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1. INTRODUCTION 

As a generalization of fuzzy sets introduced by Zadeh [17], 

Atanassov [2] introduced the concept of intuitionistic fuzzy 

sets. Recently, using the idea of intuitionistic fuzzy sets, In 

2004, Park[12] defined the notion of intuitionistic fuzzy 

metric space with the  help of continuous  t-norms and 

continuous t-conorms. Recently, in 2006, Alaca et al.[1] using 

the idea of Intuitionistic fuzzy sets, defined the notion of 

intuitionistic fuzzy metric space with the help of continuous  

t-norm and continuous  t-conorms as a  generalization of 

fuzzy metric space due to Kramosil and Michalek[10] . In 

2006, Turkoglu[16] proved Jungck’s[6] common fixed point 

theorem in the setting of  intuitionistic fuzzy metric spaces for 

commuting mappings. Jungck and Rhoades [6] gave more 

generalized concept weak compatibility than compatibility. 

Recently, many authors have studied fixed point theory in 

intuitionistic fuzzy metric spaces ( [1],[12],[14-16]).Recently, 

Rao, K.P.R., Rao, K.R.K. and Rao, T. Ranga [13] introduced 

the concept of sequentially compact fuzzy metric space. Using 

this concept, we introduce the notion of sequentially compact  

intuitionistic fuzzy metric spaces and prove a common fixed 

point theorem for pairs of weakly compatible self mappings in 

this newly defined space.  

2. PRELIMINARIES 

Definition 1[11] : A binary operation * : [0, 1] × [0, 1] 

→ [0, 1] is a continuous t-norm if it satisfies the following 

conditions: 

(1) * is associative and commutative, 

(2) * is continuous, 

(3) a * 1 = a for all a   [0, 1],  

(4) a * b ≤ c * d whenever a ≤ c and b ≤ d, for each  

      a, b, c, d   [0, 1]. 

Example 1 : Two typical examples of continuous t-norm 

are a * b = ab and a * b = min(a, b). 

Definition 2[11] : A binary operation ◊ : [0, 1] × [0, 1] 

→ [0, 1] is a continuous t-conorm if it satisfies the following 

conditions : 

(1) ◊ is associative and commutative, 

(2) ◊ is continuous, 

(3) a ◊ 0 = a for all a   [0, 1], 

(4) a ◊ b ≤ c ◊ d whenever a ≤ c and b ≤ d,  

      for each a, b, c, d   [0, 1]. 

Example 2 : Two typical examples of continuous t-

conorm are a◊b = min(a+b, 1) and a ◊ b = max(a, b). 

Remark 1. The concept of triangular norms (t-norms) and 

triangular conforms (t-conorms) are known as the axiomatic 

skeletons that we use for characterizing fuzzy intersections 

and unions respectively. These concepts were originally 

introduced by Menger [11] in his study of statistical metric 

spaces. Several examples for these concepts were proposed by 

many authors ([7-10]). 

Definition 3[1] : A 5-tuple (X,M,N, *, ◊) is called a 

intuitionistic fuzzy metric space if X is an arbitrary (non-

empty) set, * is a continuous t-norm, ◊ a continuous t-conorm 

and M,N are fuzzy sets on X2×[0,∞), satisfying the following 

conditions : for each x, y, z   X and t, s > 0, 

(i) M(x, y, t) + N(x, y, t) ≤ 1, 

(ii)  M(x, y, 0) = 0, 

(iii)  M(x, y, t) = 1 if and only if x = y, 

(iv)  M(x, y, t) = M(y, x, t), 

(v)  M(x, y, t) *M(y, z, s) ≤ M(x, z, t + s), 

(vi)  M(x, y, .) : [0,∞) → [0, 1] is  left continuous, 

(vii)  
t

lim
M(x, y, t) = 1, 

(viii)  N(x, y, 0) = 1, 

(ix)  N(x, y, t) = 0 if and only if x = y, 

(x)  N(x, y, t) = N(y, x, t), 

(xi)  N(x, y, t) ◊ N(y, z, s) ≥ N(x, z, t + s), 

(xii)  N(x, y, .) : [0,∞) → [0, 1] is right continuous, 
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(xiii)  
t

lim
N(x, y, t) = 0. 

        Then (M,N) is called an intuitionistic fuzzy metric on X. 

The functions M(x, y, t) and N(x, y, t) denote the degree of 

nearness and the degree of non-nearness between x and y with 

respect to t, respectively. 

Remark 2 : Every fuzzy metric space (X,M, *) is an 

intuitionistic fuzzy metric space of the form (X,M, 1-M, *, ◊) 

such that t-norm * and t-conorm ◊ are associated [12], i.e. x ◊ 

y = 1 - [(1 - x) * (1 - y)] for any x, y   X. 

Remark 3 : In intuitionistic fuzzy metric space X,  

M(x, y, .) is non-decreasing and N(x, y, .) is non-increasing 

for all  

x, y   X. 

Example 3 : (Induced intuitionistic fuzzy metric). 

Let (X, d) be a metric space. Denote a * b = ab and a ◊ b = 

min(a + b, 1) for all a, b   [0, 1] and let Md and Nd be fuzzy 

sets on X2 × [0,∞) defined as follows: 

Md(x, y, t) =
),( yxmdth

th
n

n


 

 Nd(x, y, t) = 

),(

),(

yxmdtk

yxd
n 

 

for all h, k,m, n   R+. Then (X,Md,Nd, *, ◊) is an 

intuitionistic fuzzy metric space. 

Definition 4 : Let (X,M, N, *, ◊)  be an intuitionistic 

fuzzy metric space. Then 

(a) a sequence {xn} in X is said to be Cauchy sequence if, for 

all t > 0 and p > 0, 

 
n

lim
M(xn+p, xn, t) = 1, 

n

lim
N(xn+p, xn, t) = 0. 

(b) a sequence {xn} in X is said to be convergent to a point  x

X if, for all t > 0  

n

lim
 M(xn, x, t) = 1 and 

n

lim
N(xn, x, t) = 0. 

Since   and   are continuous, the limit is uniquely 

determined from (v) and (xi), respectively. 

Definition 5: An  intuitionistic fuzzy metric space 

(X,M,N, *, ◊) is said to be complete if every Cauchy sequence 

is convergent. 

Definition 6 : Let A and B be mappings from an 

intuitionistic fuzzy metric space (X,M, N, *, ◊) in to itself. 

The mappings A and B are said to be compatible if  

n

lim
M(ABxn, BAxn, t) = 1, 

n

lim
N(ABxn, BAxn, t) = 0 

 for all t > 0, whenever {xn} is a sequence in X such that  

n

lim
Axn = 

n

lim
Bxn = z for some z   X.  

Definition 7 :  Self mappings A and B of an intuitionistic 

fuzzy metric space (X,M, N, *, ◊) is said to be weakly 

compatible if they commute at their coincidence point, that is, 

Ax = Bx implies that ABx = BAx  for some x   X. 

It is easy to see that if self mappings A and B of an 

intuitionistic fuzzy metric space (X,M, N, *, ◊) is compatible 

then they are weakly compatible. 

The following example shows that the converse of above 

statement does 

not hold. 

Example 4 : Let (X, M, N, *, ◊) be an intuitionistic fuzzy 

metric space, Where X = [0, 2]  with t-norm and t-conorm 

defined by  a * b =min{a, b} and a ◊ b = max {a, b},for all a, 

b   [0,1] and 

Md (x, y, t) = 
),( yxdt

t


, Nd (x, y, t) = 

),(

),(

yxdt

yxd


 for 

all t > 0  

and  Md (x, y, t) = 0 and Nd (x, y, t) = 1 for t = 0,for all x, y   

X. 

Define self maps A and B on X as follows: 

Ax = 












21
2

102

xif
x

xif
 

Bx = 











otherwise
x

xif

5

3

12

  

And xn  = 2 - 
 n2

1
. Then we have  

A(1) = B(1) = 2 and A(2) = B(2) = 1. 

Also AB(1) = BA(1) = 2. Thus (A, B) is weak 

compatible.Again 

Axn  = 1 - 
n4

1
, Bxn = 1 - 

n10

1
 

Thus Axn = 1 , Bxn = 1 

Hence z = 1. 

Further ABxn = 2, BAxn  = 
n20

1

5

4
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Now 
n

lim
 M(ABxn, BAxn, t) = limn→∞ M(2, 

n20

1

5

4
 , 

t) = 

5

6
t

t
 ≠  1, 

n

lim
N(ABxn, BAxn, t) = limn→∞ N(2, 

n20

1

5

4
 , t) = 

5

6
5

6

t

  ≠  0,  t > 0 

Hence (A, B) is not compatible. 

Definition 8. (X,M,N, *, ◊)  is said to be sequentially 

compact intuitionistic fuzzy metric space if every sequence in 

X has a convergent sub sequence in it. 

Let Φ be the set of all functions  , '  : [0, 1]5 → [0, 1] such 

that 

(i)  , '  are non decreasing and non increasing in all 

coordinates respectively, 

(ii)  (t1, t2, t3, t4, t5), ' (t1, t2, t3, t4, t5) are continuous in t4 

and t5 and 

(iii)  (t, t, t, t, t) > t, ' (t, t, t, t, t) < t  for every t   [0, 1). 

All material on each page should fit within a rectangle of 18 x 

23.5 cm (7" x 9.25"), centered on the page, beginning 2.54 cm 

(1") from the top of the page and ending with 2.54 cm (1") 

from the bottom.  The right and left margins should be 1.9 cm 

(.75”). The text should be in two 8.45 cm (3.33") columns 

with a .83 cm (.33") gutter. 

3. MAIN RESULTS 

Here afterwards, assume that (X,M,N, *, ◊)  be a sequentially 

compact intuitionistic fuzzy metric space with t   t ≥ t , s  s 

  s   t, s   [0, 1]. 

Theorem 3.1 Let P, Q, A, B, Sand T be self-mappings on 

(X,M,N, *, ◊)  such that 

(i) P(X)  ST(X) and Q(X)  AB(X), 

(ii) P and AB are continuous or Q and ST are continuous, 

(iii) AB = BA, ST = TS, PB = BP, TQ = QT, 

(iv) the pairs (P, AB) and (Q, ST) are weakly compatible, 

(v) [1 +aM(ABx, STy, t)]M(Px, Qy, t)  

                ≥ a[M(ABx, STy, t)M(Px, ABx,t)M(Qy,STy,t) 

                            M(Px,STy,αt)M(Qy, ABx, (2 − α)t)] + 

                                                  










 ))2(,,(),,,(

),,(),,,(),,,(

tABxQyMtSTyPxM

tSTyQyMtABxPxMtSTyABxM




 

[1 +aN(ABx, STy, t)]  N(Px, Qy, t)  

             a[N(ABx, STy, t)  N(Px, ABx, t)  N(Qy, STy, t) 

                             N(Px,STy,αt)  N(Qy, ABx, (2 − α)t)] + 

                                         










 ))2(,,(),,,(

),,(),,,(),,,(
'

tABxQyNtSTyPxN

tSTyQyNtABxPxNtSTyABxN




. 

for every x, y  X , for all t > 0 and for every α   (0, 2), 

where  , '    Φ and a   R, Then P, Q, A, B, S and T 

have a unique common fixed point p in X .  

Proof. Suppose P and AB are continuous. 

For every t > 0, let m = sup { M(Px, ABx, t) : x   X },  

                        and n = inf {N(Px, ABx, t) : x   X }, 

Since P and AB are continuous on sequentially compact 

intuitionistic fuzzy metric space,there exists u   X such that 

m = M(Pu, ABu, t), n = N(Pu, ABu, t). 

Since P(X)  ST(X), there exists v   X such that Pu = 

STv...... (vi) 

Suppose m < 1 and n   0. 

Putting x = u, y = v, α = 1− q1, q1   (0, 1) in (v) we have 

[1 + aM(ABu, STv, t)] M(Pu, Qv, t) 

       ≥ a[M(ABu, STv, t)M(Pu, ABu, t) M(Qv, STv, t)   

                  M(Pu, STv, (1 − q1)t) M(Qv, ABu, (1 + q1)t)] + 

                                                   










 ))1(,,(),)1(,,(

),,(),,,(),,,(

11 tqABuQvMtqSTvPuM

tSTvQvMtABuPuMtSTvABuM


, 

[1 + aN(ABu, STv, t)]  N(Pu, Qv, t) 

       a[N(ABu, STv, t)  N(Pu, ABu, t)  N(Qv, STv, t)   

                    N(Pu, STv, (1- q1)t) N(Qv, ABu, (1 + q1)t)]+ 

                                                










 ))1(,,(),)1(,,(

),,(),,,(),,,(
'

11 tqABuQvNtqSTvPuN

tSTvQvNtABuPuNtSTvABuN


  

[1 + am]M(STv, Qv, t) ≥ a[mmM(Qv, STv, t)  1m

M(Qv, STv, q1t)] + (m, m,M(Qv, STv, t), 1,mM(Qv, 

STv, q1t)), 
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[1 + a n]  N(STv, Qv, t)   a[n  n  N(Qv, STv, t)  0  n

 N(Qv, STv, q1t)] + ' (n, n,N(Qv, STv, t), 0,n  N(Qv, 

STv, q1t)) 

Letting q1 → 1, we have 

[1 + am]M(STv, Qv, t) ≥ a[mM(STv, Qv, t)]+ 

                       (m, m,M(Qv, STv, t), 1,M(Qv, STv, t)m), 

[1 + a n]  N(STv, Qv, t)   a[n  n  N(Qv, STv, t)  0  n

 N(Qv, STv, q1t)] + ' (n, n,N(Qv, STv, t), 0,n  N(Qv, 

STv, q1t)) 

M(STv, Qv, t) ≥ φ(m, m,M(Qv, STv, t), 1,M(Qv, STv, t)m), 

N(STv, Qv, t)   ' (n, n,N(Qv, STv, t), 0,N(Qv, STv, t) 
n), 

If m ≥ M(Qv, STv, t) = r and n   N(Qv, STv, t) = r then 

using t   t ≥ t , s  s   s , we have 

r = M(Qv, STv, t) ≥  (r, r, r, r, r) > r, r = N(Qv, STv, t)   

' (r, r, r, r, r) < r.  

It is a contradiction. Hence we have 

m<M(Qv, STv, t) and n > N(Qv, STv, t)  ......(vii). 

Since Q(X)   AB(X), there exists w   X such that Qv = 

ABw......(viii) 

Now M(Pw,ABw, t) ≤ m < 1 and N(Pw,ABw, t) > n   0  . 

From (ii), with α = 1+q2 ,  

q2 (0, 1) we have 

[1 + aM(ABw, STv, t)] M(Pw, Qv, t) 

  ≥ a[M(ABw, STv, t)M(Pw,ABw, t)M(Qv, STv, t)   

            M(Pw, STv, (1 + q2)t)M(Qv, ABw, (1 − q2)t)] + 

                                                      










 ))1(,,(),)1(,,(

),,(),,,(),,,(

22 tqABwQvMtqSTvPwM

tSTvQvMtABwPwMtSTvABwM


, 

[1 + aN(ABw, STv, t)]  N(Pw, Qv, t)      

   a[N(ABw, STv, t)  N(Pw,ABw, t)  N(Qv, STv, t)   

                    N(Pw, STv, (1 + q2)t)  N(Qv, ABw, (1 − q2)t)] + 

                                                      










 ))1(,,(),)1(,,(

),,(),,,(),,,(
'

22 tqABwQvNtqSTvPwN

tSTvQvNtABwPwNtSTvABwN


 

[1 + aM(Qv, STv, t)] M(Pw,ABw, t) 

         ≥ a[M(Qv, STv, t) M(Pw,ABw, t) M(Qv, STv, t)   

                          M(Pw,ABw, t) M(Qv, STv, q2 t)   1] + 

                                            










 1),,,(),,(

),,(),,,(),,,(

2tqSTvQvMtABwPwM

tSTvQvMtABwPwMtSTvQvM


, 

[1 + aN(Qv, STv, t)]  N(Pw,ABw, t) 

     a[N(Qv, STv, t)  N(Pw,ABw, t)  N(Qv, STv, t)    

                  N(Pw,ABw, t)  N(Qv, STv, q2 t)  0] + 

                                            










 0),,,(),,(

),,(),,,(),,,(
'

2tqSTvQvNtABwPwN

tSTvQvNtABwPwNtSTvQvN


, 

Letting q2 → 1, we have 

[1 + aM(Qv, STv, t)] M(Pw,ABw, t) 

        ≥ a[M(Qv, STv, t)] M(Pw,ABw, t)+ 

                                       










 1),,,(),,(

),,(),,,(),,,(

tABwPwMtSTvQvM

tSTvQvMtABwPwMtSTvQvM


, 

[1 + aN(Qv, STv, t)]  N(Pw,ABw, t) 

                         a[N(Qv, STv, t)]  N(Pw,ABw, t)+ 

                                       










 0),,,(),,(

),,(),,,(),,,(
'

tABwPwNtSTvQvN

tSTvQvNtABwPwNtSTvQvN


 

M(Pw,ABw, t) ≥










 1),,,(),,(

),,(),,,(),,,(

tABwPwMtSTvQvM

tSTvQvMtABwPwMtSTvQvM


, 

N(Pw,ABw, t)  .










 0),,,(),,(

),,(),,,(),,,(
'

tABwPwNtSTvQvN

tSTvQvNtABwPwNtSTvQvN


. 

If M(Qv, STv, t) ≥ M(Pw,ABw, t)  

= s = N(Qv, STv, t) < N(Pw,ABw, t)  then 
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M(Pw,ABw, t) ≥ φ(s, s, s, s, s) > s and 

 N(Pw,ABw, t)  '  (s, s, s, s, s) < s 

It is a contradiction. Hence we have  

M(Qv, STv, t)<M(Pw,ABw, t),  

 N(Qv, STv, t)>N(Pw,ABw, t) ......(ix). 

Now from definition of m, n and (ix) , (vii) we have 

m ≥ M(Pw,ABw, t)>M(Qv, STv, t)> m,  

n   N(Pw,ABw, t)< N(Qv, STv, t) < n It is a contradiction. 

Hence m = 1and n = 0. 

Thus Pu = ABu......(x) 

Suppose M(Qv, STv, t) < 1, N(Qv, STv, t) > 0 . Then from (ii) 

with α = 1 we have 

[1 + aM(ABu, STv, t)] M(Pu, Qv, t) 

         ≥ a[M(ABu, STv, t) M(Pu, ABu, t) M(Qv, STv, t) 

   M(Pu, STv, t) M(Qv, ABu, t)] + 

                                           










),,(),,,(

),,(),,,(),,,(

tABuQvMtSTvPuM

tSTvQvMtABuPuMtSTvABuM


, 

[1 + aN(ABu, STv, t)]  N(Pu, Qv, t) 

   a[N(ABu, STv, t)  N(Pu, ABu, t)  N(Qv, STv, t)    

     N(Pu, STv, t)  N(Qv, ABu, t)] + 

                                           










),,(),,,(

),,(),,,(),,,(
'

tABuQvNtSTvPuN

tSTvQvNtABuPuNtSTvABuN


. 

[1 + a1] M(STv,Qv, t) ≥ a[1  1M(Qv, STv, t)   1
M(Qv, STv, t)] +                                              

  

 ),,(,1),,,(,1,1( tSTvQvMtSTvQvM ), 

[1 + a1]  N(STv,Qv, t)   a[0  0  N(Qv, STv, t)  0 
N(Qv, STv, t)] +                                                              

   

 ),,(,0),,,(,0,0(' tSTvQvNtSTvQvN ). 

M(STv, Qv, t) ≥  (1, 1,M(Qv, STv, t), 1,M(Qv, STv, 

t))>M(Qv, STv, t), 

N(STv,Qv, t) 
),,(,0),,,(,0,0(' tSTvQvNtSTvQvN < N(Qv, STv, 

t). 

It is a contradiction. Hence Qv = STv.....(xi) 

Thus ABu = Pu = STv = Qv = p,say......(xii) 

Since the pair (P, AB) is weakly compatible we have 

Pp = PPu = PABu = ABPu = ABABu = ABp......(xiii). 

Suppose r = M(p, Pp, t) < 1, r = N(p, Pp, t) > 0. From (ii) with 

α = 1, x = p, y = v we have 

[1 + aM(ABp, p, t)] M(Pp, p, t) 

 ≥ a[M(ABp, p, t)   1  1M(Pp, p, t) M(p, ABp, t)] + 

  (M(ABp, p, t), 1, 1,M(Pp, p, t),M(p, ABp, t)), 

[1 + aN(ABp, p, t)]  N(Pp, p, t) 

      a[N(ABp, p, t)  0 0  N(Pp, p, t)  N(p, ABp, t)] + 

   ' (N(ABp, p, t), 0, 0,N(Pp, p, t),N(p, ABp, t)). 

M(Pp, p, t) ≥ φ(r, r, r, r, r) > r and  

N(Pp, p, t)  ' (r, r, r, r, r) < r 

It is a contradiction. 

Hence Pp = p.Thus ABp = Pp = p....(xiv) 

Since the pair (Q, ST) is weakly compatible we have Qp = 

STp. Using (ii) with 

α = 1, x = u, y = p we can show that Qp = p.  

Thus STp = p = Qp....(xv). 

Suppose Bp  p and r = M(p, Bp, t) < 1, r = N(p, Bp, t) > 0. 

From (ii) with x = Bp, y = p,   = 1 we have, 

[1 +aM(ABBp, STp, t)]M(PBp, Qp, t)  

   ≥ a[M(ABBp, STp, t)M(PBp, ABBp,t)M(Qp,STp,t) 

     M(PBp,STp,t)M(Qp, ABBp, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tABBpQpMtSTpPBpM

tSTpQpMtABBpPBpMtSTpABBpM


 

1 +aN(ABBp, STp, t)]  N(PBp, Qp, t)  

   a[N(ABBp, STp, t)  N(PBp, ABBp, t) N(Qp, STp, t) 

   N(PBp,STp,t) N(Qp, ABBp, t)] + 
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),,(),,,(

),,(),,,(),,,(
'

tABBpQpNtSTpPBpN

tSTpQpNtABBpPBpNtSTpABBpN


. 

Since  AB = BA, PB = BP, we have  

P(Bp) =B(Pp) = Bp and AB(Bp) = B(ABp) = Bp, 

[1 +aM(Bp, STp, t)]M(Bp, Qp, t)  

    ≥ a[M(Bp, STp, t)M(Bp, Bp,t)M(Qp,STp,t) 

   M(Bp,STp,t)M(Qp, Bp, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tBpQpMtSTpBpM

tSTpQpMtBpBpMtSTpBpM


, 

1 +aN(Bp, STp, t)]  N(Bp, Qp, t)  

    a[N(Bp, STp, t)  N(Bp, Bp, t) N(Qp, STp, t) 

   N(Bp,STp,t) N(Qp, Bp, t)] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

tBpQpNtSTpBpN

tSTpQpNtBpBpNtSTpBpN
 . 

M(Bp, p, t) ≥ a[M(Bp, Bp,t)M(p,p,t)M(Bp,p,t) 

M(p, Bp, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tBppMtpBpM

tppMtBpBpMtpBpM
 , 

N(Bp, p, t)  a[N(Bp, p, t)  N(Bp, Bp, t) 

 N(p, p, t) N(Bp,p,t) N(p, Bp, t)] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

tBppNtpBpN

tppNtBpBpNtpBpN
 . 

M(Bp, p, t) ≥ ),,,,( rrrrr > r , N(Bp, p, t)  ' (r, r, r, r, 

r) < r.  

It is a contradiction. Hence Bp = p. 

Since p = ABp, we have p = Ap = Bp = Pp 

Finally, we show that Tp = p by putting x = p and y = Tp,   

= 1 we have, 

 in (v), Suppose Tp  p and r = M(p, Tp, t) < 1, r = N(p, Tp, 

t) > 1. 

If Tp  p, then 

[1 +aM(ABp, STTp, t)]M(Pp, QTp, t)  

      ≥ a[M(ABp, STTp, t)M(Pp, ABp,t)M(QTp,STTp,t) 

                                M(Pp,STTp,t)M(QTp, ABp, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tABpQTpMtSTTpPpM

tSTTpQTpMtABpPpMtSTTpABpM


 

1 +aN(ABp, STTp, t)]  N(Pp, QTp, t)  

     a[N(ABp, STTp, t)  N(Pp, ABp, t)  N(QTp, STTp, t) 

     N(Pp,STTp,t)  N(QTp, ABp, t)] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

tABpQTpNtSTTpPpN

tSTTpQTpNtABpPpNtSTTpABpN


. 

Since  ST = TS, TQ = QT, we have  

Q(Tp) =T(Qp) = Tp and ST(Tp) = T(STp) = Tp, 

[1 +aM(ABp, Tp, t)]M(Pp, Tp, t)  

 ≥ a[M(ABp, Tp, t)M(Pp, ABp,t)M(Tp,Tp,t) 

 M(Pp,Tp,t)M(Tp, ABp, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tABpTpMtTpPpM

tTpTpMtABpPpMtTpABpM
  

1 +aN(ABp, Tp, t)]  N(Pp,Tp, t)  

   a[N(ABp,Tp, t)  N(Pp, ABp, t) N(Tp, Tp, t) 

    N(Pp,Tp,t) N(Tp, ABp, t)] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

tABpTpNtTpPpN

tTpTpNtABpPpNtTpABpN
 . 

M(p, Tp, t) ≥ a[1 1M(p,Tp,t)M(Tp, p, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

tpTpMtTppM

tppMtppMtTppM
 , 

N(p, Tp, t)  a[0  0  N(p, Tp, t) N(Tp,p,t) + 



International Journal of Computer Applications (0975 – 8887) 

Volume 55– No.15, October 2012 

24 

                                         










),,(),,,(

),,(),,,(),,,(
'

tpTpNtTppN

tppNtppNtTppN
 . 

M(p, Tp, t) ≥ ),,,,( rrrrr > r , 

N(p, Tp, t)  ' (r, r, r, r, r) < r.  

It is a contradiction. Hence Tp = p. 

Since p = STp, we have p = Sp. 

By combining the above results, Ap = Bp = Sp = Tp = Pp = 

Qp = p, 

So P, Q, A, B, S and T have a fixed common fixed point p.  

Now to prove uniqueness, if possible p0  p be another 

common fixed point P, Q, A, B, S and T. Then 

Suppose p0  p and r = M(p0, p, t) < 1, r = N(p0, p, t) > 1. 

From (ii) with x = p0 , y = p,   = 1 we have, 

[1 +aM(ABp0, STp, t)]M(Pp0 , Qp, t)  

≥ a[M(ABp0, STp, t)M(Pp0, ABp0,t)M(Qp,STp,t) 

  M(Pp0,STp,t)M(Qp, ABp0, t)] + 

                                                  










),,(),,,(

),,(),,,(),,,(

00

000

tABpQpMtSTpPpM

tSTpQpMtABpPpMtSTpABpM


 

1 +aN(ABp0, STp, t )]  N(Pp0 , Qp, t )  

   a[N(ABp0, STp, t )  N(Pp0, ABp0,t ) N(Qp, STp, t) 

   N(Pp0,STp,t ) N(Qp, ABp0, t )] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

00

000

tABpQpNtSTpPpN

tSTpQpNtABpPpNtSTpABpN


. 

 M(p0 ,p, t) ≥ a[M(p0, p0,t)M(p,p,t)M(p0,p,t)M(p, p0, t)] 

+ 

                                                  










),,(),,,(

),,(),,,(),,,(

00

000

tppMtppM

tppMtppMtppM
  

N(p0 , p, t )   a[N(p0, p0,t ) N(p, p, t) 

  N(p0,p,t ) N(p, p0, t )] + 

                                         










),,(),,,(

),,(),,,(),,,(
'

00

000

tppNtppN

tppNtppNtppN
 . 

M(p0, p, t) ≥ ),,,,( rrrrr > r ,  

N(p0, p, t)  ' (r, r, r, r, r) < r. 

It is a contradiction. Hence p0 = p. 

 Hence p is a common fixed point of P, Q, A, B, S and T. 

If we put B = T = I in theorem (3.1), we have the following:  

Corollary 3.2. Let P, Q, A and  S be self-mappings on 

(X,M,N, *, ◊)  such that 

(i) P(X)  S(X) and Q(X)  A(X), 

(ii) P and A are continuous or Q and S are continuous, 

(iv) the pairs (P, A) and (Q, S) are weakly compatible, 

(v) [1 +aM(Ax, Sy, t)]M(Px, Qy, t)  

        ≥ a[M(Ax, Sy, t)M(Px, Ax,t)M(Qy,Sy,t) 

      M(Px,Sy,αt)M(Qy, Ax, (2 − α)t)] + 

                                                  










 ))2(,,(),,,(

),,(),,,(),,,(

tAxQyMtSyPxM

tSyQyMtAxPxMtSyAxM


  

[1 +aN(Ax, Sy, t)]  N(Px, Qy, t)  

   a[N(Ax, Sy, t)  N(Px, Ax, t)  N(Qy, Sy, t) 

  N(Px,Sy,αt)  N(Qy, Ax, (2 − α)t)] + 

                                         










 ))2(,,(),,,(

),,(),,,(),,,(
'

tAxQyNtSyPxN

tSyQyNtAxPxNtSyAxN


 . 

for every x, y  X , for all t > 0 and for every α   (0, 2), 

where φ, '    Φ and a   R, 

Then P,Q, A and S have a unique common fixed point p in X .  

If we put P = Q = f and A = S = g and B = T = I in theorem 

(3.1), we have the following:  

Corollary 3.3. Let f, g be self-mappings on (X,M,N, *, 

◊)  such that 

(i) f(X)  g(X), 

(ii) g(X) is complete, 

(iv) the pair (f, g) is weakly compatible, 
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(v) [1 +aM(gx, gy, t)]M(fx, fy, t)  

       ≥ a[M(gx, gy, t)M(fx, gx,t)M(fy,gy,t) 

       M(fx,gy,αt)M(fy, gx, (2 − α)t)] + 

                                                  










 ))2(,,(),,,(

),,(),,,(),,,(

tgxfyMtgyfxM

tgyfyMtgxfxMtgygxM


  

[1 +aN(gx, gy, t)]  N(fx, fy, t)  

   a[N(gx, gy, t)  N(fx, gx, t)  N(fy, gy, t) 

 N(fx,gy,αt)  N(fy, gx, (2 − α)t)] + 

                                         










 ))2(,,(),,,(

),,(),,,(),,,(
'

tgxfyNtgyfxN

tgyfyNtgxfxNtgygxN


 . 

for every x, y  X , for all t > 0 and for every α   (0, 2), 

where φ, '    Φ and a   R, 

Then f, g have a unique common fixed point p in X .  
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