International Journal of Computer Applications (0975 — 8887)
Volume 57— No.6, November 2012

On Fuzzy Soft Right Ternary Near-Rings

A. Uma Maheswari
Department of Mathematics
Quaid-E-Millath Government College for Women
(Autonomous), Chennai — 600 002
Tamil Nadu, India

ABSTRACT

The first step towards near-rings was an axiomatic research
done by Dickson in 1905. In 1936, it was Zassenhaus who
used the name near-ring. Many parts of the well established
theory of rings are transferred to near-rings and new specific
features of near-rings have been discovered. To deal with the
idea of near-rings using ternary product Warud Nakkhasen
and Bundit Pibaljommee have applied the concept of ternary
semiring to define left ternary near- rings, ternary subnear-
rings and their ideals and investigated some properties of L-
fuzzy ternary near subrings in 2012. In this paper, we consider
right ternary near-rings and their ideals and apply fuzzy soft
set technology initiated by Maji et al in 2001 to introduce
fuzzy soft right ternary near-rings, fuzzy soft ideals and study
their basic algebraic properties.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [22] in
1965. Since then many researchers are exploring the
generalisation of the notion of fuzzy sets. In 1999, Molodtsov
[16] introduced the soft set to deal with the uncertainties
present in most of our real life situations. The parametrization
tools of soft set theory enhance the flexibility of its
application to different problems. In 2001, Maji et al [13]
expanded soft set theory to fuzzy soft set theory. In recent
times, researches have contributed a lot towards fuzzification
of soft set theory. Maji et al introduced some properties
regarding fuzzy soft union, intersection, complement of a
fuzzy soft set, DeMorgan Law etc. These results were further
revised and improved by Ahmad and Kharal [2]. They defined
arbitrary fuzzy soft union and intersection and proved DeMorgan
inclusions and DeMorgan laws in fuzzy soft set theory.

Fuzzy soft sets combine the strengths of both soft sets and
fuzzy sets. They have applications in Medical diagnosis [6],
decisionmaking ([14]), knowledge representation and retrieval
[15] etc. Aktas and Cagman [3] introduced the notion of soft
groups and Aygungolu and Aygun [4] generalized their
concept and introduced fuzzy soft groups in 2009.Thereafter
many reaserchers are applying fuzzy soft tools to other
algebraic structures viz., rings, modules, semigroups ([7, 8,
21)).

The first step towards near-ring was an axiomatic research
done by Dickson in 1905. In 1936, it was Zassenhaus who
used the name near-ring. Near-rings appear to have an
application in characterising endomorphism of a group. Near-
rings are algebraic structures which arise in a natural way in
the study of mappings from a group into itself where addition
is defined pointwise and multiplication is defined as
composition of mappings. Many parts of the well established
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theory of rings are transferred to near-rings and new specific
features of near-rings have been discovered. Near-rings have
a number of interesting applications ranging from Geometry,
Combinatorics and Interpolation theory to the study of
polynomial mappings. The notion of fuzzy subnear-ring,
fuzzy left (resp. right) ideals and prime ideals in near-ring was
introduced by Abou-Zaid( [1]).Fuzzy ideals in near-rings are
further discussed by Kim et al ([9]).

The notion of ternary algebraic system was introduced by
Lehmer [12] in 1932. Ternary semigroups[19,18], ternary
semirings [10]are some of the algebraic structures which
involve ternary product. To deal with the concept of near-
rings using ternary product Warud Nakkhasen and Bundit
Pibaljommee [20] have applied the concept of ternary
semiring to define left ternary near- rings, ternary subnear-
rings and their ideals and investigated some properties of L-
fuzzy ternary near subrings in 2012 .

In this paper, we consider right ternary near-rings and their
ideals and apply fuzzy soft set technology to introduce fuzzy
soft right ternary near-rings, their fuzzy soft ideals and study
their basic algebraic properties.

2. PRELIMINARIES

In this section we give the basic definitions that are necessary
for the following sections of this paper.

Definition 2.1 [17] A right near-ring N is a non-empty set N
together with two binary operations + and . such that

(i) (N, +) isagroup (not necessarily abelian)
(if) (N, .) is a semigroup.

(iii) (ny+ny) .nz=n;.ng + n,.ng forevery n;, n,,nz €N
(right distributive law).

Definition 2.2 [19] Let T be a non-empty set and [ ] be an
operation defined from NX Nx N to N called a ternary
operation. Then (N, [ 1) is a ternary semigroup if for every
X, ¥, z,u,vEN [[xyz]uv] = [X[yzu]v] = [xy[zuv]] .

Definition 2.3 [19] Let A,B,C be non-empty subsets of a
ternary semigroup N. Then

[ABC] ={[abc]eN|a€ A,beB,ceC}

Definition 2.4 [20] A tri-tuple (N, +, .) consisting of a non-
empty set N, a binary operation + and a ternary operation .
on N is called a ternary near-ring if

(i) (N, +)isagroup,
(if) (N, .)is aternary semigroup and
(iii) ab(c +d)=abc + abd forall a, b, c,d € N.

Definition 2.5 [20] A non-empty subset S of a ternary near-
ring is called a ternary subnear-ring if (i) x -y € Sifx,y € S
(i) [SSS] < S.
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Definition 2.6 [20] Let N and N ' be any two right ternary
near rings. Then a mapping h : N — N’ is called a right
ternary near ring homomorphism if (i) h(x+ y) = h(x)+h(y),
(i) h([xyz])=[hXx) h(y) h(z)], forevery x,y,z€ N.

Definition 2.7 [22] If X is a universal set then a fuzzy subset
of X isamap p: X — [0,1] denoted by pu = {(x, u(x))x € X }.

Definition 2.8 [16] Let U be a universal set. Let A be a subset
of a set of parameters E. Then (F, A) is called a soft set over

U where F: A—p(U) and (V) is the set of subsets of U.

In other words, a soft set is a parameterized family of subsets
of the set U. Every set F (e), for every e € E, from this family
may be considered as the set of e — elements of the soft set
(F, E), or as the set of e — approximate elements of the soft
set.

According to this manner, a soft set (F, E) is given as a
collection of approximations: (F, E) = {F(e) : e € E}.

Definition 2.9 [16] Let U be a universal set and let A be a
subset of a set of parameters E. Let IV (where I = [0, 1]) be
the set of fuzzy subsets of U. Then

(f, A) is called a fuzzy soft set over U where f: A — 1Y and
f(a) =f, :U— Tisa fuzzy subsetof U .

In other words, a fuzzy soft set is a parameterized family of
fuzzy subsets of the set U.

Every fuzzy subset f,, for every e € E may be considered as
the fuzzy subset of e — approximate elements of the fuzzy soft
set. According to this manner, a fuzzy soft set (f, E) is given
as a collection of approximations : (f, E) = { f.: e € E}.

Remark 2.10 From the above two definitions we notice that if
X € F(a) then f,(x) = 1, for each a € A and vice-versa.

Definition 2.11 [2, 5, 13] Let U be a universal set and let A
and B any two non-empty subsets of a set of parameters E.
Let (f,A), (g, B) be any two fuzzy soft sets over U. Then

(i) (f, A) is a fuzzy soft subset of (g, B) i.e.(f, A) € (g, B)
if AC B and fy(x) < g,(x) foreveryae AandxeU.

(ii) The complement of a fuzzy soft set denoted by (f, A)° is
defined by (f, A)® = (f°, A) where f,°(x) = 1 — f, (x),for every
aeAandxeU.

(iii) (f, A) AND (g, B) denoted by (f, A) A (g, B) = (h, C)
where C = A x B is defined by , h(a,b)= h(p) = fa A g, where

(a, b) € C. That is h(a, b)(x) = min{f.(x), gu(x)}, for every
Xeu.

(iv) (f, A) OR (g, B) denoted by (f, A) V (g, B) is defined
by (f, A) V (g, B) =(h C), where C = A x B and
h((@b)) = hep = faV g, (@, b)(x) = max{fa(x), gu(x)}, for
every x € U.

(v) The wunion of (f; A) and (g , B) denoted by
(f, A) U (g,B) = (h,C), where C=AUB and

fe ifceA—B
h(c) =h.= {8 ifceB—A
fovg. ifceAnB

(vi) The intersection of (f, A) and (g, B) such that ANB # @
is defined to be the fuzzy soft set (h, C), where C = ANB and
h(c) =h, =f. N g forall c e C. This is denoted by
(h,C)=(f, AN (g B).
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Definition 2.12 [13] Let U and V be any two non-empty
universal sets. Let E; and E, be parameter sets for U and V
respectively and A € E;, B € E,. Let (f, A) and (g, B) be any
two non-empty fuzzy soft sets over U and V respectively.
Then their cartesian product over U X V is defined by
(fF, A x(@,B)=(,C), where C = A x B and
h(a,b) = hup = fa A gy for every (a, b) € C. That is,
h(a, b)(u, v) = h, (U, v) = min{f,(u), gs(V)}-

Definition 2.13 [11] Let X and Y be any two non-empty sets
and E; and E, be their parameter sets. Let AC E;, a € A, and
t € Imf, . Let (f, A) and (g, B) be any two non-empty fuzzy
soft sets over U and V respectively. Let ¢: X =Y and
y:A - B.Then (¢ ,y):(f, A) - (g B)is called a fuzzy soft
function and the image set (¢ (), B) of (f, A) under (¢, )
is defined as follows.

ForeveryyeYandb eB
(o (£)e(y)

{Vxe¢‘1(y) (Vaew-l(b)nA fa (X)) , if(p_l(Y) * @and

forallb e Yy(A)
0 otherwise

Definition 2.14 [11] Inverse image of fuzzy soft set(g, B) is
defined by (¢, )1 (g, B) )=(¢™ () , v''(B)) , where

(©™(9))a(X) = gy (@), for every a € y'(B) and x € X .

3. FUZzZY SOFT RIGHT TERNARY
NEAR-RINGS AND FUZZY  SOFT
IDEALS

In this section we first consider the right ternary near-ring,
right ternary subnear-ring and the right, lateral and left ideals
and then define fuzzy soft right ternary near-ring and fuzzy
soft ideal over a right ternary near-ring and study their basic
algebraic properties.

Definition 3.1 Let N be a non-empty set together with a
binary operation + and a ternary operation [ ]: NxXNxN — N.
Then (N, +, [ ]) is a right ternary near-ring(a right ternary
near ring is written as RTNR) if

(RTNR-1) (N, +) is a group (not necessarily abelian)
(RTNR-2) (N, []) is a ternary semigroup

(RTNR-3) [(@+b)cd]=[acd]+[bcd], for every
a, b, ¢, d e N. Similarly we can define a left ternary near-ring
and a lateral ternary near ring.

Example 3.2 (i) Let N ={0, X, y, z}. Define + asin table (i)
and[Jon N by [xyz]=(xy).zfor every X, y, Z € N where .
is defined as in table (ii). Then (N, +,[]) isa right ternary
near-ring.

+] 0 X y z 0 X y |z

0| 0 X y z 0 0 0 0|0

X | X 0 z y X 0 0 0|0

yly z 0 X y 0 0 0|0

z| z y X 0 z 0 X y | X
Table (i) Table (ii)
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(ii) Let N={0, x,y, z}. Define +as in table (iii) and [ ] on N
by [ Xy z] = (x.y).z for every X, y, z in N where . is defined as
in table (iv). Then (N, +,[]) isa right ternary near-ring.

+| 0| x|y | z 0]l x|y |z

0|0 | x|y | z OO0 0] 0O

X| x| 0| z X | x| x | x |x

y
yly |z | 0] x y | 0| x|y |z
0

z| z |y | x z | x| 0]z |y

Table (iii) Table (iv)
(iii) Let T be a group under +. Let M(T') = { 8 |0: T— T'}.
Define + and [ ] on M(I') by (6 + n)(x) = 6 (x) + n (x) and
[6 &l x) =6 (& (n (x)), for every x € T. Then
(M(T), +,[]) is a right ternary near-ring.

Definition 3.3 Let N be a right ternary near-ring. Let J be a
normal subgroup of (N, +). Then Jis called (i) a right ideal
of Nif [INNT]cJ(ii)aleftideal if [t t' (" +)]-
[t t t"]€J(iii) alateral ideal if [t(t'+1i )t"]-[tt't"]
€ Jwheret,t,t" €N ,i €.

Jis an ideal of N if it is a right, lateral and left ideal of N.

We note that {0,x} is an ideal of N in Example 3.2 (i) but
{0,y} is not an ideal of N as [yxx] = x & {0,y}. In Example
3.2 (ii) both {0, x} and {0, y} are ideals of N but their union is
not an ideal of N.

Definition 3.4 Let N be a right ternary near-ring and A be a
subset of a parameter set E. Let (F, A) be a soft set over N.

i.e. F: A — o(N) where @(N) is the set of subsets of N . Then

(F, A) is a soft right ternary subnear-ring (ideal) over N if for
every a €A, F(a) is right ternary subnear-ring (ideal) of N.

Definition 3.5 A fuzzy soft set (f, A) over N is a fuzzy soft
right ternary near-ring if

() fa(x +y)=min { £ (¥), fa (V)},
(i) f(-x)=f(x)VaceA xyeX and

(iii)  fa([xyz]) = min{ f; X), f.(y), fa(2)} for every a € A and
X,y,Z € N.

Remark 3.6 Conditions (i) and (ii) are normally combined
together to get the condition f,(x — y) > min{ f3(x), fa(y) }.

Example 3.7 (i) Let N be as in Example 3.2(i).Consider a
fuzzy soft set (f, A) over N where A=N and we define for
every a € A, f,(0) =1, f,(x) = 0.7, f,(z) = 0.6, f.(y) = 0.6 Then
(f, A) is a fuzzy soft right ternary near-ring over N.

(ii) Let N = M(T') as in Example 3.2(iii). Consider a fuzzy soft
set (f, A) over N where A = N and we define for every a € A,

(0.9 if6=0 .
(fa)(e)_{0.6 L.feioforeveryaeA.Then(f,A) is

a fuzzy soft right ternary near-ring over N.

Definition 3.8 A fuzzy soft set (f , A) over a right ternary
near-ring N is fuzzy soft ideal over N if

() falx—y) 2 min{ f;(x), fu(y) }

(i) fa[xyz]) 2 min{ f5(x), fa(y), fa(2)}
(i) fuly +x-y) = 1fa(x)

(V) fulxyz]) = f(x)
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V) falxy@+)]-[xyz]) =1f()

(vi)y f([x(y+i)z]-[xyz] =f(i) for every a €A
and x,y,z ,i €N.

A fuzzy soft set (f, A) is called a fuzzy soft right ideal
if it satisfies (i), (ii), (iii), (iv), (f, A) is called a fuzzy soft left
ideal if it satisfies(i), (ii), (iii),(v) and (f, A) is called a fuzzy
soft lateral ideal if it satisfies (i), (ii), (iii),(vi).

Example 3.9 (i) If N is as given in Example 3.2(i) and
A= {0,x}and f: A— IV is defined by f,(0) =1 and f,(x) = 0.6
and f,(y) = f4(2)=0 ,for every a € Athen (f, A) is a fuzzy
soft ideal over N.

(if) If N is as given in Example 3.2(ii) and A = {0,x} and
f: A— INis defined by f,(0) = 1 and f,(x) = 0.7 and
fa(y) = fi(z) =0, for every a € Athen (f, A) is a fuzzy soft
ideal over N.

(iii) If N is as given in Example 3.2(iii) and B = {0,y} and
g : B— IV is defined by g,(0) =1 and gy(x) = 0 and
Ou(y) = 0.9, gn(z) =0, for every b € Bthen (g, B) is a fuzzy
soft ideal over N.

Lemma 3.10 If (f, A) is a fuzzy soft right ternary near-ring
over N then

() ful-x) =1,
(i) . (0) = fu(x),

(ii)) if fax —y) = f,(0), then fy(x) = fi(y), for every a €A
and x,y € N.

Proof: (i) Consider fu(x) = fi(-(-x)) > fa(-x) > fi(X), using
condition (ii) in Definition 3.5 and hence (i)

(if) Consider, f3(0)=fy(X—x) = min {f;(X),fa(-x)} > fu(x),using (i)
(iii) Consider
fa(x) = fa(x+0) = fa(x-y+y) = min{ fo(x-y), fa(y)}
= min{ f,(0), f.(y) }= fa(y),using (ii).
Also,
fay) = fa(y - x + %) = min {f;(y-x),f.(x)}
> min{f;(-(x-y)).fa(x)} = min{f((x-y)).f.()}
= min{f,(0),f(x)} = fa(X). Hence fy(x) = fi(y).

Theorem 3.11 If (f, A) is a fuzzy soft set over N and if for
a€A, S= Ni(@ ={x € N[f,(x) = £,(0)} then

(i) Sis aright ternary subnear-ring of N if (f, A) is a fuzzy
soft right ternary near-ring over N.

(ii) Sis an ideal of N if (f, A) is a fuzzy soft ideal over N.
Proof (i) Let x,y € S. Then fy(x) = f,(0) and f,(y) = f.(0). As

(f, A) is a fuzzy soft right ternary near-ring over N and
X, ¥ € N, fy(x-y) = min{ fy(x), f.(y) }= f.(0). But by (ii) of the
above lemma f,(0) > fy(x-y). Hence fy(x-y)= fi(0) which
implies that x-y € S.

Now, let x, y, z € S. Then X, y, z € N and since (f, A) is a
fuzzy soft right ternary near-ring over N , fy([xyz]) >
min{ fy(x), fa(y), fa(2)} = f4(0). But by (ii) of the above lemma
fa(0) > fy([xyz]).Hence fy([xyz])= fi(0) which implies that
[xyz] €S. Thus S is right ternary subnear-ring of N.

(ii) By (i) x-y € S and [xyz] € S. Now let x € Sand y € N.
Then x,y € N and since (f, A) is a fuzzy soft ideal f,(y + x - y)
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> fy(x) and hence f,(y + X - y) > £,(0). But f,(0) > fy(y + X - y),
by (ii) of the above lemma . Hence f,(y + x - y) = f,(0) which
implies thaty + x -y € S.

Letx € Sandy, z € N.Then x,y,z € N and since (f, A) is a
fuzzy soft ideal fy([xyz]) > fi(x) = f,(0). But by (ii) of the
above lemma f,(0) > f,( [ X y z]) and hence ([ xy z]) = f,(0)
which implies that [SNN] < S.

Now leti € Sand x,y € N. Then x,y,i € N and since (f, A) is
a fuzzy softideal f.([ x y (z +i) ] - [ x y z]) > f(i) = f,(0).

But by (ii) of the above lemma f,(0) > f,( [xy(z+i)] - [xyz]).
Hence f.([xy(z+i)] - [xyz]) = fi(0) which implies that
[xy(z+i)] — [xyz] € S. Similarly it can be proved that
[x(y+i)z]-[xyz]eSandhenceS isan ideal of N.
Corollary 3.12 Let (f, A) be a fuzzy soft set over N and

T =Ng'={x € N|f,(x) = 1}. Then

(i) T is a right ternary subnear-ring (ideal) of N if (f, A) is a
fuzzy soft right ternary near-ring over N.

(ii) T is an ideal of N if (f, A) is a fuzzy soft ideal over N.

Proof: By taking f,(0) = 1 in N¢,( in the above theorem
the proof follows.

Remark 3.13 In general, the converse of Theorem 3.11 is not

true. The converse holds if |Im ;) = 2 and f,(0) = 1 which is
established in the following theorem.

Theorem 3.14 Let (f , A) be a fuzzy soft set over N and
[Im f,| = 2 with f,(0) = 1. Then

(i) if Ng," ={x € N|fy(x) =1}, for each a € A is a right
ternary subnear-ring of N, then (f , A) is a fuzzy soft right
ternary near-ring over N.

(ii) if Ng,' ={x € N|f,(x) =1}is an ideal of N, then
(f, A) is a fuzzy soft ideal over N.

Proof:

To prove (i)

Let Im f, = {a,1}, as | Im f] =2 where a € [0,1). Let X,y € N.
Then we have the following three cases. (i) x,y € Nfa1 or
(ii) x €N,y @N¢ " or (iii) xy & N¢. "

Case(i): Let x,y € Nfal. Suppose fi(x-y) < min{f.(x), f.(y)}.
Then f,(x-y) < 1 which implies that then x-y ¢ Nfa1 but since
Nfa1 is a right ternary subnear-ring of N we have x -y € Nfal .
This contradiction leads us to conclude that

fa(x-y) = min {f;(x), fa(y)}-

Case (ii): Let x € N,y € N¢. ' . Since N ' is a right ternary
subnear-ring of N, x—y & Nfal.This implies that fy(x-y) = a =
fa(y) = min{ f(x), fa(y) } as fa(x) canbe l ora anda < 1°

Case (iii): Let xy € Nfal. Since Nfalis a right ternary
subnear-ring of N, x -y & Nfal. This implies that f,(x-y) = a =
min{f,(x), f,(y)} as f,(x) = a and f;(y) = a. A similar argument
holds for f,([X y z]) and it can be shown that f,([x y z]) > min

{fa(x), f. (), . (@}
To prove (ii)
By (i) fa(x-y) = min{ f5(x), fa(y) } and fy([x y z]) > min{f; (x),

fa (), fa (2)}.To establish conditions (iii) (iv),(v) and (vi) of
Definition 3.8, let x , y € N. Then we have the following
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three cases (i) xy €Ng' or (i) y € N, x €N ' or
(iii) X,y & N¢, .

Case(i): Let x , y € Ne. " As N¢ ' is an ideal, y+x-y € N¢ ™.
Thus f(y + x—y) =1 =f,(y), asy € N¢, ".

Case(ii): Again as Nfa1 is an ideal, if y € N, X & N, Lthen
y +X -y & Ng " Therefore, f,(y + X - y) = a. = £,(X).

Case (iii) : If x,y ¢ Nfal, theny + x -y ¢ Nfaland therefore
fy + X —y)=aand f, (x) = a and hence f(y + x—y) = f,
(x).Now, if x,y,z € N. Then either (i) x € Nfaland y,z €N
and hence f, (x) =1 = fy([x y z]) , as [Ng," N N] € N¢.* or
(i) xy € Nfa1 and z € N and hence f, (xX) =1 =f([x y 2]), as
[N, N N] € N¢' or (iii) x, y, z €N¢' and hence
fo (x) =a=f([xyz]), as [Nfa1 N N] can not be a subset of
Nfal. Thus in all the three cases f,([x y z]) > f, (X). Similarly it
can be established that, f, ([x y (z + 1)] — [xyz]) > f,(i) and
fa (Ix (y+ 1) 2] — [xyz]) = £, (i). Thus (f, A) is a fuzzy soft
ideal over N.

Proposition 3.15 The intersection of two non-empty fuzzy
soft right ternary near-rings and two non-empty fuzzy soft

ideals over N are respectively fuzzy soft right ternary near-
ring and fuzzy soft ideal over N.

Proof: Let N be a right ternary near-ring and A , B be two
subsets of a parameter set E with ANB # @. Let (f, A) and

(9 , B) be any two non-empty fuzzy soft ternary near-rings
over N. We prove that (f, A)N (g,B) = (h,C)is also a
fuzzy soft right ternary near-ring over N.

Consider
he(x-y) = min{ fe(x-y).gc(x-y)}
> min {min{f;(x), fe(y)}.min{ gc(x), 9c(¥)}}
= min{min{fc(x), g.(x)}min{ f(y), ac(y)}}
= min{ he(x), he(y)}.
Now, h([xyz])
= min{ fe([xyz]) , gc([xyz]) }
> min{min{fc(x),f(y).f(2)}, min{gc(x), 9c(y).9c(2) }}
= min{min{fc(x).9.(x)} min{fc(y), gc(v)}, min{fe(2).9.(2) }}
= min{h¢(x), he(y),hc(z)},for everyce Cand x,y, z € N.

This implies that (h, C) is also a fuzzy soft right ternary near-
ring over N.

Let (f, A) and (g , B) be any two non-empty fuzzy soft ideals
over N. Then to prove that (h,C) is a fuzzy soft ideal it is
enough to prove conditions (iii),(iv),(v),(vi) given in
Definition 3.8.

Consider, he(y+x-y) = min{fe(y+x-y) ,gc(y+x-y)} > min{ fc(x),
9c()}= he(x). Now, he([xyz]) = min { f(([xyz]) .9c(([xyz])} =
min{ fo(x), 9c(})}= he(X).  Also, he ([xy (z +i) [-[xyz]) =
min{fo([xy z+)]1-[xyz]).g([xy @z +)]1-[xyz])}=
min{ f.(i), gc(i)}= h¢(i). Similarly it can be proved that

he [x(y+i)z]-[xyz]) =h(i). Thus (h,C) is a fuzzy
soft ideal over N.

Proposition 3.16 The A intersection of any two non-empty
fuzzy soft right ternary near-rings and any two non-empty
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fuzzy soft ideals over N are respectively fuzzy soft right
ternary near-ring and fuzzy soft ideal over N.

Proof : Let N be a right ternary near-ring and A,B be two
subsets of a parameter set E . Let (f, A) and (g, B) be any
two non-empty fuzzy soft right ternary near-rings over N. We
prove that (f, A) A (g, B) = (h,C), where C = A x B and h:
C- IN, h(a,b)= hy = f. A gy for every, (ab) € C is also a
fuzzy soft right ternary near-ring over N. Consider

he(x-y) = min{f;(x-y).gs(x-y)}

> min{min{fy(x), fa(y)}, min{gs(x),95(y)}}

= min{min{fy(x), go(x)}min{ fa(y), 9u(¥)}}

= min{ he(x), he(y)}-
Now,
he([xyz])
= min{ f;([xyz]). gu([xyz]) }
= min{min{f;(x),f.(y).f.(2)}, min{gs(x).gu(y). 9u(2)}}
= min{min{f,(x).go(x)}, min{fs(y), 9s(y)}, min{fu(2).95(2)}}
= min{hc(x),hc(y),h.(2)},for every c eC and x,y,z € N.
Hence (h, C) is a fuzzy soft ternary near-ring over N.

Let (f, A) and (g, B) be any two non-empty fuzzy soft
ideals over N. Then to prove that (h, C) is a fuzzy soft ideal by
the above discussion, it is enough to prove conditions
(iii), (iv),(v),(vi) given in Definition 3.8 .

Consider, he(y+x-y) = min { f,(y+x-y) ,gs(y+x-y)
> min{ f,(x), gp(})}= h¢(X).
Now,
he([xyz]) = min { f,(([xyz]) .9s(([xyz])}
> min{ f5(X), 9o(X)}= he(X).
Also,

he xy @+)]-[xyz]) = min{f([xy (z+)] -
[xyz Dol xy @ +)]-[xyz}>min{ fi),
Ou(i)}= h¢(i). Similarly it can be proved that h, ([x (y +i ) z]
-[xyz]) =h(i). Thus (h,C) is a fuzzy soft ideal over N.

Remark 3.17 (a) (f, A) U (g, B) = (h,C) can be a fuzzy soft
right ternary near-ring over N if ANB = @. For, from
Example 3.9 (ii)) and (iii) we have ANB={0} and
he(x-y) = fe(x-y) V 9e(x-y)= fe(2) V 9:(2)=0 and he(x)= fe(x) v
9:(x) = 0.7and hc(y)= f(y)V gc(y) = 0.9 and min{ h(x), he(y)}
= 0.7.Thus, h¢(x-y) < min{ h¢(x), he(y)}and hence (h,C) is not
a fuzzy soft right ternary near-ring over N.

(b) (f, A) V (g, B) = (h,C) need not be a fuzzy soft right
ternary near-ring . For, from Example 3.9 (ii) and (iii) we
have AxB = {(0,0), 0,y), (x,0), (x,y)} and ho0(X-Y) = h(,0(2)
=fo(2) v 9o(z) = 0 but hg(X) = 0.7 and hg(y) = 0.9 which
implies that mln{ h(o’o)(X), h(0,0)(y)} =07 > h(g’g)(x-y) and
hence (h,C) is not a fuzzy soft right ternary near-ring over N.

(c) The propositions 3.12 and 3.13. and the above remarks are
true for finite and arbitrary sets of fuzzy soft right ternary
near-rings and ideals.

Proposition 3.18 The cartesian product of any two non-empty
fuzzy soft right ternary near-rings over N and M and any two
non-empty fuzzy soft ideals over N and M are respectively
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fuzzy soft right ternary near-ring and fuzzy soft ideal over
NxM.

Proof : Let N and M be any two non-empty right ternary
near-rings. Let E;, E, be parameter set of N and M
respectively. Let A € E;, BCSE,and (f, A) and (g, B) be
any two non-empty fuzzy soft right ternary near-rings over N
and M respectively. Then (f, A) x (g, B) = (h, C), where
C = A x B is a fuzzy soft right ternary near-ring over NxM
where NxM is a right ternary near ring under the operations

(X,y)*+(u,v)= (x+u,y+v) and [(x,u) (y,v) (z,w)] =([ xyz],[uvw]).
Now,

he((x,y)-(u,v))
= he((x-u),(y-v))
= min{f(x-u),gs(y-V)}
> min{min{f,(x), f.(u)}, min{gy(y).gs(V)}
= min{min{f,(x).g5(y)} min{ f,(u).gs(V)}}
= min{he(x,y)).he(uv)},
for x,u € N and y,v € M. Now
han[(U)YVIEW)]) = hen(lxyz] [uvw])
= min{ fo([xyz]), g ([uvw])}
> min{min{f,(x),f(y).fa(2)}, min{gs(u).gs(v), go(W)}
= min{min{f,(x),gs(u)}, min{fa(y).gs(v)}, min{fa(z),g5(w)}
= mindh(x,u)).he(y.v)he(z, W)},
forx,y,zeNandu, v, w e M.
Hence (h, C) is a fuzzy soft right ternary near-ring over NxM.
Now consider,
he((y,u)+(x,v)-(y,u)) = he((y+x-y,u+v-u))
= min{f,(y+x-y),gp(u+v-u)}
= min{ f,(x), 9p(V)}=hc((x,)).
Also,
he(Lx,u)(y.v)(z,w)] = he([xyz],[uvw])
= min{f.([xyz]),go([uvw])}
> min {f3(x),g(u)}= he((x,u)).
Now,
he ([(x,u) (y.V) (z + 1, W+ J)]- [(x,u) (y.v) (zW)])
=h(([xy @+ DLuvw+)])-([xyz],[uvw])
=he([xy(@+)]-[xyz], [uvw+j)]-[uvw])
=min{fo([xy (2 +) 1-[xyz]).g5(([uv (W+j)] -[uvw])}
> min{f,(i), g5(1)}= he((i.)))-

Similarly it can be proved that h([(x,u) (z +i, w +]) (y,V)]-
[(x,u) (v,v)(z,W)] ) = he((i,j)- Thus (h,C) is a fuzzy soft ideal
over NxM.

Definition 3.19 Let N and M be two non empty right ternary
near-rings with parameters from E; and E, respectively. Let
¢:N—M be a right ternary near-ring homomorphism.That is

o(x +y) = o) + ¢(y) and o([xyz]) = [¢(x) o(y) ¢ (2)] for
every X,y,z €N.

Let y: A — Band :A—[0,1]Y where A € E; is such that
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(f, A) is a fuzzy soft right ternary near-ring over N and
g:B—[0,11 where B € E, is such that (g , B) is a fuzzy soft
right ternary near-ring over M. Then (o, y):(f, A) = (g,B) is
a fuzzy soft right ternary near-ring homomorphism
where(e,y) (f, A) = (¢(H),y(A)) .

Proposition 3.20 Homomorphic image of a fuzzy soft right
ternary near-ring (fuzzy soft ideal ) over a right ternary near-
ring is a fuzzy soft right ternary near-ring(fuzzy soft ideal).

Proof: Let ¢:N—M be an onto right ternary near-ring
homomorphism. Let E; and E, be parameter sets for N, M
respectively. Let y: A - Bwhere AC E; B C E, be aone-to-
one mapping such that y(a) =b,wherea € A b € B.To
prove that the image of (f, A) under (p,y) is a fuzzy soft
right ternary near-ring over M.

Since ¢ is onto for u, v, w € M , there exists X, vy, z
respectively in N such that ¢(x) = u,0(y) =v, ¢(z) =w.
Also  o(x—y)=0(x)—o() =u—-vand o([xyz]) =
[e()e(y)o(2)] = [uvw].

Now,
(@(D)6(U) = Ve ) (Veey-1myna fe (X))
=Vrep-1@) fa(X),
as y is one-one .Similarly, (¢(H)p(V) = Vyeo1myfa(y) and
(@(DpW) = Vyep1(w) fa(2) -

Now, (¢(H)s((u - V)) = Vieo (u-v) fa(t) = fa(x-y) = min{f, (x),
fay)}. Hence (p(Dp((u - v )) = min{ (o(f))}(u),
(e(0)p(V)}-Also (@(ENb([UVWD)= Ve o1 (fuwwy Fa () = Tal[xyz])
> min{ f,(X),fa(y),fa(2)}, X,¥,z € N. Hence(o(f))s([uvw]) > min
{(@()p(u), (@(D)p(v),(@(£))p(W)}

Thus the homomorphic image of (f, A) is also a fuzzy soft
right ternary near-ring over M. The case for fuzzy soft ideal
can similarly be proved.

Proposition 3.21 The inverse homomorphic image of (g, B)
is a fuzzy soft right ternary near-ring (fuzzy soft ideal) over
M if (g, B) is a fuzzy soft right ternary near-ring (fuzzy soft
ideal) over N.

Proof: Letgo:N—>M be an onto right ternary near-ring
homomorphism. Let E; and E, be parameter sets for N and M
respectively.Let y: A— B where A € E;, BC E,. Let (g, B)
be a fuzzy soft set over M. To prove that (¢, y)™ (g, B) =

(9 Y(g), v (B)) is a fuzzy soft right ternary near-ring over N .
Let o %(g)=h,yB)=C.Thenh:C >IN andhg N —1.

Now, he(X) = gy o) (9(x)).
Hence he(x-y) = gy (@(x — y))
= gy (0() — 0 ()
> min {gy0(0(9), 8y (0())}

= min{ he(x), he(y)}-
Also,

he([xyz]) = gy(o) (o ([xyz)])
= gy [ee(e()])
= min {gyc) (0(X)), 80 (¢ ), By (0(2))}
= min{ h(x), he(y), he(2)}-
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Hence (¢, w)™* (g, B) is a fuzzy soft fuzzy soft right ternary
near-ring over N .The case for fuzzy soft ideal can similarly
be proved.

Proposition 3.22 Let N be a right ternary near-ring and A be
a subset of a parameter set E. Let (F, A) be a soft set over N.

i.e. F: A — o(N) where p(N) is the set of subsets of N for

all ae€ A. Then F(a) is a soft right ternary subnear-ring (soft
ideal) over N iff (f, A) is a fuzzy soft right ternary near-ring
(fuzzy soft ideal) over N.

Proof: Let N be a right ternary near-ring and A be a subset of
a parameter set E. Let (f , A) be a soft set over N i.e.,

F(a) € p(N) for all a € A . Let (f, A) be a fuzzy soft set over

N. Let F(a) be a right ternary near-ring over N. To prove
that (f, A) is a fuzzy soft right ternary near-ring over N. That
is to prove that f([x y z]) > min{ f; (X), f, (), fa(2)}. LetX,y,
z € N. Since F(a) is a soft set over N, either (i) x,y, z € F(a)
or (ii) x ¢ F(a) buty, z € F(@@) or (iii) x ¢ F(a), y ¢ F(a),
z ¢ F(a).

Case(i) If x, y, z € F(a) then x-y € F(a) , [x y z] € F(a).
Now, fy(x-y) = min{ f, (x), f, (y)}. Similarly, fi([x y z]) >
min{ f, (x), f. (), fa(2)}.Hence (f, A) is a fuzzy soft right
ternary near-ring over N.

Case (ii) Let x ¢ F(a) and y, z € F(a) .Then x-y € F(a),

[x'y z] ¢ F(a) which implies f,(x - y) = 0 and f,[x y z] = 0.
Also, as x & F(a) , fa(x) = 0 .Therefore, min{ f, (x), f, (y)}=0
and min{ f, (x), f, (y) , fa(2)} = 0. Hence fy(x-y) > min{ f, (X),
fa()}and fo([xy z]) = min { f.(x), f.(¥).f(2)}. Thus, (f, A)
is a fuzzy soft right ternary near-ring over N.

Case(iii) Let X, y, z € F(a).Then f([x y z])= 0 and
fu[x vy z]) = 0. Also, min{f, (x), f (y)} = 0 and
min{ f, (x), f, (), fa(2)} = 0. As in case (ii), (f, A) is a fuzzy
soft right ternary near-ring over N.

Conversely, let x, y, z € F(a). Since (f, A) is a fuzzy soft right
ternary near-ring over N, fy(x-y) > min{ f, (x), f, (y)} and
f[x y z ) = min { f, X), f (y), f. (2)}. This implies that
fa(x-y) > min{1,1} and f; ((x y z]) > min (1, 1, 1). Hence
fa(x-y) =1 and f,([x y z])= 1 which implies that x-y € F(a) and
[xyz] € F(a). Hence F(a) is a right ternary sub near-ring of
N. The case for fuzzy soft ideal can similarly be proved.

Theorem 3.23 (i) A non-empty subset L of N is a right
ternary subnear-ring (ideal) of N iff (f, A) is a fuzzy soft right
ternary nearing (fuzzy soft ideal ) over N, where f: A — IV
is defined by

_(r ifx € L
OW={ ¢ enor
(ii) In particular, a non-empty subset L of N is a right ternary
subnear-ring (ideal) of N iff the characteristic function
(W_, E) is a fuzzy soft right ternary near-ring (fuzzy soft
ideal) over N, where ¥, : E — IV is defined by

(‘*’L)e(X)={é :gz ; ]]: ,forevery e € E.

where r > t, foreverya € A.

Proof: To prove (i)

We first show that if L is a right ternary subnear-ring of N
then (f , A) is a fuzzy soft right ternary near-ring over N.Let
X, Y € N. Then we have the following three cases. (i) x,y € L
or(ii)yeN,x &Lor (iii) x,y & L.

Case (i): Since L is a right ternary subnear-ring, x-y € L.Thus
fa(x-y) = min{ f, (x), f. (¥)}-
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Case (ii): Again as L is a right ternary subnear-ring, if ye N,
x & L then x-y ¢ L.Therefore, f,(x-y) = t and min{ f, (x),

f, (y)}=tand hence f,(x-y) = min{ f, (x), f, (¥)}-

Case (iii): If x,y € L, then x-y & L and therefore fy(x-y) =t
and min{f,(x),f.(y)}=t and hence f,(x-y) = min{ f, (x), f, (¥)}.
A similar argument holds for f,([x y z ]) and it can be shown
that fy([x y z ]) = min { f, (X), f, (), fa (2)}.Thus (f, A) is a
fuzzy soft right ternary near-ring over N.

Now by assuming L is an ideal, we prove (f, A) to be a fuzzy
soft ideal over N . Let x, y € N. Then (i) x, y € L or
(ii)y e N, x & L or (iii) X,y € L.

Case (i): Since L is an ideal, y + x — y € L. Therefore,
fay +x—y) =r="1y(x),as x € L.

Case (ii): Again as L is an ideal, if y € N, x € L then
y +x—y & L. Therefore f,(y + x —y) = t = fy(X).

Case (iii) : If x,y ¢ L, theny + x —y & L and therefore
fa(y + x —y) =tand f, (x) = t and hence fy(y + x —y) = f, ().
Again arguing in the same manner it can be established that
falxyz]) > fa(x), fa ([x y (2 + D] — [xyz]) > f(i) and
fa (X (y+i) 2] — [xyz]) = £, (i). Thus (f, A) is a fuzzy soft ideal
over N.

Conversely, if x, y € L then fy(x) =, fi(y) = r and hence min
{fa(x), fa(y)}= r which in turn implies that fy(x-y) > r as
(f, A) is a fuzzy soft ideal over N. Thus, x-y € L. Otherwise,

fa(x-y) =tand we gett>rbutr > t. Alsoifx,y, z€L,since
fa([xyz]) = min{ fi(X), fu(y), fa(2)}, [xyz] € L. Otherwise,

fa([xyz]) =tand we gett >rbutr > t.
Thus L is right ternary subnear-ring of N.

Now, let x € L and y,z € N. Then f,(y + X —y) >r .This in turn
implies that y + x —y € L for if y + x —y €L , then
fiy + Xx—y)=tand we gett >rbutr > t.

A similar argument holds to establish that [xyz]e L if x € L
and y,z € N, ([x (y+ i) z] — [xyz]) € L and ([x y (z + )] -
[xyz])e L whenever i€ L and x,y,z € N. Thus L is an ideal of
N.

To Prove (ii) . Let(*¥1)e (X - y) = min{(‘¥1)e (x), (L)e (¥)} and
(P ([x y z]) = min{(¥1)e (%), (FL)e (), (FL)e(2)}.Let Xy €
L. Then (W) (x) =1, (¥D)e (y) = 1 and hence (V) (X - y) =1
which implies that x - y e L. Similarly if x,y,z € L then

[xy z] € L. Thus L is a ternary subnear-ring of N. Now, let
XeL and y, z € N. Then as (V) ([x y z]) > (¥1)e (X) we have
(P ([xy z]) =1, hence[LTT] S L and again as (¥ ) ([X Y
(z+)]-[x y z]) = (Y1) (i) ITi€L then (Y1) (X y (z+i)] - [x y
z]) = 1, hence [x y (z+i)]-[x y z]€ L. Similarly it can be
proved that [x y +1i z] - [X y z] € L. Hence L is an ideal of N.

Conversely, if L is a right ternary subnear-ring ( an ideal) of
N, then for x, y € N we have the following three cases
(i)x,y€ Lor(ii)xeLygLor(iiiyx¢ L, yeL.

Case (i): Since (¥1)e (x) =1, (¥i)e (y) = 1 and (¥1)e (x-y) =1
we have (Y1) (X-y) = min{(¥1)e (x), (¥L)e (V)}-

Case(ii): Since (Y)e (x) = 1, (Y)e (v) = 0, min{(¥\)e (X),
(YL)e (v)}=0. Also, (V) (X-y) =0, hence equality holds.

Case (iii): Similar to the above cases. Similarly it can be

proved that (‘). ([xyz]) = min{(¥1)e (x), (¥L)e (), (YL)e(2)}-
Thus (W ,E) is a fuzzy soft right ternary near-ring over N.
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Also (P, (¥ + X y) 2(PU)(x) and (P, ([x y 2]) = (1)
(x), (FLe (Ixy (z+D)]-[x y z]) = (FL)e(i) and (¥L)e([x y+i z]-[x
y z]) = (W) (i). Hence (W, E) is a fuzzy soft ideal over N.

Proposition 3.24 Let N be a right ternary near-ring. Let A be
a subset of a parameter set E. Let (f, A) be a fuzzy soft set
over N. Then (f, A) is a fuzzy soft right ternary near-ring
(fuzzy soft ideal) over N iff for each f, , each non-empty level
subset (f);, t € Im f, is a right ternary subnear-ring (ideal)
of N.

Proof: Let (f, A) be a fuzzy soft right ternary near-ring over
N . Lett € Im f, be such that (f.); # @. To prove that (f,); is a
right ternary sub near-ring of N.

Let x,y,z €(fy) . Thenf, (x) >t, f, (y) > t, f,(z) >t. Since
fa(x-y) = min{ f, (x), fa ()} and fo([x y 2 ]) = min { f; (X),

f. (y), fa (2} we have fy(x-y) > t and fy([xyz]) > t which
implies that x -y €(f,), and [xyz] €(f,); .

Conversely, let x,y,z € N. Suppose f,(x-y) < min{ f, (x), f.

()} Let's = min{ f, (x), fa (¥)} Then x €(f)s , y €(fa)s
Therefore x-y € (fy)s which implies that fy(X-y) > min{ f, (x),
fa(y)},a contradiction to the assumption. Now Suppose
fa([xyz]) < min{ f, (x), f. (), fa (2)}. Let r=min {f, (x),

fa (y), f. (2)}.Then x,y,z €(f,), and therefore,

[xyz] €(f.)r and hence f;([xyz]) > min { f; (x), f. (¥), f. (2)}. 2
contradiction to the assumption . Hence for each a €A and
t € Imf,. f,(x-y) = min{ f,(x), fa(y)} and fo([x y z]) > min { f,
(X), fa (v), fa (2}. Hence (f, A) is a fuzzy soft right ternary
near-ring over N. The case for fuzzy soft ideal can be
similarly proved.

Lemma 3.25 Let N be a right ternary near-ring and A be a
subset of a parameter set E. Let (f, A) be a fuzzy soft set
over N. Define (f, A)" = { f,""| a€A},m is a positive integer
and f,"(x) = (f,(x))", for every x € N. Then (f, A)"is a fuzzy
soft right ternary near-ring (fuzzy soft ideal) over N
whenever (f , A) is a fuzzy soft right ternary near-ring
(fuzzy soft ideal ) over N.

Proof: Let N be a right ternary near-ring and (f, A) be a fuzzy
soft right ternary near-ring over N. Now,

f(x—y) = (f(x-y)"
> min{ f( X), f( Y)H)"
=min{ (f(x)) ™, (f(¥)) "}
=min{ f,"(x), f."(y)}
and
fa"([xyz]) = (fu([xyz])) "
>min{ £,( X), (), fu( 2)P"
=min{ (F,(X)) ™ (f(Y) ™ (f(2)) " }
=min{ f,"(x), £."(y), &."(2)}.

Hence (f, A)™ is a fuzzy soft right ternary near-ring over N.
The case for fuzzy soft ideal can be similarly proved.

Corollary 3.26 If m and n are positive integers such that
m < n and if (f, A) is a fuzzy soft ternary semigroup (fuzzy
soft ideal) over N then (f, A)"is a fuzzy soft right ternary
subnear-ring (fuzzy soft ideal) of (f, A)™over N.
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Proof: Since (fo( X)) "> (fa( X)) ", as f.( x) € [0,1] whenever
m <n, (f, A)"is a fuzzy soft ternary subnear-ring of (f , A)"
over N. The case for fuzzy soft ideal can be similarly proved.

The proof of the following Theorem is straight forward from
the above Corollary and Definition 2.11(v).

Theorem 3.27 Let N be a right ternary near-ring and A be a
subset of parameter set E. If (f , A) is a fuzzy soft right
ternary near-ring (fuzzy soft ideal) over N. Then
F,A=FATF, AT (F,AT.. if(f, A" for
m=1,2,3, ... are mutually disjoint.

4. CONCLUSION

In this paper, we considered right ternary near-rings and their
ideals and applied fuzzy soft set technology initiated by Maji
et al to introduce fuzzy soft right ternary near-rings, fuzzy soft
ideals and studied their basic algebraic properties. This theory
may be applied to many algebraic structures with problems
that contain uncertainty and it would be beneficial to extend
the proposed method to subsequent studies.
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