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ABSTRACT

The notion of local iso-triangular picture languages and
recognizable iso-triangular picture languages are introduced.
Domino recognizability of iso-triangular picture languages
and HRL-domino systems are defined. Also the concept that
recognizable iso-triangular picture languages are characterized
as projections of hrl-local triangular picture languages is
derived. Theorems are proved.
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1. INTRODUCTION

A generalization of formal languages to two dimensions is
possible to different ways and several formal models to
recognize or generate two dimensional objects have been
proposed in the literature. These approaches were initially
motivated by problems arising in the framework of pattern
recognition and image processing [3], but two dimensional
patterns are also appear in studied concerning cellular
automata and other models of parallel computing [5].

Already a notion of recognizability of a set of pictures in
terms of tiling systems is introduced [4]. The underlying idea
is to define recognizability by projection of local properties.
Informally recognition in a tiling system is defined in terms of
a finite set of square pictures of side two which correspond
somehow to automaton transitions and are called ‘tiles’. In a
picture to be recognized (over the alphabet X) each quadruple
of positions form a square to be covered by a tile (with
symbols say in the alphabet T') such that a coherent
assignment of picture positions to labels in T is built up, and
such that a projection from T' to X reestablishes the
considered picture. Then the tiles can be viewed as local
‘automaton transitions’ and tiling a given picture means to
construct a run of the automaton on it [2].

The local languages are languages given by a finite set of
authorized tiles of size (2, 2). The use of blocks of size
(2, 2) implies that in a computational procedure to recognize a
given picture, the horizontal and vertical controls are done at
the same time. Then it is natural to ask what happens when
the two scanning are done separately and in particular what
this can imply when apply the projections afterwards.

In [1] the so called hv-local picture languages are defined
where the square tiles of side 2 are replaced by “dominoes”
that correspond to two kinds of tiles: horizontal dominoes of
size (1, 2) and vertical dominoes of size (2, 1).

In this paper the notion of domino systems to recognize iso-
triangular picture languages.

2. PRELIMINARIES
In this section some definitions of tiling systems are
recollected [6]. Let = be a finite alphabet of symbols. A
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picture P over X is a rectangular array of symbols over =. The
set of all pictures over ¥ is denoted by =™, Givenp e =™,
Ci(p) and Cy(p) denote the number of rows and columns
respectively of p. The pair (£4(p), £2(p)) is the size of p; p(i, j)
denotes the symbol at row i and column j, 1 <i < £4(p) and 1
<j < Ly(p). A picture language L is a subset of =" Letpbea
picture of size (m, n). Let P be the picture of size (m+2,
n+2) obtained by bordering p with a special symbol
# ¢ X. Bpk(p) denotes the set of all subpictures of p of size (h,
k). Atile is a picture of size (2, 2). =™" denotes the set of all
pictures of size (m, n) over the alphabet ~. Here some basic
concepts of iso-triangular picture languages are given.

Definition 2.1
An iso-triangular picture p over the alphabet X is an isosceles
triangular arrangement of symbols over . The set of all iso-

triangular pictures over the alphabet X is denoted by Z:. An

iso-triangular picture language over X is a subset of Z: .

Given an iso-triangular picture p the number of rows
(counting from the bottom to top) denoted by r(p) is the size
of an iso-triangular picture. The empty picture is denoted by
A.

Iso-triangular pictures can be classified into four categories.
1. Upper iso-triangular picture

2. Lower iso-triangular picture

3. Right iso-triangular picture

4. Left iso-triangular picture

The upper triangular iso-picture P can be represented in the
co-ordinate system as follows:

A a
# #
(mymﬂ/kﬂw
# a a a a a
/# # # g % #
Z

A lower triangular iso-picture P can be represented in the co-
ordinate system as follows:
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Definition 2.2
Ifpe E*T* then P is the iso-triangular picture obtained by
surrounding p with a special boundary symbol # ¢ .

Definition 2.3
Letp e 2: is an iso-triangular picture. Let X and I" be two

finite alphabets and n : £ — T" be a mapping which is called as
rejection. The projection by mapping = of a iso-triangular
picture is the picture p’ € T such that ©(p(i, j, k)) = p'(i, j. k).

Definition 2.4

Given an iso-triangular picture p of size i for k < i. Denote
By(p) the set of all iso-triangular subpictures of p of size k.
B,(p) is in fact an iso-triangular tile.

Definition 2.5

Let L < Z: be an iso-triangular picture language. The
projection of mapping = of L is the language

L) ={p'/p=n(p).pel}cl .

Definition 2.6

Let T be a finite alphabet. An iso-triangular picture language
L c Z: is called local if there exists a finite set A of iso-
triangular tiles over = U {#} such that

L={pe X7 /By(p)cA}

The family of local iso-triangular picture languages will be
denoted by ITLOC.

Example 2.1

Let X = {a, b} be a finite alphabet.

[ o# b bbb #bb bb#

e o## # o8 # # # ' # b b
a # a a a a # # b

bbb bb # b # a a a a a

a a # a ' a ' a ' # a # b
Then L; = L(A) =

a
b b b
a a a a a

b bbbbobeob

The language L(A) is the set of triangles with size k > 2 with
alternative a and b in the rows. Clearly L(A) is local.

, b
a a

QO T @

b
a a

Definition 2.7

Let X be a finite alphabet. An iso-triangular picture language
L = =™ is called recognizable if there exists iso-triangular
local picture language L' (given by a set X of iso-triangular
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tiles) over an alphabet I" and a projection © : ' — X such that
(L") = L.

The family of recognizable iso-triangular picture languages
will be denoted by ITREC.

Definition 2.8

An iso-triangular tiling system T is a 4-tuple (Z, T, &, 0)
where £ and I are finite set of symbols = : ' —» X is a
projection and 6 is a set of iso-triangular tiles over the
alphabet I U {#}.

The iso-triangular picture language L < E? is tiling
recognizable if there exists a tiling system T = (%, T, «, 0)
such that L = n(L(0)). It is denoted by L(T). The family of
iso-triangular picture languages recognizable by iso-triangular
tiling system is denoted by L(ITTS).

3. DOMINO RECOGNIZABILITY OF
ISO-TRIANGULAR PICTURES

3.1 Overlapping of iso-triangular pictures
Definition 3.1 Horizontal Overlapping

The horizontal overlapping is between U iso-triangular picture

and D iso-triangular picture of equal size and denoted by the
symbol @Over.

Example 3.1
aig

a1 L dz3

axn

U @mroz

Definition 3.2 Vertical Overlapping

The vertical overlapping is defined between L and R
iso-triaratgar picture of same size and it is denoted by the

symbol over-

Example 3.2
az

L <|>0ver R= dig as

as
Definition 3.3 Right Overlapping

The right overlapping is defined between any two gluable
iso-triangular pictures of same size and is denoted by the
symbol over- This overlapping includes the following.

@D o  ORY) U
O ol  @ORQDowl

Example 3.3
a1 a1 di3

D (Dher U=

do1 dxn axs
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Definition 3.4 Left Overlapping

The left overlapping is defined between any two gluable iso-
triangular_pictures of same size and it is denoted by the
symbol bver.  THis overlapping includes the following.

AOUQ R OUQ) el
OLQoeR  ORK) 0w D.

Example 3.4
an an CIE!

R ®/er D= axn

K]
Definition 3.5
The set of all pictures obtained by overlapping an iso-
triangular pictures of same size is denoted by O(p).

Here dominoes of the following types are considered.
(i) Horizontal dominoes (ii) Right and left dominoes.

an
an ap a3

aszg
Horizontal Right

Left dominoes

Definition 3.6
Let L be an iso-triangular picture language. The language L is
hre-local if there exists a set A of dominoes over the alphabet
> U {#} such that

L={pe =7 /O(By(p)) cA}.
In this case we write L = L(A).

Definition 3.7

An iso-triangular domino system (ITDS) is a 4-tuple (%, T, A,
n) where X and T are two finite alphabets, A is a finite set of
dominoes over the alphabet T u {#} suchthat n : T > X is a
projection.

The iso-triangular domino system recognized by an iso-
triangular picture language L over the alphabet X and is
defined as L = n(L’) where L' = L(A) is the hre-local iso-
triangular picture language over T. The family of iso-
triangular picture languages recognized by iso-triangular
domino system is denoted by L(ITDS).

Proposition 3.1
IfL < l": is a hre-local iso triangular picture language then

L is local iso-triangular picture language. That is L(ITDS) <
L(ITTS).
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Proof
Let L F: be a hre-local iso triangular picture language.
Then L = L(A) where A is a finite set of dominoes. Here

construct a finite set ® of iso-triangular tiles of size 2 and
show that L = L(®).

Define © as follows

# #

©={0eTU{#} 1 0 ,
{EU{} R R

" owe)
0B cA

Where the symbol ‘O’ denotes overlapping.
Let L’ = L(®). Now show that L' = L.
Let p e L' then by definition B, (p) € ® . This implies that

OB,(P))=0® cA.
Hencep e L.

Conversely letp e Land q € B,(p) . Then
0O(q)<=O(B,(P)) cA. Thereforeqe ®andp e L'.

Hence L=L".

Remark 3.1
The converse of the Proposition 1.1 is not true. That is there
are languages that are in ITLOC but not in hre-local.

Lemma 3.1

Let L be a local iso-triangular picture language over an
alphabetX. Then there exists an HRL-local language L' over
the alphabet " and a mapping = : ' — X such that L = =(L").

Proof

Let L = L(0) where 6 is a finite set of iso-triangular tiles of
size 2 over £ U {#}. By definition © contains all allowed
subpictures of size 2 of pictures in L. The idea of the proof is
to show that the property of being an allowed subpicture of
size 2 of a picture in L by means of domines over an larger
alphabet ' can be expressed. This is accomplished by
choosing T" as the set 0 itself and defining the set A of
dominoes. LetT' =6 < (2 U {#})? and let

>
|
A
o
iy
2
o
iy
N
o
iy
w

Ci1 Ci2  Cg3 /
f1 f fa3
di1 dn1 dn do3 diy
? 7
Ay ay aAxn as; C1  Cp  Cx3
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Ci3

d11 d12 d13 Cnn C12
L L
7
Ca3 f
Ci3
el
2 2 fas

Let L' = L(A). Then define a mapping = between the two

alphabets I" and X such that

as

To complete the proof, first ©(L’) = L to be proved. Before
proving it formally, give an example to clarify how a picture
pelL and a picture p’ € L’ such that n(p’) = p are related.

Suppose
\ #
P= 4 P,,
## #

Then the corresponding picture f)' will be the following

#
[’jv _ # P21
# P21 PZZ

# P21 F>21 PZl
# 8 # # #
#HHH H#H

#
Py
P2

#

#

#
Pyy #
# O# #

#

#

#

H O H B

#
#
#

#

#
# #
##H#

In the definition of P’ several different border symbols are

used. More precisely the border symbols for T are all iso-

triangular tiles of size 2 containing “

#

#

# # #
P

Now L = =(L') will be proved. Let p € L be of size m.

Consider a picture p over T as follows.
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#
Pp= i \_\ ,i=1,2,3, ..., m, j=2i-1
Py # #
P
Py = i i =2, 3, mpmy §=1,3,5, vy 213
P

1j-1
i+l Pis2

P;
Py Py #
P/(if) = ’v G e BB
Pie2

P Py P2

Py = : ; =3, el =24 204

Pin J+2

It is easy to verify that p’ € L’ and n(p’) = P. Conversely let
p’ e L'and letq e By(p') be a subpicture of p’ of size 2.

To prove that n(p’) € L. It suffices to show that n(g) e ©.
Suppose the iso-triangular picture q is the following

a, b, ag
a, b, a;, b; ag
as b, ag by a; bg ay

where all the tiles a;, a ..., aw, by, by, ..., bs € £ U

# # # # L . .
, and the four iso-triangular tiles of size 2.
# # # #

a b2 ay b3
A ' ’
a b, as bs
dg dg
€0
?
@ L 4
as b4 dg dg bG d1g
Then n(q) = 0.

dg c
as b, ag
Similarly g can also be any block (D-iso triangular tile) and in
this case m(q) € 6.

Theorem 3.1
L(ITTS) = L(ITDS).
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Proof

The inclusion L(ITDS) < L(ITTS) is an immediate
consequence of Proposition 3.1.

The inverse inclusion follows from Lemma 3.1.

Before concluding an example as an application of the
theorem as given.

Example 3.1

Consider the language L of iso-triangular picture over X = {a,
b}. In the example given below we observe that L e
LATTS).

#
# a #
# bbb #
# a a a a a #
# b bbb bbb #
# # # # B # H O# # # #

In order to show that L € L(ITDS) it suffices to verify that it
can be obtained as a projection of the language L over I" =
{ai, by, a5, by} of triangles in which the median of the triangle
carry the symbols a, and b, and the other symbol carry the
symbol a; and b;.

# a, a, a, a, a #
# b, b b b, by b b #
BB B OB K OB OH OB OH# B #

It is clear that L" is hre-local. In fact it is represented by the
following set of dominoes.

# b b by b1 by by by by by by by
= 1N ,
# # # # # # #
b2 b1 b by by # # a a ap ay az
# # b b br by b
ap ax a ap a] a) ap a # # by bz

by bl bz b b2 b1 b2 b1 b] # ay al
by bz b by b1 # # ag # # by b
a a ap al ap a # b by # # #
by b1 b by by bz b1 bz b bz b1 b
# # # # # # # # # # # #
by by # # a a ay a az ay ap a)
# # # by by b2 by by b1 by by b1
az a a ap a # # b1 ba b1 bz b
b1 b by b1 b # a] ax a ap a3 a
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by by # # ap # 4 4
a a # by by #
b1 by
ay # # #
b1 bl»bz#x# #,#bl,
N X 7
a al ba #
b2 by # #
al®al ,agal ,al# , #bz :
bz b1 b1 a
a a ap EN
b1 @bl , b1 @bz , b1®bl b2 @bl ,
# # # #
#
bl#
#

Now L = n(L"") where = : T' — X is such that n(a;) = n(ay) = a;
and m(b;) = m(b,) = b. Hence L is recognizable by iso-
triangular domino system. Thatis L € L(ITDS).

4. CONCLUSION

In this paper the overlapping of iso-triangular pictures have
been introduced and the notion of recognizability of iso-
triangular pictures by a new formalism called domino system
have been investigated. The theorem L(ITDS) = L]UTTS) is
proved. Triangular picture languages can generate all pictures
in picture languages. The learning of iso-triangular pictures
and unary iso-triangular picture languages and their
complexity deserve to be studied further.
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