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ABSTRACT

Dominator chromatic number of central graph of various
graph families such as cycles, paths, wheel graphs, complete
graphs and complete bipartite graphs are found in this paper.
Also these parameters are compared with dominator
chromatic number of their respective graph families.
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1. PRELIMINARIES

The notion of central graph and dominator coloring are
reviewed in this section [1, 2, 3, 4].

Definition 1.1

Let G be a simple and undirected graph and let its vertex set
and edge set be denoted by V(G) and E(G). The central
graph of G, denoted by C(G) is obtained by subdividing each
edge of G exactly once and joining all the non-adjacent
vertices of G in C(G).

Definition 1.2

A proper coloring of a graph G is an assignment of colors to
the vertices of G in such a way that no two adjacent vertices
receive the same color. The chromatic number %(G), is the
minimum number of colors required for a proper coloring of
G. A Color class is the set of all vertices, having the same
color. The color class corresponding to the color i is denoted
by Vi

Definition 1.3

A dominator coloring of a graph G is a proper coloring in
which every vertex of G dominates every vertex of at least
one color class. The convention is that if {v} is a color class,
then v dominates the color class {v}. The dominator
chromatic number y4(G) is the minimum number of colors
required for a dominator coloring of G.

2. DOMINATOR CHROMATIC
NUMBER OF CENTRAL GRAPHS

Dominator chromatic number of Central graph of various
classes of graphs is obtained in this section.

Theorem 2.1

For cycle graph C,, of order n > 3,

_fl2n/3 T+ 2 whenn=3
xd[C(Cp)] = {(2n/3 —|+ 1 otherwise
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Proof

Let C,, be the cycle graph of order n > 3 and let V(C,) = {v,
Vy, ..., vo} and E(C,) = {ey, €y, ..., en}, Where e; = ViVj,q, 1<i <
n-1and e, = v,v;. By the definition of central graph, C(C,) is
obtained by subdividing each edge ViVis1,
1< i < n-1 of C, exactly once by newly added vertex c; and
subdividing v,v; by ¢, and joining v; with v; 1 <i, j <n, i#
and vyv;E(C,) . Let Vi = {vi Vv, .., vo} and
V2 = {Clv Co, ..ty Cn}. Then V(C(C n)) = V1 v Vz.

The following procedure gives a dominator coloring of C(C,,).
Since all newly added vertices ¢; 1 <i <n in C(C,) form an
independent set, color these vertices by color 1. When n = 3k,
k > 2, the vertices Vi and Vie,
i=1,4, 17, .. (n=2) are colored by color 2[i/3] and the
remaining vertices v; j =3, 6, 9, ..., nare colored by 1+(2j/3).
When n = 3k-1, k > 2, the vertices v; and Vi
i=1,4, 7, .., (n-4) are colored by color 2[i/3] and the
remaining vertices v; j =3, 6, 9, ..., (n—2) are colored by color
1+(2j/3) and v,.; and v,, are colored by [ 2n/31and [2n/ 3]+ 1.
When n = 3k+1, k > 2, the vertices viand Vi, i=1,4,7, ...,
(n-3) are colored by color 2['i/3]and the remaining vertices v;
j=3,6,9, ..., n-1 are colored by 1+(2j/3) for and v, is
colored by [2n/31+1. When n = 3, the vertex v; is colored by
color i+1, 1<i < 3. When n = 4, the vertices v; are colored by
the color sequence (2, 2, 3, 4).

The vertices v; and vi,q, 1 =1, 4, 7, ... dominate one of the
color classes of vj, j = 3, 6, 9, The vertex vj,
j=3,6,9, ... dominates itself. The center vertices c;, i = 1, 4,
7, ... dominate the color class of v;. The center vertices c; and
Civ1,1=2,5, 8, ... dominate the color class of vi,;, as they are
adjacent to vi,1. When n = 3, it is easy to see that
v[C(C)] =12n /3T + 2 and when n = 4, it is seen that
x[C(Cy] =[2n/3 T+ 1.

[2n/3 |+ 2 whenn=3

H CCCyl =
ence x4[C(Cp)] {(2n/3 1+1 otherwise

The following example illustrates the procedure discussed in
the above result.

Example 2.2

In figure 1, central graph of C; is depicted with a dominator
coloring.
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Figure 1
The color classes of C(Cy) are,
Vi = {cy, €y C3, C4 Cs, Co C7}, Vo = {V1, Vo}, V3 = {v3},

V4 = {vs4, Vs}, V5 = {vg} and V¢ = {v;}. The dominator
chromatic number is, x4[C(C;)] = 6.

Theorem 2.3

For path graph P, of order n > 2,

[n/2 ]+1 when nisodd
[n/2 ]+2 whenniseven

xd[C(Pr)] = {

Proof

Let P, be a path of order n > 3 and let
V(Py) = {Vvi, Vo, ..., vi}. The central graph C(P,) is obtained
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by subdividing each edge v;vi,;, 1< 1 <n-1 of P, exactly once
by adding a new vertex c; in C(P,) and joining each vertex v;,
1< j < n-2 with each vertex v, j+2 < k < n . Let
Vi = {vy vy, ..., v} and V;, = {c;, Cp, ..., cna}. Then
V(C(P ) = ViU V,. Relabel the vertices of C(P,)) by u; = vy,
Uy =Cy, Uz =V, ..., Uy g CONSECUtiVEly.

The following procedure gives a dominator coloring of C(P,,).
When n > 6, the vertex u, is colored by color 1, u, is colored
by color 2 and the vertex u;, i=4, 6, 8, ..., 2n-2 is colored by
color 1. If nis odd, the vertex u;, i = 5,9, 13, ..., 2n-1 is
colored by color 2 and the vertices uj, j = 3, 7, 11, ..., 2n-3
are respectively colored by individual colors 3, 4, 5, ...,
[n/2T+1. If n is even, the vertex u, i =5, 9, 13, ..., 2n-3 is
colored by color 2 and the vertices uj, j = 3, 7, 11, ..., 2n-1
are colored respectively by individual colors 3, 4, 5, ...,
[n/21+2. When n =3, 4 or 5, the vertices of C(P,,) are colored
by the color sequences (1, 2, 1, 3, 2), (1, 2,3, 1, 2, 4, 2) or
(1,2,3,1,2,1,4,2,1) in order to get a dominator coloring.

When n > 6, the vertex u; dominates the color class of u; Ifn
is odd, vertices u; and Ui, 1 =2, 6, 10, 14, ..., 2n—3 dominate
the color class of  Ujy. The vertex wu;, for
j=3,7,11,...,2n-3 dominates itself. If n is even, vertices u;
and v, i =2, 6, 10, 14, ..., 2n—6 dominate the color class of
Ui+1 and U, dominates the color class of uy, ;. The vertex uj,
for j=3,7, 11, ..., 2n—3 dominates itself. The vertex uj, for
j=5,9,13, ..., 2n-1 dominate either U, U Or both.

[n/2 ]+1 whennisodd

H CPy) =
ence ¢ [C(Pn)] {(n/z 1+2 whenniseven

The following example illustrates the procedure
discussed in the above result.

Example 2.4
In figure 2, central graph of P is depicted with a
dominator coloring.

The color classes of C(Ps) are, V; = {uy, Uy, Us, Ug, Uio}, V2 = {Uy, Us, Ug}, V3 = {us}, V4 = {us}, Vs = {u1}. The dominator

chromatic number is, x4[C(Pe)] = 5.

Theorem 2.5

For wheel graph W, , of ordern >3,

[2n/3 |+3 whenn=3

xa[COWy, )T = {(Zn I3 ]+ 2 otherwise

Proof

Let W, , be a wheel graph of order n > 3. Let the
vertex at the centre be v; and the vertices on the rim be
Vy, V3, ..., Vpa.  Central graph C(Wy, ) is obtained by
subdividing each edge of W, , exactly once and join all the
non-adjacent vertices of Wy .. Let the middle vertices on the
edges vyv;, i = 2,..., ntl of Wy, , be ¢;; and the middle
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vertices on Vi i =2, ..., n of Wy, be cn.i4 and the middle
vertex on V.1V, be ¢y,

A dominator coloring of C(W,, ) is obtained by the following
procedure. Color the vertex vy by color 1 and assign color 2
to the center vertices ¢; 1 < i < 2n, as they form an
independent set. When n = 3k, k > 2, the vertices v; and Vi,
fori=2,5,8, ..., (n-1) are colored by color 1+ 2i/37and the
remaining vertices v; for j =4, 7, 10, ..., (n+1) are colored by
color 2+ L2j/3J. When n = 3k-1, k> 2, the vertices v; and vi;,
fori=2,5,8, ..., (n—3) are colored by color 1+ 2i/3] and the
remaining vertices v; for j = 4, 7, 10, ..., (n—1) are colored by
color 2+ |_2j/3J and the vertices v, and v,,; are colored
respectively by colors [2n/3] + 1 and [2n/3] + 2. When
n = 3k+l, k > 2, the vertices v; and v, for
i=2,5,8, ..., (n-2) are colored by color 1+ 2i/3] and the
remaining vertices v; for j = 4, 7, 10, ..., n are colored by
color 2+ [2j/3] and the vertex v,.; is colored by color
[2n/31+ 2. When n = 3, v;is colored by color i+1,2<i< 4.
When n = 4, v; and v;,; is colored by color i+1, i =2 and
remaining vertices v; are colored by color i, i =4 and 5.

The vertex v, and vertices v;, i = 4, 7, 10, ... of C(Wy, y),
dominate  themselves. The vertices v; and Vi
i=2,5,8, ... dominate the color class of vi;,. The center
vertices ¢;, 1< 1 < n dominate the color class of v;. The center
vertices on the rim ¢; and ¢j,q, i = n+2, n+5, n+8, ... dominate
the color class of vi_,.» and the center vertices on the rim ¢;,
i=n+1, nt+4, n+7, ... dominate the color class of vi_,+1. When
n = 3, it is easy to see that ys[C(Wy 3)] =[ 2n /3] + 3
and when n = 4, it is seen that y[C(Wy )] = [ 2n/3 1] +2.

[2n/3 |+3 whenn=3

H C =
ence %q[C(Wy, )] {(ZH /3 —| + 2 otherwise

The following example illustrates the procedure
discussed in the above result.

Example 2.6

In figure 3, central graph of wy 5 is depicted with a dominator
coloring.
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Figure 3

The color classes of C(W; s) are, Vi = {v; },
Vy = {Cy, Cy C3, C4 Cs, Co C7, Cg, Co, Cio}, V3 = {V2, Va},
V, = {vs}, V5 = {vs} and Vg = {vg}. The dominator
chromatic number is, y4[C(Wy 5)] = 6.

Theorem 2.7

For complete graph K, of order n> 3,
xd[CKp)l=n+1.

Proof

Let K, be the complete graph of order n > 3 and let
V(K,) = {vy, Vy, ..., vo}. The central graph is obtained by
subdividing each edge v;v; exactly once by the center vertex
Cjp 1 < i, j<mn, i#j LetVy={vy vy ..., vo} and
Vo={¢j/1<i,j<n,i#j}. Then V(C(K.)) =V U V.

A dominator coloring of C(K ) is obtained by the
following procedure. Since the center vertices form an
independent set, color ¢j, 1 <1i,j <mn,i#j, by color 1. The
vertex vjis colored by the color (i+1), 1 <i<n.

The center vertex ¢; 1 <i<n dominates at least one
of the color classes of v; 1 <i<n. The vertices vy, Vy, ..., Vg

dominate themselves. Hence x4[C(Kp)] =n+1.
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Theorem 2.8

For complete bipartite graph Ky, , of order m, n>1,
Xd[C(Km n)l=m+n.

Proof

Let{vi: 1 <i<mj} and {u;: 1 <j <n} be the vertices of
Km, nand by the definition of complete bipartite graph , every
vertex in {vii 1 < i < m} is adjacent to every vertex in
{uj:1<j<n}. Let {ej: 1 <i<mand | <j<n} be the set of
edges of K, ,. By the definition of central graph, each edge
gjfor I <i<mand 1 <j<nis subdivided by a vertex c; in
C(Km, n) and let V = {vy, v, ..., v}, V' = {uy, Uy, ..., up} and

V" o= {Cij /"1 <1< m 1 £ j < nj. Clearly
V(C(Km n) =V U V' U V" Note that in C(Ky, ,), the
induced subgraphs ( V = {vi, V, ..., vpp and

(V'={uy, Uy, ..., u}) are complete.

The following procedure gives a dominator coloring
of C(Km, n). The set of vertices {cj; 1 <i<m; 1<j<n}is
independent and hence assign the color 1 to these vertices.
The vertices v, and u; are non-adjacent in C(Ky ,) and
therefore they are colored by color 2. As the induced
subgraphs ( V ) and ( V' ) are complete, the vertex v; is
colored by the color (i+1), 2 < i < m and the vertex u; is
colored by the color (m+j), 2 <j<n.

The vertex v; dominates the color classes of v;,
2 <i<mand the vertex u, dominates the color classes of u;
2 <j<n. The vertices viand U; 2 <i<m; u: 2<j<n
dominate themselves. The center vertex c;; dominates one of
the color classes of viand u; 2 <i<m; u; 2 <j <n. Hence

Xd[C(Km,n)] =m+n.

By combining the observations of [2] and above
theorems, we have the following result.
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Result 2.9

(i) %alC(Cn)] > %a(Cy)

(if) %alC(Pr)] > x4(Pr)
(iii) %[CW1, )] > xa(W1, n)
(iv) %alC(Kn)] > 2a(Kn)

3. CONCLUSION

In this paper, we obtained the dominator chromatic number of
central graph of various graph families are obtained and
compared with dominator chromatic number of their
corresponding graph families. This paper can further be
extended by identifying graph families of graphs for which
these chromatic numbers are equal to other kinds of chromatic
numbers.
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