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ABSTRACT 
In this paper we introduce and study the concept of a new 
class of closed set called (i, j)-regular weakly closed set 
(briefly (i,j) - rw closed set) in bitopological spaces and 
discuss some of their properties in bitopological spaces.  
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1. INTRODUCTION 
A triple (X, 1, 2) where X is a non-empty set and 1 and 2 

are topologies on X is called a bitopological space. Kelly [16] 
initiated the study of such spaces. In 1985, Fukutake [11] 
introduced the concepts of g - closed sets in bitopological 
spaces and after that several authors turned their attention 
towards generalizations of  various concepts of topology by 
considering bitopological spaces. S.S. Benchalli and R.S Wali 
[6] introduced new class of sets called regular weakly - closed 

(briefly rw - closed) sets in topological spaces which lies 
between the class of all w - closed sets and the class of all 
regular g - closed sets. 

2. PRELIMINARIES 
In this section we recollect the following basic definitions 

which are used in this paper. 

Definition 2.1: A subset A of a topological space 

 (X, ) is called 

i)  regular closed [29]  if  A = cl[int(A)]  

ii)  pre-closed [22]  if  cl[(int (A)]  A 

iii) semiclosed [9]  if int[(cl (A)]  A 

iv) -closed [21]  if  cl[int (cl(A))]  A 

v) Semi - pre open [2] (=  - open [1]) if  A  cl 

(int(cl(A))) and semi- pre-closed [2] (=  - 

closed [1]) if int [cl(int (A))]  A 
vi) Semi - generalized closed [7]  (briefly sg - 

closed) if scl (A))  U whenever A  U and U 

is semi open in X. 

vii) Generalized -closed [18 (briefly g - closed) 

if cl(A)  U whenever A  U and U is  

open in X. 

viii)  - generalized closed [19] (briefly g - 

closed) if cl(A)  U whenever A  U and U 

is  open in X. 
ix) Generalized pre-closed [20] (briefly gp - 

closed) if Pcl(A)  U whenever A  U and U 

is  open in  X. 
x) Strongly generalized closed [30] (briefly g*- 

closed [32]) if cl(A))  U whenever A  U and 

U is  g - open in X. 
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xi) Mildly generalized closed [24] (briefly mildly 

g - closed) if cl(int(A))  U whenever A  U 

and U is  g - open in X. 

xii) Regular weakly generalized closed [23] 

(briefly rwg - closed) if   cl (int(A))  U 

whenever A  U and U is  regular open in X. 

 
Notation: The following notation is used in this paper. 

(i, j) denotes the pair of topologies (i, j) 

Definition 2.2: A subset A of a bitopological space (X, 1, 2) 

is called  
i) (i, j) -regular open [8] if  A =  

i Int[jcl(A)]  

        ii)          (i, j) -pre- open [14]  if A i Int[jcl (A)] 

iii) (i, j) -semi open [17]  if A  j cl[i Int (A)] 

iv) (i, j) -- open [15]  if A  i Int[j cl[i Int (A)]] 

v) (i, j) - g - closed [11]  if j - cl(A)  U 

whenever A  U and U  is open in i        

vi) vi )      (i, j) - w - closed [13]  if j - cl(A)  U 

whenever A  U and U is semi open in  i   

vii) (i, j) - wg - closed [12]  if  j - cl[j int (A)]  U 

whenever A  U and U  i  

viii) (i, j) - rg - closed [3]  if  j - cl(A) U whenever 

A  U and U  is regular open in i  

ix) (i, j) - gpr -closed  [13] if  j - pcl(A)  U 

whenever A  U and U is regular open in  i  

x) (i, j) - g s- closed [10]  if j - scl(A)  U 

whenever A  U and U   i  

xi) (i, j) - g *- closed  [28] if j - cl(A)  U 

whenever A  U and U  is i-g-open 

xii) (i, j) - g *p- closed  [31] if j - pcl(A)  U 

whenever A  U and U  is i-g-open 

 

3. (i,j) - RW CLOSED SETS IN 

BITOPOLOGICAL SPACES 

In this section, we have introduced a new class of closed sets 
in bitopological spaces. 

 

Definition 3.1: A subset A of a bitopological space (X, 1, 2)  

is called (i, j) - rw closed if  j - cl(A)  U, whenever A  U  

and U is regular semiopen in  i.  

 

Theorem 3.2: Every j - closed set in (X, i, j)  is  

 (i, j) - rw closed but not conversely. 

Proof: Assume that A is j - closed, A  U and U is regular 

semiopen in i. Since A is  j - closed,  

cl(A) = A. Therefore j - cl(A)  U. Hence  A is  (i, j) - rw 

closed. 
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Remark 3.3: The converse of the above theorem need not be 
true as seen from the following example. 
 
Example 3.4 : Let X = { a, b, c, d} be a bitopological space 

with topologies 1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = 

{X, , {a}, {b}, {a,b}}. Then the set {a, b} is (1, 2) - rw 

closed but not 2 - closed. 

 

Theorem 3.5: Every (i, j) - w closed  set in (X, i, j)   is  (i, j) 

- rw closed  but not conversely. 

Proof:  Assume that A is (i, j) - w closed  , A  U and  U is 

regular semiopen in i. 

Since every i - regular semiopen is i - semiopen , U is 

regular semiopen in i.  

Hence A is (i, j) - rw closed. 
 

Remark 3.6: The converse of the above theorem need not be 
true as seen from the following example. 
 
Example 3.7 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and  

2 = {X, , {a}, {b}, {a,b}}. Then the set {a,b} is  

 (1, 2) - rw closed but not (1, 2) - w closed. 
 

Theorem 3.8: Every  (i, j) - rw closed set in  (X, i, j)  is (i, j) 

- regular generalized closed but not conversely. 

Proof: Assume that A is (i, j) - rw closed , A  U and  U is 

regular open in i. 

Since every i - regular open is i - regular semiopen , U is 

regular semiopen in i . 

Hence A is (i, j) - regular generalized closed. 
 
Remark 3.9: The converse of the above theorem need not be 
true as seen from the following example. 

 
Example 3.10 : Let X = { a, b, c, d} be a bitopological space 

with topologies 1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = 

{X, , {a}, {b}, {a,b}}. Then the set {c} is  (1, 2) - rg closed 

but not  (1, 2) - w closed. 
 
Theorem 3.11: Every (i, j) - regular closed set in  

(X, i, j)  is (i, j) - rw closed but not conversely. 

Proof: The proof follows fromTheorem 3.2 
 
Remark 3.12: The converse of the above theorem need not be 
true as seen from the following example. 
 

Example 3.13 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a, b}, {b}, {a,b,c}} and  

2 = {X, , {a}, {b}, {a,b}}. Then the set {a,b} is  

 (1, 2) - rw closed but not (1, 2) - regular closed. 
 
 Theorem 3.14: Every  (i, j) - rw closed set in  

 (X, i, j)   is  (i, j) - gpr closed  but not conversely. 

Proof: Assume that A is (i, j) - rw closed , A  U and  U is 

regular open in i. 

Since every i - regular open is i - regular semiopen and (i, j) - 

rw closed,  

(i, j ) - pcl(A)   j - cl(A)  U . Therefore (i, j ) - pcl(A)   

U. Hence A is 
(i, j) - gpr closed. 
 

Remark 3.15: The converse of the above theorem need not be 
true as seen from the following example. 
 
Example 3.16 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a, b}, {b}, {a,b,c}} and 2 = {X, , {c}, {b}, 

{c,b}}. Then the set {a} is  
(1, 2) - gpr closed but not  (1,2) - rw closed. 
  
Remark 3.17: The following example shows that (1, 2) - rw 
closed set is independent of (1, 2) - g*- closed set. 
 
Example 3.18 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 
{a,b}}. Then the set {d} is  

(1, 2) - g*- closed  but not  (1, 2) - rw closed and {a,b} is  (1, 
2) - rw closed but not  
(1, 2) - g*- closed. 
 
Remark 3.19: The following example shows that (1, 2) - rw 
closed set is independent of (1, 2) - g - closed set. 
 
Example 3.20 : Let X = { a, b, c, d} be a bitopological space 

with topologies  

1 = {X,  , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) - g -closed but not (1, 2) - rw closed and {a, b} is  (1, 2) 
- rw closed but not  
(1, 2) - g - closed. 
 
Remark 3.21: The following example shows that  
(1, 2) - rw closed set is independent of (1, 2) - wg - closed set. 
 

Example 3.22 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) - wg - closed  but not  (1, 2) - rw closed and  
{a, b} is  (1, 2) - rw closed but not  
(1, 2) - wg - closed. 
 
Remark 3.23: The following example shows that 
 (1, 2) - rw closed set is independent of (1, 2) - semiclosed set. 

 
Example 3.24 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) - semiclosed but not (1, 2) - rw closed and {a, b} is  (1, 
2) - rw closed but not  
(1, 2) - semiclosed. 
 

Remark 3.25: The following example shows that 

 (1, 2) - rw closed set is independent of (1, 2) -  closed set. 

 
Example 3.26 : Let X = { a, b, c, d} be a bitopological space 
with topologies 

 1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}.  

Then the set {d} is (1, 2) -  closed but not (1, 2) - rw closed 

and {a, b} is  (1, 2) - rw closed but not (1, 2) -  closed. 

 
Remark 3.27: The following example shows that  

(1, 2) - rw closed set is independent of (1, 2) - g closed set. 
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Example 3.28 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}.  

Then the set {d} is (1, 2) - g closed  but not  (1, 2) - rw 

closed and {a, b} is  (1, 2) - rw closed but not   

(1, 2) - g closed. 

 
Remark 3.29: The following example shows that 

 (1, 2) - rw closed set is independent of (1, 2) - g closed set. 
 

Example 3.30 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  

(1, 2) - g closed  but not  (1, 2) - rw closed and {a, b} is  (1, 

2) - rw closed but not  

(1, 2) - g closed. 

 
Remark 3.31: The following example shows that 
 (1, 2) - rw closed set is independent of (1, 2) - sg closed set. 
 
Example 3.32 : Let X = { a, b, c, d} be a bitopological space 

with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) -  sg closed  but not  (1, 2) - rw closed and {a, b} is  (1, 
2) - rw closed but not (1, 2) - sg closed. 
 
Remark 3.33: The following example shows that 
 (1, 2) - rw closed set is independent of (1, 2) - gs closed set. 
 
Example 3.34 : Let X = { a, b, c, d} be a bitopological space 

with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) - gs closed  but not  (1, 2) - rw closed and {a, b} is  (1, 
2) - rw closed but not  
(1, 2) - gs closed. 
 
Remark 3.35: The following example shows that  
(1, 2) - rw closed set is independent of (1, 2) - gsp closed set. 
 

Example 3.36 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) -  gsp closed  but not  (1, 2) - rw closed and {a, b} is  (1, 
2) - rw closed but not  
(1, 2) - gsp closed. 

 
Remark 3.37: The following example shows that 

 (1, 2) - rw closed set is independent of (1, 2) -  closed set. 
 

Example 3.38 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  

(1, 2) -  closed but not (1, 2) - rw closed and {a, b} is  (1, 2) - 

rw closed but not  

(1, 2) -  closed. 

 
Remark 3.39: The following example shows that 

 (1, 2) - rw closed set is independent of (1, 2) - preclosed set. 
 
Example 3.40 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) -  preclosed   but not  (1, 2) - rw closed and  
{a, b} is  (1, 2) - rw closed but not  
(1, 2) - preclosed. 
 

Remark 3.41: The following example shows that 
 (1, 2) - rw closed set is independent of (1, 2) - gp closed set. 
 
Example 3.42 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1={X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) - gp closed  but not  (1, 2) - rw closed and {a, b} is  (1, 
2) - rw closed but not  
(1, 2) - gp closed. 

 
Remark 3.43: The following example shows that  
(1, 2) - rw closed set is independent of (1, 2) - swg closed set. 
 
Example 3.44 : Let X = { a, b, c, d} be a bitopological space 
with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. Then the set {d} is  
(1, 2) -  swg closed  but not  (1, 2) - rw closed and  

{a, b} is  (1, 2) - rw closed but not  
(1, 2) -  swg closed. 
 
Remark 3.45: The following example shows that 
 (1, 2) - rw closed set is independent of (1, 2) -  mildly  g- 
closed set. 
 
Example 3.46 : Let X = { a, b, c, d} be a bitopological space 

with topologies  

1 = {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, { b}, 

{a, b}}. Then the set {d} is  
(1, 2) - mildly   g- closed  but not  (1, 2) - rw closed and {a, b} 
is  (1, 2) - rw closed but not  (1, 2) - mildly g- closed. 
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Fig 1:  (i,j)-regular –closed 

 
Theorem 3.48: In a bitopological space (X, 1, 2)   let A and 

B are (i, j) - rw closed 

set then A  B is  (i , j) - rw closed. 

Proof: Assume that A and B are (i , j) - rw closed set in (X, 1, 

2). Let U be a regular semiopen in i such that A  B  U. 

Then A  U and B  U. Since A and B are  

(i, j) -  rw closed, j - cl(A)  U and j - cl(B)  U. Hence j - 

cl(A B)  j - cl(A)   

j - cl(B)  U. Therefore j - cl(A B)  U. Hence A  B is 

(i, j) - rw closed. 
 
Remark 3.49: The following example shows that the 
intersection of two  

(i, j) - rw closed sets in (X, 1, 2 ) is generally not an (i, j) - rw 

closed set. 
 

Example 3.50 :  Let X = { a, b, c, d} be a bitopological space 
with topologies  

1= {X, , {a}, {a,b}, {b}, {a,b,c}} and 2 = {X, , {a}, {b}, 

{a,b}}. If A = {a, b} and 

 B = {a, c, d} then A and B are (1, 2) - rw closed set in (X, 1, 

2 ) but A  B = {a} is not an (1, 2) - rw closed set in (X, 1, 

2 ). 

 

Theorem 3.51 : If a subset A of  (X, 1, 2 ) is  (i , j) - rw 

closed set, then  j - cl(A) –A  does not contain any non-empty 

regular semiopen set in i . 
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Proof: Suppose that A is (i , j) - rw closed. Let U be a regular 

semiopen in i such that   

j - cl(A) –A   U and U  . Now U   j - cl(A) –A , U  X 

– A,X – U  A which implies A    X – U. Since U is regular 

semiopen in i , X – U is also regular semiopen in i. By j - 

cl(A)  X – U, U  X – j - cl(A) and  U  j - cl(A). 

Therefore  

U   j - cl(A)  (X – j - cl(A)) =  . Which implies U =  

which is a contradiction. Hence j - cl (A) – A   does not 

contain any non-empty regular semiopen set in i. 

 
Remark 3.52: The converse of the above theorem need not be 
true  as seen from the following example. 
 

Example 3.53: If j - cl (A) –A   contains no non-empty 

regular semiopen subset in  

(X, 1, 2) . Then A need not be (1, 2) - rw closed. Consider X 

= { a, b, c, d} be a bitopological space with topologies 1={X, 

, {a}, {a,b}, {b}, {a,b,c}} and 2 = {X,  ,  {a}, {b}, {a,b}}. 

Let A = {c}. Then j - cl (A) –A   = {c, d} = {d} does not 

contain any non-empty regular semiopen set but A is not an 
(1, 2) - rw closed. 
 

Theorem 3.54: For an element x  X the set X – {x} is (i, j) - 

rw closed or regular semiopen in i. 

Proof: Suppose X – {x} is not regular semiopen in i, then X 

is the only regular semi open containing X – {x} which 

implies j - cl [X – {x}]    j - cl (x) = X. Therefore  

j - cl [X – {x}]    X. Thus X – {x} is (i, j) - rw closed. 

 

Theorem 3.55: If A is an (i, j) - rw closed subset of (X, 1, 2) 

such that  

A  B  j - cl (A), then B is a   (i, j) - rw closed set in (X, 1, 

2) . 

 Proof: Let A be a (i, j) - rw closed set of X such that A  B 

 j - cl (A). Let B  U and U is regular semiopen in i. Then   

A  U. Since A is (i, j) - rw closed,  j - cl (A)  U. Now j - 

cl (B)    j - cl [j - cl (A)]   = j - cl (A)  U. Therefore  j - cl 

(B)   U. Hence B is (i, j) - rw closed. 

 
Remark 3.56: The converse of the above theorem need not be 
true  as seen from the following example. 
 

Example 3.57 : Consider X = { a, b, c, d} be a bitopological 

space with topologies 1={X, , {a}, {a,b}, {b}, {a,b,c}} and  

2 = {X, , {a}, {b}, {a,b}}. Let A = {c, d} and B = {a, c, d}. 

Then A and B are  

(1, 2) - rw closed but A  B  j - cl (A). 

 

Theorem 3.58: Let A be (i, j) - rw closed. Then A is j - 

closed if and only  j - cl (A) –A    is i - regular semiopen. 

Proof: Suppose A is  j-closed, then  j -cl (A) = A and  j - cl 

(A) –A =   which is  i - Regular semiopen. 
 

Converse: Suppose j - cl (A) –A is i - regular semiopen. 

Since A is  (i, j) - rw closed  by previous theorem,  j - cl (A) –

A  does not contain any non-empty i - regular semiopen set. 

Then j - cl (A) – A =   which implies j - cl (A) = A. Hence 

A is j - closed. 

 

Theorem 3.59: If A is j - regular open and (i, j) - rg closed, 

then A is (i, j) - rw closed. 

Proof: Let U be any i - regular semiopen such that A  U. 

Since A is j - regular open and (i, j) - rg closed we have j - cl 

(A)  A. Then j - cl (A)  A  U. Hence  j - cl (A)  U. 

Thus A is (i, j) - rw closed. 
 
Theorem 3.60: If a subset A of a bitopological space is both 

i - regular semi open and  

(i, j) - rw closed, then it is j - closed. 

Proof: Now A  A. Then j - cl (A)  A, A  j - cl (A). 

Therefore j - cl (A) = A.  

Hence A is j - closed. 

 

Theorem 3.61: Let A be i - regular semiopen   and 

 (i, j) - rw closed in (X, 1, 2). Suppose that F is j - closed in 

(X, 1, 2), then A  F is an  (i, j) - rw closed set in (X, 1, 2). 

Proof: Let A be i - regular semiopen   and (i, j) - rw closed in 

(X, 1, 2) and F be  

j - closed. By previous theorem, A is j - closed. So A  F is 

j -closed and hence A  F is an (i, j) - rw closed set in (X, 1, 

2). 

 

Theorem 3.62: If A is both j - open and (i, j) - g- closed, then 

it is (i, j) - rw closed. 

Proof: Let A be a j - open and (i, j) - g- closed. Let A  U 

and U is i - regular semiopen. By hypothesis j - cl (A)  A 

(ie) j - cl (A)  U. Thus A is (i, j) - rw closed. 

 

Remark 3.63: If A is both j - open and (i, j) - rw closed in 

(X, 1, 2), then A need not be  

(i, j)- g- closed in general as seen from the following example. 
 
Example  3.64 : Consider X = { a, b, c, d} be a bitopological 

space with topologies 1={X, , {a}, {a,b}, {b}, {a,b,c}} and  

2 = {X, , {a}, {b}, {a,b}}. In this bitopological space the 

subset {a, b} is j - open and (i, j) - rw closed, but not (i, j) - g- 

closed. 
 
Theorem 3.65: If a subset A of a bitopological space is both 

i - open and (i, j) - wg closed, then it is  (i, j) - rw closed. 

Proof: Suppose a subset A of X is both i - open and (i, j) - wg 

closed. Let A  U with U is i - regular semiopen in X. Now  

A  i  cl[int(A)]  = A as A is  i - open. That is j - cl (A)  A 

 U. Thus A is an (i, j) - rw closed set in X. 
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