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ABSTRACT

In this paper, we present and study a new generation of
strongly b*-continuous functions. Furthermore, we
obtain basic properties and preservation theorems of
strongly b*- continuous functions and relationships
between them. Also we studied the strongly b*- open and
closed maps.
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1. INTRODUCTION

Levine[11] introduced the concept of generalized closed
sets in topological spaces and a class of topological
spaces called T,/, - spaces. Dunham[7] and Dunham and

Levine [8] further studied some properties of generalized
closed sets and T,/,- spaces. Strong forms of continuous

maps have been introduced and investigated by several
mathematicians. strongly continuous maps, perfectly
continuous maps, completely continuous maps, clopen
continuous maps were introduced by Levine[13],
Noiri[18], Munshi and Bassan[15] and Reilly and
Vamanamurthy[20] respectively. Semi continuous
functions have been studied by several authors.
Dontchev[5], Ganster and Reilly[6] introduced contra-
continuous functions and regular set - connected
functions. Erdal Ekici [9] introduced and studied a new
class of functions called almost contra-pre- continuous
functions which generalize classes of regular set -
connected [6], contra- pre continuous [11], contra
continuous [5], almost s - continuous [17] and perfectly
continuous functions [18]. In this paper, we introduce and
study the strongly b* - continuous functions in
topological spaces. Also we studied the strongly b*- open
and closed maps.

2. PRELIMINARIES
In this section, we begin by recalling some definitions

Definition 2.1[21]: A map f: X — Y from atopological space
X into a topological space Y is called semi- generalized
continuous (sg-continuous) if (V) is sg- closed in X for
every closed set V of Y.

Definition 2.2[3]: A map f: X —Y is semi-continuous if and
only if for every closed set B of Y, f-{(B)issemi-closed in
X.

Definition 2.3[2]: A function f: X — Y is said to be
generalized continuous (g-continuous) if (V) is g-open
in X for each open set VV of Y.

Definition 2.4[10]:A function f: X — Y is said to be
b-continuous if for each xe X and for each open set of V of
Y containing f(x), there exists U € bO (X, X) such that
f(U)cV.

Definition 2.5[22]:A function f: X — Y is said to be
w-continuous if (V) is w - open in X for each open set V
of Y.

Definition: 2.6 [14]: A function f: X — Y is said to be
o continuous if X (V) is ¢z- open in X for each open set V of Y.

Definition: 2.7 [16]: Let X and Y be topological
spaces. A map f: X — Y is said to be weakly generalized
continuous (wg-continuous) if the inverse image of
every open set in Y is wg-open in X.

Definition 2.8:[4] A function f: X —» Y is said to be
ag- continuous if f ™ (V)is ag - open in X for each open
setVofY.

Definition 2.9[1]: A map f. XY is semi pre-
continuous if and only if for every closed set B of Y, f*
(B)is semi pre-closed in X.

Definition 2.10[19]: A subset .4 of a topological space
(X, ) is called a strongly /- closed set (briefly s4* closed) if
i A)) < Uwhenever A< Uand Uis» open in X.

3. STRONGLY b* - CONTINUOUS
FUNCTIONS

In this section, we introduce the new class of definition
sb*-continuous function in topological space. Also we
discuss some of its properties.

Definition 3.1: Let X and Y be topological spaces. A
map f: X — Y iscalled strongly b* - continuous (sb*- continuous)
if the inverse image of every open set in Y is sb* - open in
X.

Theorem 3.2: If a map f: X — Y is continuous then it is
sb* - continuous but not conversely.

Proof: Let f: X — Y becontinuous. Let Fbeanyopen set in Y.
The inverse image of F is open in X. Since every open set
is sb*-open set, inverse image of F is sb*- open set in X.
Therefore f is sb* - continuous.

Remark 3.3: The converse of the above theorem need
not be true as seen from the following example.



Example 3.4: Consider X={1, 2, 3} with 7 = {X

® {13}, Y ={q b ¢ and o={Y, @iV} {a 4}. Let
f:(X,7)— (Y, ojbe defined by f(1)=a, f(3)=b, f(2)=c. Then f is
sb*-continuous. But f is not continuous since for the open
set U= {ac}inY, fYU)={12}isnot open in X.

Theorem 3.5: Let f: (X, 7)— (Y, o) be a map from a
topological space (X, ) in to a topological space (Y, o). The
statement (a) f is sb™ - continuous is equivalent to the statement
(b) the inverse image of each open set in Y is sh*-open in
X.

Proof: Assume that f : X — Y is sb*-continuous. Let G be
open in Y. Then G °is closed in Y. Since f is
sb*-continuous, TG 9 is sb* -closed in X. But f4G %= X -
f4G). Thus X-F1(G) is sb*-closed in X and so X(G) is sb*-open in
X. Therefore (8) = (0).

Conversely, assume that the inverse image of each open
set in Y is sb*- open in X. Let F be any closed set in Y.
Then f(F°)is sb* - openin X. But f(F) = X —f* (F). Thus X -
f1 (F) is sb* - open in X and so fY(F) is sb*-closed in X.
Therefore f is sh*-continuous. Hence (b) = (a). Thus (a)
and (b) are equivalent.

Theorem 3.6: Let f : X — Y beasb* - continuous map from
a topological space X in to a topological space Y and let
H be a closed subset of X. Then the restriction f/H: H —
Yis  sb* - continuous where H is endowed with the relative
topology.

Proof: Let F be any closed subset in Y. Since f is
sb* - continuous, f(F) is sb* - closed in X. Intersection of
sh*-closed sets is sb* - closed set. Thus if f{(P)~H= H;
then H; is sb* - closed set in X. Since (f/H)-{(F)= Hy, it is
sufficient to show that H; is sb* - closed set in H. Let G;
be any open set of H such that H; = G;. Let G; = G nH
where Gisopenin X. Now H;c GNHNG. Since Hy is sb* - closed

inX, H; cG.Nowd, (Hy) = H, nHc G H=G, where

cl; (A) isthe closure of a subset A — H inasubspace H of X.
Therefore f/H is sb* - continuous.

Remark 3.7: In the above theorem, the assumption of
closedness of H cannot be removed as seen from the
following example.

Example 3.8: Let X ={ab,c}, 7={X @{i}, Y

= {p.qtand o={Y, @ {p}}. Let f.(X,7)— (Y,o)be defined by
f(a)=f(c)=q, f(b)=p. Now H = {a,b} is not closed in X.
Then f is sh* - continuous but the restriction f/H is not
sh*-continuous. Since for the closed set F = {q} in Y,
f1(F) = {ac} and F{(F)~H = {a} isnotsb*-closed in H.

Theorem 3.9: A map f: X — Y is sb* - continuous if and
only if the inverse image of every closed set in Y is sb* -
closed in X.

Proof: Let F be a closed set in Y. Then F<is openinY.
Since f is sb* -continuous, f-{(F) is sb* - open in X. But
f1(F) =X -f1(F) and so f1(F) issb* - closed in X.

Conversely, let the inverse image of every closed
setin Y is sb* - closed set in X. Let V be an open set in Y
and V< is closed in Y. Now by the assumption f(V9)=X -
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(V) is sb* - closed set in Y. Therefore fX(V) is sbo* - open in X. Then
fis sb* - continuous.

Theorem 3.10: If a function f: X — Y issb* -continuous
then it is b-continuous but not conversely.

Proof: Assume that a map f: X — Y is sb* - continuous.
let V be an open set in Y. Since f is sb* - continuous -
(V) is sb* -open and hence b - open in X. Therefore f is b -
continuous

Remark 3.11: The converse of the above theorem need
not be true as seen from the following example.

Example 3.12: Let X = Y ={ab,c} with 7={X

@ldidladt . o =Y, @b {d {4}and
f ={(a,b),(b,b),(c,c)}. Then f is b-continuous but not
sb*-continuous. Since the inverse image of the open
set {b} in Y is {a,b} in Xis not sb* - open.

Theorem 3.13: If a map f: X — Y'is a-continuous then it
is sb*-continuous but not conversely.

Proof: Assume that f is «- continuous. LetV bean open set
in Y. Since f is «- continuous, f(V) is c=open and hence it is
sb*-openin X. Then fissb*-continuous.

Remark 3.14: The converse of the above theorem be
true as seen from the following example.

Example 3.15: Let X = Y ={ab,c} with 7={X
@b}, {4} and o={Y, @ {4 }. Consider f: X — Y whichis
defined as f@@ = f(b) = b, f(c) = c. This function f is
sb*- continuous but not « - continuous, Since the pre
image of the open set {a,c} in Y is {c}in X is not «-open.

Theorem 3.16: If amap f : X — Y issb*-continuous then
it is wg-continuous but not conversely.

Proof: Assume that a map f : X — Y issb*- continuous.
Let V be an open set in Y. Since f is shb* - continuous,
(V) is sb*-open and hence it is wg-open in X. Then f is wg-
continuous.

Remark 3.17: The converse of the above theorem need
not be true as seen from the following exampl

Example 3.18: Let X =Y =01 {a,b,c} with 7 =L1{X,
@,[1{b}} and o =0I{Y, @, {a}, I{a, b}} and f be the
identity map. Then f is wg-continuous but not sh*-

continuous, as the inverse image of the open set1{a}(lin
Y isti{a} in X is not sb*- open.

Theorem 3.19: If a map f: X — Y isw-continuous then it is
sb*- continuous but not conversely.

Proof: Let f: X — Y isw-continuous and V be an open set in
Y then (V) is w- open and hence sb* - open in X. Then f is
sb* - continuous. The converse of the above theorem
need not be true as seen from the following example.

Exmple 3.20: Let X =Y = {a,b,c} with 7={X @ {4}}
and o={Y, @ {4 ¢} and f be the identity map . Then f is
sh* - continuous but not w-continuous, as the inverse
image of the open set {b,c} in Y is {b,c} in X is not
w- open.



Theorem 3.21: If a map f: X — Y is sb*-continuous then it is
semi pre continuous but not conversely

Proof: Let f: X — Y issb*-continuousand V bean open set in
Y then (V) is sb*-open set and hence semi pre open set in X.
Then f is semi pre continuous.

Remark 3.22: The converse of the above theorem need
not be true as seen from the following example.

Example 3.23: Let X = Y ={ab,c} with z={X
@ lah,{d,{a dtand o={Y, @ {4 ¢} and f be the identity
map. Then f is semi pre continuous but not
sb* - continuous, since the inverse image of the open
set {b,c} in Y is {b,c} in X is not sh*- open.

Remark 3.24: From the above results the diagram
follows:

wyg - Confinuous setni pre-Continuous
Continuous sh* COHABOLE : b-Continuous
- Confinuous w- Contnugus

Remark 3.25: The following example shows that the g-
continuous function and sb* - continuous function are
independent.

Example 3.26: Consider X =Y ={a,b,c} with r={X

@ {b}yand o={Y, @ {4}, {4 ¢} }. Letthe function f: (X, 7)— (Y,
o) be defined by f@@) = b, f(b)=c, f(c) = a. This function f is
g- continuous but not sb* - continuous since the inverse
image of the open set {a} in Y is {c} in X is not sh* -
open.

Example 3.27: Consider X =Y = {a,b,c} with 7 ={X
@ {4}, {ab}}and o={Y, @ {4 b} }. Letthe function f: (X, 7)—

(Y, o) be defined by f(a) =f(c)=b and f(b)=c. Here the inverse
image of the open set {a,b} in Y is {a,c} in X which is
sh*- open but not g - open. Therefore this function is
sb* - continuous but not g-continuous

Remark 3.28: The following example shows that the
og- continuous function and sb* - continuous function are
independent.

Example 3.29: Consider X = Y ={ab,c} with

={X @ {b}} and o= {Y, @ {7} }. Letthe function f: (X, 7)—> (Y,
o) be defined by f(a) = a, f(b)=h, f(c) = c. Here the inverse
image of the open set {c} in Y is {c} in X which is ag-
open set but not sb* - open. Therefore the defined function is
og - continuous but not sb*-continuous.
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Example 3.30: Consider X =Y = {a,b,c} with 7 =[1{

X, @,[1{a}.{a, b}} and o =1{Y, @,[1{a, c}}. Let the
function f: (X, 7)0— (Y, o) be defined by f(a)
=c, f(b) = b and f(c)=a. Here the inverse image of the
open set {a,c} in Y is(1{a,c} in X is sh*- open but not
ag - open. Therefore the defined function is sb* -
continuous but not ag-continuous.

Remark 3.31: The following example shows that the
sb*- continuous function and sg - continuous function are
independent

Example 3.32: Consider X =Y =[1{a,b,c} with 7z ={X,
@, 1{a}.{c}.{a, c}} and o =1{Y, @,[1{a, c}}. Let the
function f: (X, 7)[1— (Y, o) be defined by f(a) = b,
f(b)=a, f(c) = c. Here the inverse image of the open
set[1{a,c} in Y is(I{b,c} in X is sg-open set but not
sb* - open. Therefore the defined function is sg -
continuous but not sh*-continuous.

Example 3.33: Consider X = Y = {a,b,c} with 7={X

@ {gc}and o={Y, @ {a}, {4 b} }. Letthe function f: (X, 7)—>
(Y, o) be defined by f(@) =c, f()) = b and f(c)=a. Here the
inverse image of the open set {a,b} in Y is {b,c} in X is
sb*- open but not sg-open. Therefore the defined function
is sg - continuous but not sb*-continuous.

Remark 3.34: The following example shows that the
sb*- continuous function and semi - continuous function
are independent.

Example 3.35: Consider X = Y = {a,b,c} with r={X
®lg &} and o ={Y, @{a},{4},{s bH}}. Let the function
f: (X, 7)—> (Y, o) be defined by f(a) =a, f(b)=c, f(c) = b. Here
the inverse image of the open set {a} in Y is {a} in X
which is not semi open but it is sb* - open. Therefore the
defined function is sb* - continuous but not semi-
continuous.

Example 3.36: Consider X =Y = {a,b,c} with 7={X
@ lah,{c,{a ¢} and o ={Y, @{h }. Let the function
f: (X, 7)— (Y, o) be defined by f(a) =a, f(b) = ¢ and f(c)=b.
Here the inverse image of the open set {b,c} in Y
is {b,c} in X which is semi- open but not sb* - open.

Therefore the defined function is semi - continuous but
not sb*-continuous.

Remark 3.37: From the above results the diagram
follows:

s5g - Continuons

}

g-Continuous <= sh*-confimious e Olg-Confimous

}

semi- Continuous
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4. STRONGLY b*- OPEN AND CLOSED
MAPS

In this section we introduce the new concept of sb* -
closed maps and studied some of their properties

Definition 4.1: Let X and Y be a topological spaces. A
map f: X — Y is called strongly b* -closed (sb* - closed) map if
the image of every closed set in X is sb* - closed setin Y.

Theorem 4.2: Every closed map is sb*-closed but not
conversely.

Proof: Let f: X — Y beclosed mapand V bea closed set in
X. Then f (V) is closed and hence sb*-closed in Y. Thus
f is sb*- closed. The converse of the above theorem need
not be true as seen from the following example.

Example 4.3:  Consider X = Y ={ab,c}, r={X
@ {ayand o={Y, @ {a}, {4 b} } andamap f : X — Y be defined
by f(a) = a, f(b) = f(c) = b. This function f is sb*-closed but not
closed as f({b,c}) = { b} is not closed in Y.

Theorem 4.4: If a map f : X — Y is continuous and
sh*-closed, A is sb* - closed set of X then f(A) is
sb*-closed in'Y.

Proof: Let f(A)c O, where O is b-open set of Y. Since f is
continuous fY0) is b-open set containing A. Hence
cl(int(A)) < FY0), as A is sb*-closed. Since f is sh*-closed
f(cl(int(A))) is a sb*-closed set contained in the b-open
set O, which implies cl(int f(A)) = O. So, f(A) issb* -openin Y.

Theorem 4.5: A map f : X — Y issb*closed if and only if
for each subset S of Y and for each open set U containing
f(S) there isasb*-openset V of Y such that S cVand f(1") c U.

Proof: Suppose f is sb*-closed. Let S be a subset of Y
and U be a open set of X such that f4(S)cU. V= Y-f(X-U)
is a sh* - open set containing S such that f(1")cU.

For the converse, suppose that F is a closed set of X.
Then f-{(Y-f(F)) = X-F and X-F is open. By hypothesis, there is
a sh*-open set V of Y such that Y-f(F) =V and f{(V) =X-F.
Therefore Fc X-AY(V). Hence Y-V cf(F) c fX-FH(V)c Y-V.
Which implies f(F) = Y-V. Since Y-V is sb*-closed, f(F) is
sb*-closed and thus f is sb*-closed map.

Theorem 4.7: If a map f: X — Y is closed and a map g:
Y —Zissb*closed then gof :X — Z is sh*-closed.

Proof: Let V be a closed set in X. Since f: X —>Y is
closed, f (V) is closed set in Y. Since g: Y —>Z is
sh” - closed, h (f (V)) is sb” - closed set in Z. Therefore
(gef): X —> Zissb " - closed map.
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