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ABSTRACT

Dominator chromatic number of middle and total graphs of
various graph families is found in this paper. Also these
parameters are compared with dominator chromatic number
of their respective graph families.

Key words: Middle graph, total graph and dominator
coloring.
AMS Subject Classification: 05C15, 05C69

1. PRELIMINARIES

The notion of middle graph, total graph and dominator
coloring are reviewed in this section [1, 2, 3, 4].

Definition 1.1

The middle graph M(G) of a graph G is defined as follows.
The vertex set of M(G) is V(G) u E(G). Two vertices X, y in
the vertex set of M(G) are adjacent in M(G) if either (i) X, y
are in E(G) and x, y are adjacent in G or (ii) x is in V(G), y is
in E(G) and x, y are incident in G. In other words, M(G) is
obtained by subdividing each edge of G exactly once and
joining all these newly added middle vertices of adjacent
edges of G.

Definition 1.2

The total graph T(G) of a graph G is defined as a graph with
vertex set V(G) v E(G) and two vertices X, y of T(G) are
adjacent in T(G) if either (i) x, y are in V(G) and x is adjacent
toyin G or (ii) x, y are in E(G) and X, y are adjacent in G or
(iii) x is in V(G), y is in E(G) and x, y are incident in G.
Definition 1.3

A proper coloring of a graph G is an assignment of colors to
the vertices of G in such a way that no two adjacent vertices
receive the same color. The chromatic number y(G), is the
minimum number of colors required for a proper coloring of
G. A Color class is the set of all vertices, having the same
color. The color class corresponding to the color i is denoted
by Vi

Definition 1.4

A dominator coloring of a graph G is a proper coloring in
which every vertex of G dominates every vertex of at least
one color class. The convention is that if {v} is a color class,
then v dominates the color class {v}. The dominator
chromatic number y4(G) is the minimum number of colors
required for a dominator coloring of G.

2.DOMINATOR CHROMATIC NUMBER
OF MIDDLE GRAPHS

Dominator chromatic number of middle graphs of various
classes of graphs is obtained in this section.
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Theorem 2.1

For cycle graph C, of order n > 3,
xaM(C)]=n72 +2.

Proof

Let C, be the cycle graph of order n > 3 and let V(C,)) = {v,
Vo, ..., va} and E(C,) = {e;, €, ... e,}, Where
€ = ViVirg, 1< 1 < n-1 and e, = v,v;. By the definition of
middle graph, M(C,) is obtained by subdividing each edge
ViVisy, 1< 1 < n-1 of C, exactly once by the vertex c; and
subdividing vyv; by ¢, in M(C;) and joining (c;i and Ci.1),
1<i<n-1and(c,andcy). LetV;={v; v, ..., vo} and
V, = {C]_, Co, ..ty Cn}. Then V(M(C n)) =V,uU V..

The following procedure gives a dominator coloring of
M(C,). Color the vertices v; 1< i <n by color 1. When n is
odd, ¢, C4, Cg, ..., Chz and ¢, are colored by color 2 and ¢;, 3,
Cs, ..., Cnpand oy by colors 3, 4, 5, ..., [n/2]+ 2. Whennis
even, Cy, Cs, Cs, ..., C, are colored by color 2 and ¢y, Cs, Cs, ...,
Ch.1 by colors 3,4, 5, ..., [ni2]+ 2.

The vertices v; and vi,; dominate the color class of ¢;, i =1, 3,

5, .... The center vertices ¢y, Cs, Cs, ... dominate themselves
and ¢, and ¢, dominate the color class 3, as they are adjacent
toc,. The vertex ¢y, i=2, 3, ..., |_n / 2_dominates the color

class of ¢ Hence yq[M(C,))] :ﬁ 12 +2.

The following example illustrates the procedure discussed in
the above result.

Example 2.2

In figure 1, middle graph of Cg is depicted with a
dominator coloring.
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Figure 1
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The color classes of M(Cg) are Vi = {V1, Va, V3, V4, Vs, Ve}, Vo = {Cp, C4, Ce}, V3 = {C1}, V4 = {c3}and V5= {cs}. The

dominator chromatic number is, 34[M(C¢)] = 5.

Theorem 2.3

For path graph P, of order n> 2,

[M(P. )] = n whenn=3,4
LA = 1240727 otherwise.

Proof

Let P, be a path of order n > 2 with vertex labels vy, vy, ..., Vy.
By the definition of middle graph , M(P,) has the vertex set
V(P UEP,) ={vi/1<i<n}u{e/1<i<n-1}in which
each e; is adjacent to v; and vi.;, 1 <i <n-1and also adjacent
to ejyq, for 1 <i<n-2.

A dominator coloring of M(P,) is obtained by coloring the
vertices v;, 1 <i <n by color 1, even subscripted middle
vertices C,, C4, ..., by color 2 and the remaining odd
subscripted middle vertices c;, €3, Cs, are colored
respectively by colors 3, 4, 5, ...,[n /2] +2.

The odd subscripted middle vertices ¢y, Cs, Cs, ...
dominate themselves and the vertices v; and v;,; dominate the
color class of ¢;, i = 1, 3, 5, .... The vertex c¢; dominates the
color class of ¢y, 1 = 2, 4, .. Hence

[M(P. )] = n when n=3,4
LA 21240727 otherwise.

Theorem 2.4

For wheel graph W, , of order n > 3,
xd[M(Wg n)]=n+2.

Proof

Let W, , be a wheel graph of order n > 3. Let the vertex at the
centre be v; and the vertices on the rim be
Vo, V3, ..., Vpe. By the definition of middle graph, we
subdivide each edge exactly once and join all the middle
vertices of adjacent edges of Wy . Let the middle vertices on
the edges vyv;, i = 2,..., nt+1 of Wy  be ¢;; and the middle
vertices on Vivi.q, i =2, ..., n of Wy, be c.i.; and the middle
vertex on Vy:1Vs be G,

A dominator coloring of M(Wj, ) is obtained by the following
procedure. Color the vertex v, by color 1 and assign colors 2,
3, ..., ntl for the induced clique ¢y, Cy, ..., cp. Color the
vertices V,, vz and cpsq by colors 3, 2 and (n+2) respectively.
The remaining 2n-3 vertices on the rim of M(W, ) are
colored by using colors 1, 2 and 3 in a particular fashion.

The vertices Cz, Cy, ..., ¢, and Cpy1 dominate themselves. The
vertices ¢, €, Vo and vs dominate the color class (n+2), as
they are adjacent to the vertex c,.;. The remaining 2n-3
Vertices Vg, Cnas, Vs, Cnags -, Con @and v, 0N the rim of M(Wy, )
dominate respective color classes from 4 to (n+1). The vertex
v; dominates all color classes between 4 and (n+1). Hence

xd[M(Wg )]=n+2.
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Example 2.5

In figure 2, middle graph of W, s is depicted with a dominator

coloring.
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The color classes of M(Wy, 5) are Vi = {vi, C7, Vs, Cio}, V2 = {Cy1, V3, V4, Co}, V3 = {Co, Vs, Cg, Vg}, V4 = {C3}, V5 = {C4s},

Ve = {cs} and V7 = {cs}. The dominator chromatic number is, xs[M(Wy, )] = 7.

3. DOMINATOR CHROMATIC
NUMBER OF TOTAL GRAPHS

In this section, dominator chromatic number of total graphs of
various classes of graphs is obtained

Theorem 3.1
For cycle graph C, of order n > 3,
2+[2n/5 whenn=3
T(Cy)]= -
xalT ()] {3+r2n/5 otherwise.

Proof

Let C, be the cycle graph of order n > 3 and let V(C,) = {v,
Vo, ..., Vo} and E(C,) = {ei, €, ..., e,y Where
€i = ViVisg, 1<i<n-1and e, = v,v;. By the definition of total
graph, T(C,) can be obtained by subdividing each edge Vvi1,
1< i < n-1 of C, exactly once in T(C,) and joining all these
middle vertices of adjacent edges of C, and also joining the
adjacent vertices of C,,. Let the vertices of T(C,) be labeled
by uy=vy, Uy, Us, ..., Ug.

A dominator coloring of T(Cp), n > 4 is obtained by the
following procedure. The vertex uys; is colored by 4+j,

OSJ San—l)/S_ The vertices Uz+sj, Usssj, Ugssj, Usss;,
which lie between Ui, Upsger), 0<] £k2n—l)/5_, are
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colored by (1, 2, 3, 1) or (2, 3, 1, 2) depending on whether j is
even or odd.

Vertex uy.s; dominates itself and Uyisio, Usssj, Unssjes, Ussjso
dominate the color class (4+j), as they are adjacent to Uy.s;,

0<j<|@n-1)/5  and  when j = 0
Uz, Us, Uz, Uzny dominate the color class 4. When n =3, it is
easy to see that x4[T(C3)]=2+ r2n /5. Hence

2+[2n/5 whenn=3
T(Cy)]= -
xalT ()] {3+r2n/5 otherwise.

Theorem 3.2

For path graph P, of order n> 3,

(TP )] = [2n/3 +2 whenn=3
KRS 2n 13751 otherwise.

Proof

Let P, be a path of order n > 3 with vertex labels
Vi, Vs, ..., V. By the definition of total graph, T(P,) can be
obtained by subdividing each edge of P, exactly once in T(P,)
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and joining all these middle vertices of adjacent edges of P,
and also joining the adjacent vertices of P,. The vertex set of
T(Pn) is V(Py) WEP,) ={vi/1<i<n}u{e/1<i<n-1}.
Relabel the vertices of T(P,) by u;=Vvy, Uy=Cy, U3 = Vy, ..., Uz,
1 consecutively.

A dominator coloring of T(P,), n > 4 is obtained by coloring
the vertex Uy.s; by color 1, U,.s; by color 2 and us.s; by color

(3+i), O0<i<l+ |_2n /3. Vertex us.3 dominates itself and
Us+3i-2, Useaict, Usesies, Useaisz dOMinate the color class (3+i), as
they are adjacent to Us.g;, 0<i <1+ r2n/3. Whenn =3, it

is easy to see that xd[T(Pg)]:an /3 +2.  Hence

(TP )] = [2n/3 +2 whenn=3
KL A= 2073751 otherwise.

The following example illustrates the procedure
discussed in the above result.

Example 3.3
In figure 3, total graph of Ps is depicted with a

dominator coloring.

Figure 3

The color classes of T(Ps) are Vi = {uy, Uy, Uz}, Vo = {Uy, Us, Ug}, V3 = {us}, V4 = {us} and Vs = {ug}. The dominator

chromatic number is, %4[T(Ps)] = 5.

Theorem 3.4

For wheel graph Wy, , of order n > 3,

xd[T(W p)]=n+2.

Proof

Let W, , be a wheel graph of order n > 3. Let the vertices of
the wheel graph be labeled as follows. The vertex at the
centre is labeled by v; and the vertices on the rim be labeled
consecutively by v,, va, ..., voe1. By the definition of total
graph, we subdivide each edge exactly once and join all the
middle vertices of adjacent edges and join all the adjacent
vertices of Wy ,. Let the middle vertices on the edges v,v;,
i=2,...,ntl of Wy  be ¢;.; and the middle vertices on vivi.;
i=2,...,n of Wy, be cpiqand the middle vertex on V.V,
IS Con.

The coloring of T(W,, ) can be done in a similar way as
described in theorem 2.4. Domination of vertices can also be

argued in the same manner. Hence y4[T(W 5)]=n+2.

By combining the observations of [2] and the theorems
proved above, we have the following result.

Result 3.5
(i) %a[M(Ch)] > %4(Cp) and xg[T(Cr)]1 > %4(Cy)
(i) %IM(Pw)1> %a(Pr) and %a[T(Pa)] > xa(Pr)

(i) %MW1, n)] > %a(W1,n) and xa[T(W1,n)] > 2a(Wy, n)-
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4. CONCLUSION

In this paper, we obtained the dominator chromatic number of
middle and total graphs and compared these parameters with
dominator chromatic number of the corresponding graph
families. This paper can further be extended by identifying
graph families of graphs for which this chromatic number is
equal to other kinds of chromatic number.
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