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ABSTRACT

Hypergraph is a graph in which an edge can connect more
than two vertices. Hypergraphs can be applied to analyze
architecture structures and to represent system partitions. The

concept of hypergraphs was extended to fuzzy hypergraph. In
this paper, we extend the concepts of fuzzy hypergraphs into
that of intuitionistic fuzzy hypergraphs. Based on the
definition of intuitionistic fuzzy graph, operations like
complement, join, union, intersection, ringsum, cartesian
product, composition are defined for intuitionistic fuzzy
graphs.  The authors further proposed to apply these
operations in clustering techniques.
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1. INTRODUCTION

Hypergraph theory, originally developed by C.Berge in 1960,
is a generalization of graph theory. The concept of
hypergraphs can model more general types of relations than
binary relations. The notion of hypergraphs has been extended
in fuzzy theory and the concept of fuzzy hypergraphs was
proposed by Lee-Kwang and S.M.Chen. The concept of an
intuitionistic fuzzy graph (IFG) was introduced by Atanassov
[1,2,3,4]. The authors have already introduced the concept of
intuitionistic fuzzy hypergraph [7]. Operations on IFGs have
also been analyzed by the authors [5,6]. Akram [8] applied the
concepts in [7] to a real-life problem with a numerical
example.

2. PRELIMINARIES

Definition 2.1
An intuitionistic  fuzzy graph (IFG) is of the

G =<V, E>where (i) V={v.v,,..V,} such  that
w:V—[0,1] and ,:7—[0,1] denote the degree of

membership and non-membership of the element v; € V

respectively and
0<u )+ )<1 (1)

forevery vi e V,(i=1,2,..,n), (I)E c VxV
where u, : V' xV —[0,1] and y, : V" x¥ —[0,1] are such that
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O, vi)S ). p(vy) (2
3’2(‘4)"])S no ). Vl(vj) (3)
and 0<u, (v, v; )+ 7,(v, v, ) <1 4)

forevery (v,,v;)eE.

Definition 2.2
An IFHG H is an ordered pair H:<V,E>Where

i V= {vl,vz,...,vn}, a finite set of vertices
(i) E= {E},Ey,..Ep}, afamily of intuitionistic fuzzy
subsets of V.. (iii) E; ={(v.zg, (v).7; (1)) -2, (%).7; (1) 20
and 0<,(v)+7,(v)<1,j=1,2,...,m(iv) E #¢ ji=
1,2,...m (V) UJ.supp(EJ.):V, i=1,2,...m

Here the edges E; are IFSs. g;(x) and y;(x) denote the

degree of membership and non-membership of the vertex v; to
edge E; . Thus, the elements of the incidence matrix of IFHG

are of the form (eyj (%), (x,)) . The sets V and E are crisp

sets.

Notations
The triple (v,,4,.7,) denotes the degree of membership and

non-membership of the vertexv; . The triple <eijuu2ij’y2ij>

denotes the degree of membership and non-membership of
the edge e, =(vi ,vj) onV . Thatis,

i = /ﬁ(‘ﬁ ), Vi =V1(V|) and Hoij :luz(vi’vj)’ Yai :yz(vvvj) .
Note 2.3

(i) When Hoij = 72ij = 0, for some i and j, then there
is no edge between vj andv, . Otherwise there exists edge

between v and v, . (ii) If one of the inequalities (1) or (2)
or (3) or (4) is not satisfied, then G is not an IFHG.
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Definition 2.4
An IFHG, G = <V, E>is said to be a semi - u strong IFHG
if w,, = ;. foreveryiandj.

Definition 2.5
An IFHG, G = <V, E>is said to be a semi - y strong IFHG

if y,, =n.n, foreveryiand j.

Definition 2.6
An IFHGG:<V, E>is said to be a strong IFHG if

Mo = My -Jy and Yaij = Vi1 for all (Vilvj) eE.

Definition 2.7
AnIFHG, G = <V, E> is said to be a complete - x strong

IFHG if 40, = g0y and yy <y

Definition 2.8
AnIFHG, G = <V, E> is said to be a complete -y strong

IFHG if u,; <u,.u; and y,, =y,.y, foralliandj.

International Journal of Computer Applications (0975 — 8887)
Volume 51— No.5, August 2012

Definition 2.9
An IFHG , G = <V, E>is said to be a complete IFHG if

Moy = Myt @Ay =y, for every (v,v;) eV .

3. COMPLEMENT OF AN IFHG
Definition 3.1
The complement of an IFHG G :<V,E> is an IFHG,

8 = <V, E>,Where

o V =V
o w;=up; and y, =y, foralli=1,2,..,n

hd Haoij = Cu.li'/u’_lj)_ﬂzij and;ij:(yli’ylj)_yzij for all i,
j=1,2,...,n

Example 3.2
Let V={v,v,.v,.v,} and E={e e}

Fig 1: An Intuitionistic fuzzy hypergraph and its complement

Note 3.3

One can easily verify that G

I
®

Proposition 3.4
(i) The complement of a complete x - strong IFHG is a

complete IFHG.

(if) The complement of a complete y- strong IFHG is a
complete IFHG.

Proof
(i) LetG = <V, E> be a complete x - strong IFHG. Therefore,
Moy = -y ANy <y forall iand j.

To prove that either (a) i,; >0 ory, >0, (b) u,; =0 or
Y2ii >0

Thatis, 1, :(:Lﬁivulj)_ﬂzaj
=0 if py>0

py If Hai; =0 and

72 =(7-n; )~ 725 >0 foreveryiandj, since G is a

complete u - strong IFHG. (ii) Proof of (ii) is the same as
proof of (i).

Definition 3.5
Consider the two IFHGs G, =(V,,E,) andG, =(V,,E,).

An isomorphism between two IFHGs G,and G,
denoted by G, =G,, is a bijective map

h :V, =V, which satisfies

w) = w'(h(v); n(vi)=y(h(v; ) and
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(v, v ) =1 (h(v, ). h(v; ), 7,(vi,v; ) =7/ (h(v, ). h(v;) for

every (v, Vi )eV.

Definition 3.6

An IFHG G is self-complementary if G is isomorphic toa .
Symbolically, G, =G, .

Theorem 3.7
Let G = <V, E>be a self-complementary IFHG. Then, there

exists an  isomorphism h:V >V such  that
W)= n)=y,, for  every vj eV and
) ) =15 7a(h ) k(v )=y, for  every
(v, Vi )eV.

Proof
By Definition 3.1, we have

1o (09, ), (v, ) = ( a3, ) gt (h(v; ) = iy

= 1y (Vi Vi) = by — P = Moy = Mot — Mo

= Xty = 2 (it ) — 2 My 20 oy = 2 (Wt )
iZ] iZ] iZ] i%] i%]

1
= .Z.ﬂzij =5
1#

2 Culi'lulj)' and
j 2i#]

Po(hv, ). h(v; ) = (nh (v )p(h(v, ) = v
= Vo =iy ) —Vaij = . 2 Ve = .2, i) — . 2. Vai
iZ] iZ] iZ]

1
=23 Voi = 2. (inj) = 2 Vo == 2 (i) -
i#] i] i#] 2i%]j

Remark 3.8

The condition in the above theorem is not sufficient.

Theorem 3.9
If G isastrong IFHG, then G is also strong.

Proof
Let uve E.Then

1o (1) = 3 (10). 13() = ptp (V)
= (). 1 (v) — p(w). (v), since G is strong

= 0and 7,(uv) = 4).3,0) = 7,(10) = 3 (0) =B A
since G s strong
=0.
Let uv ¢ E . Then ,LTZ(uv):(,ul(u).yl(v))—,uz(uv) =
1) () A 9, (uv) =, (). 7, (v) = 1, (uv) = 3. 3(v)
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4. OPERATIONS ON INTUITIONISTIC
FUZzZzY HYPERGRAPHS

Definition 4.1

Let G,=(V,,E) and G,=(V,,E,) be two IFHGs with
V,1V,=¢. Then the union of GandG, is an IFHG
G=G,UG, = (V,UV, ,E, UE,) defined by

w) i veli-

%UﬂJ(V):{ﬂf(V) if vel,~V,

nw) if veh -,

(hUVJ(V)—{yl,(V) i over, v

Hyy U € €E -E,

and Uw)(vv;) =
(1, Uy)viv;) {uz“/ if ¢ek,—E

Uy, )=1
@, Vz)(V,V]) {Vﬁj, if o cE, ~E
where (u,,y,) and (' y)refer the vertex membership and
non-membership of G,and G, respectively; (u,,y,) and
(1, 7,) refer the edge membership and non-membership of
G,and G, respectively.

Definition 4.2
The join of two IFHGs Gand G, is an IFHG G =G, +G, =

(V, UV, ,E, UE, UE') defined by

(4 + 1)) = Uw)v) if vel UV,
L+ =0 Uy if vel Ul
(1, +u29(vivj)=(,ttz Uw)m, v, if vy, €Ly UE,

= (v )Jg(v;) it vy, eE'

and
(7 +Vz9(vivj):(y2 UyzQ(vivj) if vV, cE, UE,
= (uv )W(v;)if vy, E.

Definition 4.3

Let G, =(V,,E,) and G,=(V,,E,) be two IFHGs. Then the
intersection of IFHGs G,and G, denoted by G, 1 G,is an

w(v) if veVandV,

IFHG defined b I w)(v) =
efined by (241 £4)(v) {#j(") if veV,andV,

nv) if velVand V,

ARV ={W if ver,and¥,
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and

Example 4.5

i if e €E, and E, Let V, :{vl,vz,vs ,V4} and V, :{ul,uz} such that V, 1 V, =¢

I w)vy, )=
(V1) (vivy) {#Zij, it ¢, <Eand E,
vy if g eE and E,

vy if e eEand E,

(7,1 72')(Vivj )={

Definition 4.4

Let G, =(V,,E) and G,=(V,,E,) be two IFHGs. Then the
ringsum of IFHGs GandG, is an IFHG defined by
G ®G,=(G UG,)-(G,I G,).

u; (0.3,0.2)

Fig 2: Gand G,
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Example 4.6

For the operation intersection and ringsum we consider

V,={V,,V,v;} and V, ={v;,v,,v;} and V, I V, = ¢
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Theorem 4.7

Let G, =(V,,E) and G,=(V,

G,+G, =G, UG, (i) G, UG, =G, +G,

E,) be two IFHGs. Then (i)

v1(0.6,0.2) v1(0.6,0.2) (0.1003)
1(U.L,U.
S 30 ~ 1)) v1(0.6,0.2)
S 02 (0.08,0.01) S Y
(01200)| |§ & ©
v5(0.3,0.2 v,(0.3,0.2 S
o ) Yo 05 o ) Vs® ~ 0 o v,(0.3,0.2)
v3(0.4,0.5) (0.4,0.5) (0.4,0.5) V,(0302) (0.4,05)
? b) 0) d)
Fig5:a) G, b) G, ¢) G 1 G, d) G,®GC,
Proof

Consider the identity map 1 :V, UV, -V, UV, .To prove (i),

it is enough to prove

a) (i) (s + 1 )% )= (1 U )(v,)
(i) (n+9 ) =0, Uy )v)

®) () (i + 4" Jvv;) =1, Uty )(v,v,;)

0i) (rp +22 )0 ) =07, Uy, Jv;) -

@) (1) (g +24" )v,) = + 1)(v; ) , by Definition 4.1

Ny ifv,el]
- W) ity el

- {/71(".)
ey,
(ii) (1 +%/' J) = +7)(v, ), by Definition 4.1

_{%(Vi) ifv,el; _ )Tl(vi) ifviel, _
nw) it viel, y_l'(vi) if v, e?,

if viel]

_ = (i, Usy J(v,).
ifv. eV,

(71 Y 7))

(bt 143 YOV, ) = (et + 1) )+ 1)V, ) =
(b) (i)
(4 + 1)V, VJ)

(Nluﬂly(vi)‘(/ﬁuﬂ&("j)_(ﬂzU/‘z')("i"’j)
B if (v,v;)e E UE,
@ V)64 W) v,) = v ) ai(v;)
if (v,v;)eE"
:Lﬁ(vi)-ﬁﬁ("j)_ﬂz(vi:vj) if(vi’vj)EEl
= WO )= v,) T v, )€ E,
WO ;)= ) 'v, )if (v, v, JEE'

,uz(vi,vj) if (v,v;)€E,
= /Tz’(ViJVj) if(v,v,)eE, = (1 Uw, )v,v;).
0 if (v,v;)eFE'
® (i) (72 +7 )v,v j):(V1+71’)(Vi)~(V1+V19(Vj)_

(Vz +7,),v; )
(U mi)-0nUr)(v;) = (2, Uy, ) (v, v;)

if (v,.v;)e E UE,
(V1UV1)(V) (Vinl)(V )- yl(v)yl(v )
if (v,,v;)eE".
NN =rv;) iy ek
= VRO H ) =y vLvy) i) €k,

nODN ) =nm )y v) i) eE

72(". vi) if(v,v)ek,
¥, (vI vi) if,v)ek,
0 if(v,v;)eE

= (7,Up Jviv;).
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To prove (ii), it is enough to prove that

@ () (s U ) ) =y + ' )(3)
(ii) (5 U ) )=(n+% )

) () (1, Uty )i v) =1ty + 125 )(,v,)
(W) (7, Up vy =00, +7, J,v,)

Consider the identity map : 1 :V, UV, ->V, UV, .
@0 (LU )v) = wYUu)v)

B {m) ifvel,  |um) ifvey,
wv) ifvel, ,u_l'(vi) if v, eV,

=( U ) =+ 1 J(v;) ©
@G) (LU )6y) = 0 Updm)

B {mv.) ifvel, _ [nm) ifvel
nw) ifvel, ;/_{(vi) if v, e7,

=(n Uy ) =(m+7 ) -

(b)()

(1 Uty )3,v,) = (1 U, ) (1 Upe) v, ) =
(1, Up)(vi,v;)

v ) (Vi) - o (vivy) it (v ) e Ey
= 0 vy ) - vvy) i vy e E,
wmv ) ' v;)-0 ity el v, e,
;Tz(vi,vj) if (v,v,) ek

= ,u_z'(vi,vj) if v,v;)ek,

v )w'(vy) it viel v el

JGu ey i)k, or K
wo)w'ev,) i v ek’

=ty +1 )(v.v;)

(7 Uy, )iy )= Up) ). Un)(v;)
=0, Uy, Vi )

N ) nvi)=7,v,v) if (vi,v;)eE;

= W) A O )=y viv;) if (vi,v;)€E,
nvi)nev;)=0 ifv, el v, eV,

(b)(ii)
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Z(vi,vj) if (v,v;) ek,
= y_z’(vi,vj) if v,v,) ek,
nv )W) ifv el v el
_ (U )v,v,) i v,v,)eE or E,
nvi ) v;) it v,y ek’
=(ra+72 v,

Definition 4.8
Let G=G,xG,=(V ,E" ) be the Cartesian product of two

graphs G,and G, where V =V, xV, and

E"={(u,u,)(u,v,):ueV, u,v, e E,}U
{(u, W)(v,, W) :weV, uy, e E}.

Then, the Cartesian product of IFHGs G,and G, is an IFHG
defined by G=G,xG,=(V ,E" ) where

(i)

(g > " Yug, uy) = 1 ()14’ () for every (uy,u,) € Vand

On < y)uy,uy ) =y (uy ).y (u, ) forevery (u,u, JeV

(i)
(i % 1) (u,uy ) (v, ) = o (). 1ty (v )

for everyu eV,,and uv, € E,

(72 x J’ZQ(%UZ )(u,v2 )= Vl(u)~yz (uzvz)
for everyueV,,and u,v, € E, and

(/‘2 x /129 (ul: w) (le w)= /U:L(W)-/uz (ulvl)
foreveryweV,,and uyv, e E,

(Vz X Vz?(uly w) (le W) = yl(w).yz(ulvl)
foreveryweV,,and uyv, € E,.

Example 4.9

Let V,={v,,V,\v;,v,} and V, ={u,,u,} suchthat V,1V,=¢
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U1V1(AO.03,0.04) (0021,0002) U2V1(0_07’0_02)
S
S %
UpV, (0.063,0.005) Upvy | Az
’é ‘o o‘;
=X 3 (0.21,0.05) [§ 3%
2\ ¥ S YVa -3
%_ S ~ [=] )
SA8 s %
UpVs (0.084,0.006) UpVs [ 2
S 3
%a. % (3 (0.28,0.06) | §
2\ \e S S
2\ § g
A~ S
UV (0.042,0.002) HaVa
(0.06,0.04) (0.14,0.02)
Fig 6: G, xG,

Definition 4.10

(2 O 0,)) (g1, ) (v, vy ) = 11 ()1 (v, )y (11,1 )
Let G=G,0G,= (V,xV,,E) be the composition of two

for every (u,,u, )(v,,v, )¢ E—E"
graphs Gand G, , where and
E={(u,u,)(uv,):ueV,uy,cE,}U

(Vz 03’29(”1:“2)("1:"2) = Vl'(”z)-Vl'(Vz )')’2(“1"’1)
{(u, W)(v,, W) :weV, uy, eE }U

for every (u,,u,), (v;,v,)e E-E"
(U, U) (v, v, ) tuy, € B, v, ). ry (U Up) (vV7)
Then the composition of IFHGs G and G,, denoted by where
G =G, 0G,, is an IFHG defined by E ={(u,u2 Ju,vy ) tu eV, forevery u,v, e Ez} U

(uy ,wW)(v, , W) :weV,, forevery uv, e E, ¢.
(1) (, Opt) it ) = i, )41 (,) O every (iu,u,) <V, <, (e 2 4 <)

and

Theorem 4.9
0y 01ty ) = i1, ). 3, (0, ) O ey (iu, 1, ) <V, xV, Let G, = (W, E;) and G, = (V,, E,) be two strong IFHGs.

Then, G, 0G, isastrong IFHG.
(i) (u, 08,) (u,u, )(u, v, ) = py (w).p1,(u,v, ) foreveryu eV,
and wyv, €E, Proof
(2 072 (w1, )(u,v, ) = 7, ()., (uyv, ) For every ue Let G,0G, = G = (V.E) where VV =V,xV, and
and wyv, € E,
E={(u,u,)uv,):ueV,uy, E,}U
(4 047 ) (U, W) (v, W) = 21y (W) 0, (W, ) (W, W)V, W) :weV,uy, E}U

4 for everyweV,,and wy, e E;

(v, 07) (uy, W) (v, W) =y (W).p ()
foreveryweV,,and uyv, € E

{(Ulvuz )V, ) tuy, € ByLuy ¢V2}.

() to(wuy ), v, ) = (). 41, (v, )
= (). (14 (u, ).14/(v, ), since G, is strong
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= (W), ). (). ' (v,) =W nO )W W) () =1 09) (g, w). (3, 09) (v, W)
= (,ul O,LLlQ(lzt,lztz).(LLl 0/119(1/{,\12) . (iii) Loy, 1y )V, ) = (g, vy )4 (1 )6/ (v,)
Vol tt, )1V, ) =y (1).7,(u,V, ) =)ty (V)1 (uy ). 4'(v, ), G, Is strong
=y w). (3 (u,).7(v, ), since G, is strong = iy )11ty )., (v ) 4/ (v,)
=)y (uy ). 71 (1). %/ (v,) =4 0p) itz ). (1 O) (v, )
— (yl oyly(u,uz).(yl OVJ(M,VZ} Vot 1ty )V, V) = 7o (uy, vy )y (1) (v,)
(ii) 1o ((1ty, W (v W) = 11 (W) 41 (11, v, ) =01 )1 (v )y ()3 (v,), G, isstrong
= 1'W). (1 (u, ). 15(v, ), since G, is strong = (g (up) 79’ (U D11 () 71'(v2)
' ’ =0 0P (g, ). (7, 07.) (W, v, ).
= /') (v, )15’ W) 1, (v,) (1 091,15 )- (7, 07) (1, )
From (i), (ii), (iii), G isastrong IFHG.
= (14 024) (uy, W). (14, OLL) (v, W).
Example 4.11
W, WO, W) = 3 (W), (g, 1) Let Let V,={v,V,v,v,} and V,={u,u,} such that
’ ViV, =9
=W W).(n(w)-1,(vi ). since G, is strong :
UgVy (0.021, 0.002) Uy
g
S | @ N
: et Loy B %
a\Uv2 ~ (0.063, 0.005) \[Jsz %? ,%
Y A
AR 0¥ oy B/ B
Uy = (0.084, 0.006) 2
~1V3 UyV3 %
2\ © [ ~ )
A S, |8 )
ONAE S
. CHEE N3
2 \\& | § 0012 Q9 P
N8 ot Bagy, |S
U,V u,V.
e (0.042, 0.002) 2
Fig7: G, 0G,
5. CONCLUSION
In this paper, operations like complement, join, union, existing clustering techniques. Further, it is proposed to apply
intersection, ringsum, Cartesian product, composition on the properties of IFHGs to develop a new clustering algorithm
IFHGs are defined. Currently, the authors are working on and the same may be checked with a numerical dataset
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