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ABSTRACT (0= A =1) as an intermediate point where third

In this paper we have discussed a special lacunary
interpolation problem in which the function values, first
derivatives at the nodes and the third derivatives at any point A

(0= A = 1) in between the nodes are prescribed. We have
solved the unique existence and convergence problems, using
spline functions. As this holds for any A (0= A = 1) we
named it a generalized problem.
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1. INTRODUCTION
Let At =y <2y < <Zx, ; <x, =1bea

partition of unit interval | = [0, 1] with

Xysq — X, =Hhg k=0,1,.., 01 Denote by.‘:?;:h.;-_:I the
class of quintic splines s(x) satisfying the condition that
s[x] e C? (f] and is quintic in each subintervals of 1. In

the past this class of splines is used by various authors with
different interpolatory conditions. In [2] this class of splines is
used to solve the interpolation problem with following
conditions:

s (x) = fi k=0, ..., m
.5'__;.](ka= fk k=0, ..., m
Sa [xk+1.."3) = frs1/3 k=0, ..., n-1;

1
where X473 = 7 (¥ T Xgs1)

5-_'.':(3‘0:] = fﬁm :

Some other authors also solved the similar problems with
other intermediate points. But the interesting thing is that here
in this paper we solved a generalized problem when we take A

5_". (x) = fc-" or

derivatives are prescribed. Later we can show that this result
holds for any value of A (0= A = 1. We proved the

unique existence theorem and also shown the convergence.

2. UNIQUE EXISTANCE THEOREM
2.1 Theorem 1

Given a partition A of the unit interval 1=1[0,1] and the
numbers f5, , fr . k=0,1,....... n-1:

fkﬂ o= A=1)kx=0,1,..... ,n—l;fl}",fl}m;there
exists a unique spline s,(x) £ 5:5} such that

(1.1)

[ sy(x)=f, ., k=01,.... m

5__,'..[::5,{:]=fk', E=0,1,...., 7

5, (%22) = fusar K=0,1,u.,n—1;

L Sgtxu:]zfu ar Sﬂ.[xl}:]:fl} .
Here Xp.3=A(Xx + Xx2q) and
hk = xk+1 - xk’ k=0,1, ...... ,n*l.

2.1.1 Proof of Theorem 1
Here we prove the theorem with the initial condition

S_«, (I.}j = fg." only, for the condition

S_:., (XD:] = fDm the similar method can be applied.
Let us set

(2.1) sy (x) =
su(x) whenxy,<x = x4

s.(x) whenx, <x = x,..,, k=12,....
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@2 sy (x) =
fot(x _xujfu. + Lx_j:n} fu“ + LI;D} gz T
I::.r—x:,]l (x— ID}
o %os T Gos
(2.3) 5 (x) =
fet(x—x)f + "I_f:?"} a, , +
(x—xy)® (x— :r,(}

k3+

(x=xp)
3! ak.lq' + 5! ak_.E

For determining the coefficients we apply the interpolatory
condition (1.1) and the continuity requirements that
5, (%) € C(I). Then we have

(2.4)
r _ E 4
f1_ fu‘l'hufu 31 f[:l : D3+ fBga -
' ' }“ (my)® (Rgt?
1 fi=fo +hofy + 5 Go3 T 8ge T ;,} a
\fi = agz +Aha u4+ oz
(2.5)
i _ iR }“
fk+1_fk+hfk o k2+ 3 k3+
. . I"h :IZ
\ fesr = fro theap, +—— k3+ a’k4+_
l.lh}
\ fren = apz tAhga +——a,;,
k=12, ........... ,n-2
and (2.6)
{
Ryt 'h}
Qpeq = Gy T hkakﬁ + ;: Qs T — Ors
-4 - Ihl:l} I:hD}E
@12 = fo Thetgs S Gos T 5 Qg
L
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2.7)
1 480 (31-1)
Qo5 _.:1M1—a.1+1}[ Ry {fl fo

. h?. . 12':”:4‘1_1} . . o
hofy =2 f5 ) = 2l — fo — hofo) +
znf}'_'}

hg
(2.8) ]

. 1 —120(6A% 1) e
Qos = (11}.1"*—3.“1}[ e (fl fo

¢ RE e ‘4.1[»1 241047 -1) ”
hofo — 2 ) + (fi —fo — hofo) —
&

Ry
(2.9) iy
1 120(24-1
%o3 = .:1&.15—3.“1}[ L (f fo—

. hz . 1‘|5‘1 _‘:I .
hufu_z_?fc-) [fl fc:- Dfﬁ)+
From (2.5) we have,

(2.10)
_ 1 1420031-1) .
s = .:EDP—::MH}[ Ry (fuss = fi

y 20(724-18) £ o :
hkfkj_ = [fk+1_fk)+
20(18-364)

h Gz T

K

P
+Efk+zli|

(2.11)

_ 1 (—21604% +360) _
s T o -zei+a) [ n} (fiesa

' I'.T;l}.rl 723
hefid+ =g (fisn = fi) +
(3604% -108)

* n3 Gz

R

:4 .
_Efkhl]
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(2.12)
Gy = :_1n4‘,1+3:, [{?znd;;mi} (_fk+1 .
)+ P (fn £ +
(1084 ;:s[m*} s+
+3fi)

Using values of these coefficients in (2.6) we get

(2.13)
A2 =
1 (201% -34A* +181-3) .~ , 1
|:1D.11—3.1+1}[ (24-1) fo + 3 hofa +
20(-6A"+61—-1] '
- HE [f1_fu hufo)+
+ (1204% —1724%+724-
(2A-1)k,
)]
(2.14) Qperq,2
(—304%+361-9) _
(304% —241+3)
u—:asu.l*—asu.i —-&0)
; [fk+1 kfk)
(304% —241+3) :13@.1*—153.:1 +24 ' ' .
+I hy }[fk+1_fk)+hkfk

The coefficient matrix of the system of equations (2.13) and
(2.14) in the unknowns @y o , k=12, ... n-1is seento be

nonsingular and hence the coefficients @y - ,k=1,2,... n-
1, are uniquely determined and so are, therefore, the
coefficients iy 5, fy s, fpg , k=12,... ,n-1

3. THEOREM OF CONVERGENCE
Let f € CY(I),l =5,6. Then for the unique

spline s,(x) of Theorem 1 associated with the
function f, we have

(31)

s ¢ -

ooy A
KH|fO||+ o(w (H)), if fE

max
min

And if <A = wandH=

MAaX .y 21 My, then
(3.2
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50—

Fo m{ 0(H* us(8)), if fecs(n)
LHE|F + 0(H¥ 9w (), if fECo(D),

q=0,1234.

Where K5 and K5 are some constants involving A

(o= A =1).

3.1 Auxiliary Lemmas
Now we give three lemmas that are used to obtain the proof of
the Theorem of convergence theorem.

3.1.1 Lemma
Let Aps= ags—fi.
Then we have for k=1,2, ... n-1.

k-1
0 h3w (hvj), if fFECI)
(e

k-1

K.hif®+0 (Z hiaw, (h, j) , if fECE(D

4.2

(204% -30A% #1231 -1)
120(304% —241+3)

Where Ky =

Proof From (2.14) we have
304 +364-9)

1Y) sz + o A
. (—304%+361-9) .
(@p+12 ~ frsd) T E0E_221+3) (@2 = fi)
= (say), k=12,
...... , n-2.
a, =
(-3601" +36M 8) ' ‘180.4 -1681+2 4)
(fkﬂ fk kfk) (fkﬂ fk)+hkfk+:l
(30/2-24143) %
(30" +36-5)
{Hl fk}

(3042-24143)
If f € C5(I) then by Taylor’s formula (3.1.2)
o, = O(hzws(hy)).
Similarly if if £ € C=(I), then

e =K REEE + 0(hEwg(hy)).

Also from (2.13)

(3.1.3)
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(3.14) |4, ,

| @12 _f1"| =

0(hiws(h)), if fEC3(l

K,hif® + 0(hiws(h,)), if f € C5(I) Where

From (3.1.1) and (3.1.2) and the derivatives for &, we have

|4
0(Zrzdhiws(h,)), if fE CE(D)

4 rig 4 : £
Kihpf ) +0(hywe(hy)), if f€CE(I)
This proves the assertion of lemma.
3.1.2 Lemma
4) max hy,
Let A =a, ., — and ——— <
krd kit fk min ky
A Zw, H=maxp. .4 hy.
Then we have for k=0,1, ....., n-1.
|“1kJ4| =

0(ws(H)), if fE C5(D)

KH|f®| + o(Hw, (H)), if feC(1)
Where
K, =
—40%+304%—1

10(304% —241+3)

Proof From (2.8)and (2.11) wesee A2 = 0, then

4 (3604% -108)
315) Ay s = Gpas— = TeoiE —saiiaint
(3.15) Ay e —fy (3047 -244 +3)n}

Ay 2 +1'9k , k=01,...... ,n-1
Where [3;, =

(—2160A%+380) . (-
. r n? [fk+1_fk_hkfk)+—
(30A4% —244+3) =

@316) B = 0(hews(H)), if FEC(1).

If f £ C5(I), then
2 (&)
By = Kﬂhkfk
_(—40A%+304%-1)
T10(304% —24143)

(3.17)
+ 0(hiw, (hy)) , where K,
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Using Lemma 3.1, we have for k=0,1, ...... ,n-1,

k-1
1
O(h_:z hE’CUS(hv))-I-O(h'ka(hkjj . if fe (D)
|Ak,4| = k=0
(8}

KR +0(Riwg(hy)), if f € CE(1)

.. max Ry
Hence if —; <A
min kg,

The result clearly holds for k=0.
S, H=MaXg ., g hy,
we have from (3.1.5) to (3.1.7)
|‘4k,4| =

0(ws(H)), if f €C5(D)

KH||f [+ 0(Hwe(H)) , if f€ C3(1)
k=0,1,......,n-1.
This proves Lemma 3.1.2.

3.1.3 Lemma
Let Aps = g

_fk'iE}
Then we have for k=0,1, .....,n-1
|‘4k,5| =

0(ws(H)), if f €C3(I)

KH|| 9|+ 0(Hwg(H)), if fE CE(I)
(1015 -84 +1)

K,=—————
Where 82 = o s007—22123)

Proof  Following similar method we can get the results for
|Ak,5| hence we omitted the proof.

4. PROOF OF THEOREM 2
Let x € [xk’xk+1] ’ k= 0,1, ...... N n-1
Then from (2.3) we have (4.1) S;iE} (x)

=dyg

and (4.2) s;iE} (x)
=Gy T (x — x) 257

Therefore

': :' i
|50 - FO @)

(s) (5) |, 08 o
s @ - £F+ £ -9 )
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= ‘ Qs — ka:B}‘ *
& - Fom)|
If £ € C=(I) then using Lemma 3.1.3, we have
4.3)

‘ s;iE'} (x)— £ (x) ‘ = D[mE [Hj)
Again from (4.2)
@) 5.7 () = FO(0) = (s = f9)
(e = x) (ags = fi ) = |
f-i4} (x) — fkn:n;} —(x— Ik]ﬁ:ﬂ]

=Ay .

Hor = 1) As — (x — 0 )F P () — £,
Xy =My =X

Thu§,
‘5;15}[:{)— f':E':'(x]‘ = | Al +H| Al +
HC‘-’5(H]

Now applying Lemma 3.1.2 and 3.1.3 we get,
@9 | 55 ) = F9 (0] =0(ws (1))
+H 0(ws (H)) =0(es (H)).

now, | 55 (8) = ()] =
2 157 @ - FO@)ar
(& — x| 557 () — £ ()
@) |51 — £ ()] = (Has (1)),

Set  h(Xy)=h(Xysy) =0.

<

So by Rolle’s theorem, there exists a £y,

X < My < Xgaq, suchthat B () =S, (H) -

f“[ﬂkj =0.

This gives | E;; (x)— F (x) | =
[ZIsc@®- F @t =

o =] s = f ()]

:D[HH‘:”-’E.[:HJ)

(4.7) |s,;(x:]— f"(x:]| :[HEME[H]).

Again using interpolatory conditions (1.1) we can write
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| 5. — £ ()]=
INENCEFAGIE

(4.8) | 5,; (x)— f(x]| = [HH.:LJE[H:]) .
Similarly

49 |5 (D — f ()=
[X[s(®) = £ (0]

K

=0(H*w;(H)).

This proves the theorem for £ € € =(I). Next we consider
the case when f € CE(I). Thenfrom  Lemma3.13

‘ .5';;5} (x) — f& [x:]‘ =

‘[‘lk,s — ) + (= _xk]fklj} [fk:]‘
X = &= x

<kt £
U[Hms [Hj)
Again

.5';;4} (Ij _ fl:4} (xj -

I:x_x?{}: ¢
At (x— 2 )45 +Tf‘5} (&)
X, = fk = x
Which on using Lemma 3.2 and Lemma 3.3, gives
(4.10) ‘ .5';;4} [.‘J‘.’] — f':df} [.’X:] < KEH”fIE} || +
(Hw,(H)).

From (4.10) on using method of successive integration we at
once have

s - F9)
(H* 9w (H)), g=1234.

(4.11) <K Ho O ||F @[+

This proves the theorem of convergence for f ec® (I ]
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