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ABSTRACT

Let G(V, E) be a simple graph. For a labeling
f:VUE —>{2,3,...,k}, the weight of a vertex x is defined

as Wiy (x) = f(x) + Z f(x) where N(x) is the set of
yeN(x)

neighbours of x. f is called a vertex irregular total k-labeling
if for every pair of distinct vertices x and y wt¢ (X) = wt¢ ()
. The minimum k for which the graph G has a vertex irregular
total k-labeling is called the total vertex irregularity strength
of G and is denoted by tvs(G). In this paper we find the total
vertex irregularity strength of cycle related graphs H(n),
DHF(n), F(n,2) and obtain a bound for the total vertex
irregularity strength of H graphs H(k).

Keywords
labeling, vertex irregular total k-labeling, total vertex
irregularity strength (tvs).

1. INTRODUCTION

The area of graph theory has experienced a fast
development during the last 60 years. Among all the different
kinds of problems that appear while studying graph theory,
one that has been growing strong during the last three decades
is the area that studies labelings of graphs. This is not only
due to its mathematical importance but also because of the
wide range of applications arisisng from this area. Labeled
graphs serve as useful models for a range of applications such
as coding theory, x-ray, crystallography, radar, astronomy,
circuit design, channel assignments of FM radio stations and
communication network addressing[1].

A labeling of a graph is a function from the vertex set of
a graph or the edge set of the graph or both to the set of
natural numbers subject to certain conditions. All graphs
considered in this paper are finite, simple, connected and
undirected.

Let G(V, E) be a simple graph. For a labeling f: VUE

— {1,2,3....,k}, the weight of a vertex x is defined as

wte(x) = f(x) + Z f(xy), where N(x) is the set of
yeN(x)

neighbours of x. f is called a vertex irregular total k-labeling

of G if for every pair of distinct vertices x and y wt; (x) #

wt¢ (y) .The minimum k for which the graph G has a vertex

irregular total k-labeling is called the total vertex irregularity
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strength of G and is denoted by tvs(G) [1]. Baca et al. [2]
proved that tvs(C,) = [(n+2)/3], n=2; tvs(K;) = 2;

tvs(Kyy) = [(+D)/2]; tvs(CuxP) =[(2n+3)/4].
Chunling et al. [3] showed that tvs(K,) =2 for p>2 and

tvs(P(n,k)) = [n/2]+1, k<n/2 for the generalized

Petersen graph P(n,k) . They also obtained the total vertex

irregularity strength for ladder, Mobius ladder and Knodel
graphs. For graphs with no isolated vertices, Pzrybylo [4]
gave bounds for tvs(G) in terms of the order, minimum and
maximum degrees of G. For d-regular (d > 0) graphs,
Przybylo [5] gave bounds for tvs(G) in terms of d and the
order of G. Ahmad et al. [6] determined the total vertex
irregularity strength for five families of cubic plane graphs.
They proved that for the circulant graphs C,(1,2), n>5, tvs

(CaL2) = [(n+4)/2]. They also conjecture that for

circulant graphs C,,(a,a,,a3...ay,) with degree at least 5 and
n>5,1< a < EJ tvs(Cp(ay,8z,83..8y) ) [ (N+1)/(A+T1) |

In this paper we find the total vertex irregularity
strength of cycle related graphs H(n), DHF(n), F(n,2) and
obtain a bound for the total vertex irregularity strength of H
graphs H(k).

2. Total Vertex Irregularity Strength of
H(n)

In this section we obtain the total vertex irregularity strength
of H(n).

Definition 2.1 [7]: H(n) for n>4 is defined as V(H(n)) =
(VoW VoV 1} and E(H(N)) ={(v;viy1).0<i<n-2} U
{(VOrVn/Z): (VO:Vn—l)} o ‘{(Vi Vi i 1sisn/2—1} n
being an even integer. We name the edge (vg,Vy,2) as chord
and (v;,v_j), 1<i<n/2-1 as parallel chords. H(n) is also a
1-fault-tolerant Hamiltonian graph. See Figure 1(a).
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Figure 1: (a) H(14); (b) Labeled H(14)

The following Theorem is the key result used for proving
Theorems 2.2 and 5.1.

Theorem 2.1 [4]: Let G be an r-regular graph on n vertices.

Then tvs(G) > [ﬂ]
r+l1

Theorem 2.2: Let G be H(n). Then tvs(H(n)) = {”T”l

nx>4.

Proof: We give an algorithm to label the vertices and
edges of H(n) using exactly {nT”l labels.

Let k denote the number of chords. Then clearly k= n/2-1.
Algorithm : tvs (H(n))

Input: H(n), n>4

Case (1) : kodd.
0] Vertices v and v,,;» receive label 1.

(i) Vertex adjacent to v, in the anticlockwise

direction receives label 1 and the %—‘—1
consecutive vertices in the same direction
receive labels 2, 3,4, ..., {nT-FS—‘—l.

(iii) Vertex adjacent to v in the clockwise direction

receives label 2 and the [g—‘—l consecutive
vertices in the same direction receive label 3, 4,
4

(iv) Vertex adjacent to V,,, in the clockwise
direction receives label 2 and the %}2
consecutive vertices in the same direction
receives label 3, 4, ..., {nTH—‘—l.

(v) Vertex adjacent to Vv, in the anticlockwise

direction receives label 2 and the %—‘—2
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consecutive vertices in the same direction

receive labels 2, 3,4, ..., {HTH—‘ -2.

(vi) Edge incident at vy in the anticlockwise

direction receives label 1 and the %—‘—1
consecutive edges in the same direction receive
labels 2,3, 4, ...,| 153 1.
4
(vii) Edge incident at vq in the clockwise direction

receives label 1 and the ( %—‘—1 consecutive

edges in the same direction receive labels 2, 3,

4, ... P—”l—l.
4

(viii) Edge incident at v,;, in the clockwise
direction receives label 1 and the E—‘—l

consecutive edges in the same direction receive

labels 3,4, 5, ..., [”T’Lﬂ

(ix) Edge incident at v,;, in the anticlockwise

direction receives label as 2 and the %—‘—1

consecutive edges in the same direction receive
labels 3,4, 5, ..., {n_+3—‘

4
(%) Chord (Vg,Vy/,) receives label 1.
(xi) Parallel chord below v, receives label 2 and the

{ g—‘—l successive parallel chords receive

labels 3,4, 5, ..., {n_+3—‘
4
(xii) Parallel chord above V,,, receives label 2 and

the [E—I—Z successive parallel chords receive

labels 3,4, 5, ..., PTJFS—‘ —1. See Figure 1(b).

Case (2): k even.

0) Vertices vo and V,,,, receive label 1.
(i) Vertex adjacent to vy in the anticlockwise

receives label 1 and the {%}—1

consecutive vertices in the same direction
receive labels 2, 3, 4, ..., lrnT—,—S—‘—l.
(iii) Vertex adjacent to vq in the clockwise direction

receives label 2 and the {%—l—l

consecutive vertices in the same direction

receive labels 3,4, 5, ..., [nT+3~I
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(iv) Vertex adjacent to v,,, in the clockwise
direction receives label 2 and the {%—‘—3
consecutive vertices in the same direction
receive labels 3,4, 5, ..., {HTH—‘ -2.

(v) Vertex adjacent to vy, in the anticlockwise
direction receives label 2 and the {%—‘—3
consecutive vertices in the same direction
receive labels 2, 3,4, ..., {nTJrfﬂ—‘ -3.

(vi) Edge incident at vy in the anticlockwise
direction receives label 1 and the {%—l—l

consecutive edges in the same direction receive
labels 2, 3, 4, {”—”l—l
4
(vii) Edge incident at v, in the clockwise direction

receives label 1 and the (%1—1

consecutive edges in the same direction receive

labels 3, 4, 5, ..., PTH—‘—L

(viii) Edge incident at v,;, in the clockwise
direction receives label 1 and the {%—‘—2

consecutive edges in the same direction receive

labels 3,4, 5, ..., P—JFS—‘—L
4
(ix) Edge incident at v,;, in the anticlockwise
direction receives label 2 and the {%—‘—2

consecutive edges in the same direction receive

labels 3,4, 5, ..., {n_+3—‘
4
(x) Chord (Vg,V,/2) receives label 1.
(xi) Parallel chord below v receives label 2 and the

[%—‘—2 successive parallel chords receive

labels 3, 4.5, ..., PTH—‘—L

(xii) Parallel chord above v,,, receives label 2 and

the [%—‘—1 successive parallel chords

receive labels 3, 4, 5, ..., {%3—‘—1. See

Figure 1(b).
Output: tvs(H(n)) = {nT”l n>4.

Proof of Correctness The weights of the vertices
Successively attain values 4, 5, 6, ..., n + 3 when the vertices
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and edges of H(n) receive labels from the set

{123{”7”—‘} Hence the weights of the vertices are
. . . n+3
distinct. The maximum label used is | Hence by

Theorem 2.1 tvs(H(n)) = PTHT , n>4.

2. Total Vertex Irregularity of Double

Headed Circular Fan DHF(n)
In this section we obtain the total vertex irregularity
strength of double headed circular fan DHF(n).

Definition 3.1 [8]: Let C: vivpvs ... Vv, be a cycle on n
vertices. For v; € V(C), the graph obtained by adding edges
(vjyu),i=1,2,3,....,n-3and (vj,v),i=n-2,n-1,nto C
is called double headed circular fan. It is denoted by DHF(n).
See Figure 2 (a).

Figure 2: (a) DHF(10); (b) Labeled DHF(10)

Theorem 3.1 [4]: Let G be a graph with no isolated vertices

or edges. Then tvs(G) <n-1— Ln__zJ
A+1

Theorem 3.2: Let G be DHF(n). Then tvs(DHF(n)) =

[_ﬂ n>4.
4

Proof: We give an algorithm to label the vertices, edges of
DHF(n) respectively.

Algorithm A: tvs (DHF(n))
Input: Vertices of (DHF(n)), N >4

Step 1: Vertices V,,_,, v, receive label 2.

Step 2: Vertices w, v,,_; receive label 1.

Letk=n-3, n>7.

Case (1): k=0(mod 4)

0] Vertices Vq,V,V3,...,Vijo_1,V/2 receive labels in

the order 2, 2, 3, 3, 4, 4, ..., {”Lﬂ—z,

4
nedl , [neal ) fned] )
4 4 4
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(i)

Case (2):
0]

(i)
(iii)

Case (3):
0]

(i)

Case (4):
0]

(i)
(iii)

Vertices Vi 0,1, Vi/242:+-Vk_1, Vi receive labels in

the order n+4 -1 n+4 -1, n+4 -2,
4 4 4
[iﬂ—z, 03,3,2,2.
4
k=1 (mod 4)
Vertices Vl'VZ’V3'""ka/ﬂ—z’vfklz]—l receive

labels in the order 2, 2, 3, 3, 4,4, ..., {%4—‘ -2,

n+4| , |n+4) o |n+4)
4 "l o4 " 4 '
. n+4
Vertexv(k 2] receives label I

Vertices V(k/z]ﬂ:V(k/z]+21---ka—1ka receive

labels in the order P%f] -1, PTM—I 1.

ntdl o nt4l o 3322
4 4

k =2 (mod 4)

Vertices Vq,Vo,V3,...,V¢/2,Vi/241 receive labels in

the order 2, 2, 3, 3, 4, 4, ..., P‘Lﬂ—z,

s s

Vertices Vi ;o,2,Vk 243 Vk—1, Vi receive labels in

the order n+4 -2, n+4 -2,, n+4 -3,
4 4 4

PL‘W—& .3,3,2,2.
4

k =3 (mod 4)
Vertices V1V2, Vg, VT 211 k2] receive labels

in the order 2,2, 3,3, 4., 4, ..., [”%ﬂ _2,

n+dl , [nea] o [ned]
4 4 4
. n+4
Vertexv[k,ﬂ+1 receives label e -1

Vertices Vik/2]s2 kr2]ear Vk-1:Vk receive

labels in the order [nTM'i -2, {%4—‘ -2,

n+4l 5 |N+4) 3 3300
4 4

We give an algorithm to label the edges of DHF(n)
Let i = (X, Xis1), 1<i<n—4 andg;=(u, x;), 1<i

<n-3..

Algorithm B: tvs (DHF(n))

Input: Edges of (DHF(n)), n>4

Step 1: Edges (w, vi), n—2<i<n and edge (Vnz Vn1)
receive label 1.
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Step 2: Edges (Vn.1, Vi), (Vi V1), (Vno3, Vi2) receive label 2.
Step3: ey, 91, Un.3 receive label 2

Case (1):
0]

(i)
(iii)

(iv)

V)
(vi)

Case (2):
0]

(i)

(iii)

(iv)

v)

i=0(mod 4), j=1(mod 4).
Edges e,,es,...,6/2_2,6/2_qreceive labels in the

order 3.3, 4, 4 .. |DF4_o |N*d) o
4 4

n+4 1 n+4 1
4 4
. n+4
Edge e;,, receives label (T—‘

Edges €/2.,1.€/2.2,----6_1,€ receive labels in the

n+4 n+4 n+4 n+4
order , , -1, |—
4 4 4 4
-1,...,4,4,3,3.
Edges 92r93:--”9(1/21—1'9“@ receive labels in

the order 3, 3. 4, 4, ..., {%41—1, [M—I—L

s

Edge g _ receives label [M—‘
[i72] 4

Edges 9512119 o 95009 receive labels

in the order n+4 -1, n+4 -1, n+4 -2,
4 4 4

[”—”]—2,...,3,3,2,2.
4

i=1(mod 4), j=2(mod 4)
Edges €2,83, i/ 2]-1:8i/2] receive labels in the

order 3,3, 4, 4, ..., PTM]_Z’ {iﬂ—z,

4
n+4 1 n+4 1
4 4
Edges &is2)s0risa]er - Gi-1 6 receive labels in

the order PH‘]—L [n+4"_1’ PHA'—‘—Z,
4 4 4

.., 4,4,3,3.
Edges 92,9349, ,

order 3, 3, 4, 4, ..., [%ﬂ—z, {iﬂ—z,

4
n+4 -1, n+4)
4 4

Edges and g

9., receive labels in the

o receive label

ng,z-lJrl

{n+4—‘_1.
4
Edges 9j/24+3,9j/2+4:-9j-1,9;j receive labels in

the order n+4 -2, n+4 -2, n+4 -3,
4 4 4

[irz]*

P—*ﬂ—a,...,a 3,2,2.
4
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Case (3): i=2(mod 4), j=3(mod 4).
0] Edges e,,€3,...,6j,0_1,8j/o receive labels in the

order 3,3, 4, 4, ..., [”TM]—Z P‘Lﬂ—z,

whlh

(i) Edge €;,,,, receives label (n%‘le"

(iii) Edges €j/2,2.8i/243:--1€_1,€ receive labels in the

order [n+4"_l” [n“"—‘—l, {n+4"_2,
4 4 4

[”—”]—2, 4433,
4

(iv) Edges 92:93:97j/2]:9

-~ receive labels in
J I+

the order 3, 3. 4, 4, ..., {%41—1, [M—I—l,

4
n+4 n+4
4 ' 4 |
\) Edges g“/z—"*'z' gﬁ/z}s ’

in the order n+4 -1, n+4 -1, n+4 -2,
4 4 4

[”—”]—2,...,4,4,3,3.
4

-+ 9j-1,9; receive labels

Case (4): i=3(mod 4), j=0(mod 4)
0] Edges €2,83,- €&y 2] &is 241 receive labels in the

order 3,3, 4, 4, ..., [M—‘—L [M—I—l,

i

(i) Edges &is2]+2:Eis2]43r - i1 6 receive labels in
the order n+4 -1, n+4 -1 n+4 -2,
4 4 4
e 4,4,3,3.

0. receive labels in the
jl2+1

(i) Edges 02,039,

order 3, 3, 4, 4, ..., [n—“‘—‘—l, P‘Lﬂ—l,

A

(iv) Edges gj/242.9j/243:-9j-1,9;j receive labels in

the order n+4 -1, n+4 -1, n+4 -2,
4 4 4

{”—“‘]—2,.4.,4,4,3,3.

4

Output: tvs(DHF(n)) = [n+44—‘ , N>4.
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Proof of Correctness : The weights of the vertices on the
cycle and the weight of the vertex w successively attain values
4,5, 6, ..., n+ 4 when the vertices and edges of DHF(n)

receive labels from the set {123[“%4” Also wt(u) > n

+ 4. Hence the weights of the vertices are distinct. The

maximum label used is [%4" Hence by theorem 3.1

tvs(DHF(n)) :[”%ﬂ . n>4

3. Total vertex irregularity strength of

circular fan with two chords F(n,2)

In this section we obtain the total vertex irregularity
strength of circular fan with two chords F(n,2).

Definition 4.1 [8]: Let C: X1XoXs... X,X; be a cycle on n
vertices. Let u be a new vertex. The graph obtained by
adding edges (u, x;), i=1,2,3 ... n—4 to C and chords
(Xn-1.Xn-3) and (X, .2 X, ) is called a circular fan with
two chords and is denoted by F(n,2). See Figure 3(a).

2

Figure 3: (a) F(11,2); (b) Labeled F(11,2)

Theorem 4.1: tvs(F(n,2)) = [#—‘ ,n>4.

Proof is similar to theorem 3.1.

4. Total vertex irregularity strength of
H Graphs H(k)

In this section we obtain the total vertex irregularity
strength of H graphs H(k).

Definition 5.1 [9]: An H graph H(k), k is the number of copies
of H is a 3-regular graph with vertex set V ={(i, j), 1< i <
3;1< j £ 2k} and edge set E = {((i, j), (i, j+1)),i=1,3,1
<j < 2k-1} U@ ), (2 j+1), jodd1 < j< 2k - 1}
U{((1.2), (1, 2k), (3, 1), (3.2k)} D A{((i, j), (i+1,)), i =1,
2,1< j <2k}. An H graph H(k) has 6k vertices and 9k edges.
See Figure 4(a).
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Figure 4: (a) H(3); (b) Labeled H(3)
Remark 1: tvs (H(k)) = 4 for k = 2, tvs (H(k)) = 6 for k = 3.

6k +3

Theorem 5.1: { —‘ <tvs (H(k)) <2k,fork=>4.

Proof: The lower bound follows from theorem 2.1.
We give an algorithm to label the vertices and edges of H(k).

Algorithm : tvs (H(k))

Input: H(k), k >4

0] Vertices (1, i), 1< i < 2k receive label i from
left to right.

(ii) Vertices (2,1), 1< i < 2k receive label 1.

(iii) Vertices (3, 2i — 1), (3, 2i), 1< i < k receive
label i + 2.

(iv) Each edge between the first row and the second
row receives label 1.

(v) The remaining edges induced by the vertices in

the first row receive label k +1.

(vi) Edges induced by the vertices (2, 2i — 1), 1< i
< k, along the second row receive label i.

(vii) Edges below the second row induced by the
vertices (2, i),1< i < 2k receive the label

B

(viii) Edges induced by the vertices (3, i), 1< i <
2k receives the label 2k. See Figure 3(b).

Output: Fk +3—‘ <tvs (H(K)) <2k, ,k >4.

Proof of Correctness The weights of the vertices
successively attain values 4, 5, 6, ..., n+3 when the vertices
and edges of H(k) receive labels from the set {1, 2, 3,...,
2k}.Hence this labeling provides an upper bound on tvs(H(k)).

Thus tvs (H(K)) < 2k.
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5. CONCLUSION

The concept of vertex labeling is likely to have
good application in laying roads connecting important cities.
The weight of each edge may be the cost incurred for
constructing the roads between two cities. The minimum
weight gives the minimum total cost of construction of roads
connecting the cities. In this paper we have determined the
total vertex irregularity strength of cycle related graphs H(n),
DHF(n), F(n,2) and obtained a bound for the total vertex
irregularity strength of H graphs. Total vertex irregular k-
labeling for networks like hexagonal network, butterfly
network and benes network is under investigation.
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