);

and v (a, B) e Ax(BNC)={(e,.&,).(e,.6,)}, We
have

Qla, ) = (a, B) " I(«, ).

Thus
ez):{h1'h21h4}m{hl’h2’h3’h4}

Q(e.e)=1(e,8,)n I (e,

={h,h,.h,}; and
Q(ey.8,)=1(ey8,)nJ (e,
={h;,h,}.

Hence

P(a, B) =Q(a, B) V (a, B) € Ax(BC).This

proves (iii).

)= (.} (]

Proposition 3.2 (Distributive Properties of
AND-Operation)

Let (F,A), (G,B) and (H,C) be soft sets over a common
universe U. Then the following hold.

M (F,AA((G, B)u (H c:)) ((F, A)/\ G, B))Q((F A)v(H 0));
(i) (F, A) A((G, =( B)n, ((F.A)v(H,C));
(iii) (F, A) A((G, ):( B)) O((F,A) A (H C)); and
(iv)

(F,A)A((G,B) Uy (H,C))=((F, A) A (G,B)) U ((F, A A(H,C)).

Proof.

Let (F, A) A((G,B)O(H,C))
=(F,AA(K,BUC)

:(S, Ax(B uC))

where ¥V o € (G, B), we have

OO HCHCREDNCRCNS
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G(a), aeB-C
K(ax) =<H(«x), « €C-B;and
G(a)UH(a), a e BN C.
V (a,B8) e Ax(BuUCQC),

S(Ol,ﬂ)=
{F(a)mG(ﬂ), aecA BeB-C

F(a) " K(x)

=sF(a@)nH(B), ac A fcC-B, and
F(a)m{G(ﬂ)}uH(ﬂ), aec A peBnNC.

Let ((F, A)A(G,B))I((F,A)A(H,C))
=(X,AxB)u(Y,AxC)

= (T,(Ax B)U(AXC))

=(T, Ax(BUC))

where V (a, ) € Ax B, we have

X(a, B) = F(a) "G(B)

V (a, B) € AxC , we have

Y(a,B)=F(a)nH(p)

and V (a, B) € Ax(BUC), we have
X(a,p)(a,B) e (AxB)-(AxC) = Ax(B-C);

T(a,f)=1Y(a, B),(a, B) € (AxC) - (AxB) = Ax(C -B); and
X(a,[)’)uY(a,ﬂ),(a,ﬂ)e(Ax B)ﬂ(AXC):AX(BﬂC),

F(a)nG(B),acA pe(B-C);
F(@)nH (B), a e A fe(C-B); and

{F@nGA)|V{F@nH(A)
= F(@)n{G(B)UH(A)}, ac A BeBAC.

Itfollows S(ex, B) =T (ex, B) V (x, ) € Ax(BUC)-
Hence, (i) is satisfied.

Similarly, (ii) can be proved using the techniques in (i).

Let (F, A)A((G,B)O(H,C))
=(F,A) A(L,BNC)

=(0, Ax(BNC))

where vV o € BMC,

L(ax) =G(a) "H(x);

and V (o, ) € Ax(BNC),, we have
O(a, B) =F(a) nL(B)

= F(@)n{G(A) N H(B)}.

Let ((F, A A(G,B))O((F,A) A(H,C))
=(M, AxB)O(N, AxC)

=(R, (AxB))n(AxC) =(R,Ax(BNC))

where V («, B) € AxB, M (a, B) = F(a) "G(S)
V (@, B) € AxC, N(a, ) = F(a) ~H ()
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and V («, B) € A< (B C),
R(a, B)=M(a, f)N(a, B)

={F(@)nG(B)} N {F(a) "H(B)}
= F(a) " {G(B) NH(B)}.

Hence O(«, B) = R(a, B) V (a, B) € Ax(BNC)
which completes the proof of (iii).

Similarly, (iv) can be proved.

Let us now illustrate (iv) in example 3.2 below by considering
the soft sets in example 3.1.

Example 3.2

Let (F, A)/\((G, B)ug (H,C))
=(F,A)A(K,BNC)=(T, Ax(BNC))
where V ¢ e BNC ={e, },

K(a) =G(a) wH();

and V (a, B) € Ax(BNC)={(e,,&,).(e5.€,)},

T(a, ) =F(a) "K(B) =F(a) " {G(B) wH(B)}.

Thus,
T(e.e,)=F(e)n{G(e,)UH(e,)};

={h1,h2}m{h3,h4}=@; and

T(ealez):{h3}m{h3'h}:{h3}'
Let ((F, A) A (G, B)) g ((F, A) A(H,C))
=(I,AxB)u, (J,AxC)

=(P,(AxB) " (AxC))=(P, Ax(BNC))

where

V (o, f) e AxB={(e.&).(e.€,).(e5.8) (&5 8,)}

I(a, B) = F(a) "G(5);

Y (a, B) € AxC ={(el,e2),(e1,e4),(e3,ez),(eg,e4)},
J(a, B) =F(ax) "H(A);

and V (a, B) € Ax(BNC) ={(e,,&,).(e;.8,)},
P(a, B) = 1(a, B I (a, f).

Thus

P(e.e)=1(e,e,)ul(e,e,)=0;

and

P(esaez): | (eS'ez)u‘J (e3'62):{h3}'
Hence T(«, B) =P(a, B) V (&, B) € Ax(BNC)
which satisfies (iv).

Proposition 3.3
Let (F,A), (G,B) and (H,C) be soft sets over a common
universe U. Then the following hold.
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(i)(F, A) A ((G,B)—r(H,C)) =
((F,A) A(G,B))r ((F,A) A(H,C))
(i) ((F.A) _, (G.B))A(H,C) =
((F, A)A(H,C))_; ((G,B) A(H,C))
(iii)(F, A) v ((G, B) “r(H,C)) =

((F,A)v (G,B))er ((F,A) v (H,C))
(V) ((F, A) —&(G,B))v (H,C) =

((F.A)v(H,C))_. ((G,B)v(H,C))

Proof.
()Let (F, A) A((G,B)L, (H,C))
=(F,AA(K,BNC)

=(L,Ax(BNC))
where v o e BNC, K () = G(e) — H (@);
and V (e, B) € Ax(BNC), L(a, B) = F(a) "K(B)

= F(a)ﬁ{G(ﬂ)— H (/8)}
Again, let ((F, A) A (G, B))_g ((F, A) A(H,C))
= (M , AX B) \_/R(N, AXC)

=(P,(AxB)n(AxC))

=(P,Ax(BNC))

where 7 (o, 8) € AxB, M (a, ) = F(a) "G(p3);
V (a, ) € AxC,N(e, B) = F(a) "H(p);
and Vv («, B) € Ax(BNC),

P(a, ) =M (a, f)—N(a, B)
=[F(@)nG(B)]-[F(a) "H(BA)]
=F(a)n{G(B) —H(p)}.

Hence (e, ) — P(cx, 3) -Thus (i) holds.

Similar argument in (i) can be used to prove (ii).
The proof is therefore omitted.

(iii) Let (F, A)v((G,B) —r (H,C))
=(F,A)Vv(K,BNC)

=(K,Ax(BNC))
where V ¢ e BNC, L(a)=G(a)—H(x);
and V (o, f) € Ax(BNC),

K(a, ) =F(a)w L(B)

=F(a)w[G(B) —H(A)]

R
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Let ((F,A)v(G,B)) ((F,A)v(H,C))
=(l,AxB)r (J,AxC)

=(R,(AxB)n(AxC))

=(R,Ax(BNC))
where V (a, ) € Ax B,
I (a, B) =F(ax)wG(B);
V (a, B) € AxC,

I(ex, B)=F(x) VH(p),
and if (¢, B) e Ax(BUC),

R(avﬂ) =1 (C{,ﬂ) -J (a!ﬂ)
=[F(@)uG(B)]-[F(@) W H(B)]
# F(a)U[G(B)—H(B)].
Hence (K, Ax(BMC))=(R,Ax(BNC)), Wwhich
proves (iii).
Using similar arguments as in (iii), (iv) can be proved.
Remark
The operations of union, intersection or difference (both

restricted and extended) do not distribute over OR-operation
or AND-operation. For example,

(F,AO((G,B)A(H,C))= (L, AU(BXC))
does not hold as AU (B x C) does not exist.

4. CONCLUSION
The distributive properties of AND (A) and OR (V)

operations  with respect to Q,UR,GSVRO and
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operations are presented. It is observed that the operations
O,Ug, N, O and
operations A and V.

do not distribute over the
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