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ABSTRACT

Similarity of fuzzy pushdown automata in the sense of
transition and output is algebraically embodied by their
homomorphism as well as covering. This vary issue is studied
in this paper. The ways of obtaining new fuzzy pushdown
automata by means of their product is also introduced.
Furthermore, we prove that product, homomorphism and
covering of fuzzy pushdown automata are internally related.
Several algebraic results of homomorphism and covering are
also discussed in this paper.
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1. INTRODUCTION

Among various generalizations of an automaton, fuzzy
automaton was the most widely used generalization
introduced by Wee [13], while establishing model of learning
system. Since then it has been used in many applications [1, 7,
10, 11, 12]. Many classes of fuzzy automata were introduced
and studied in [8], few well known, are Automata with
weights, L-semi-group automata, Lattice automata, Boolean
automata, Semiring automata and Field automata etc.
Reduction/minimization of fuzzy automaton was one the
important issue in [3, 9], several methods and algorithms of
reduction were proposed [3, 9]. Homomorphism and covering
are two algebraic notions related to reduction of automata [4,
5]. Isomorphism gives an equivalent copy of the fuzzy
automaton, while covering gives a copy of a fuzzy automaton
having fewer states and equally powerful in computing. The
problem of reduction of states, in terms of homomorphism
and covering, for a fuzzy finite state machines was completely
resolved in [6, 7], while for finite automata, in terms of
congruences and homomorphism was discussed in [9]. A
class, pushdown automata, of automata was generalized to
fuzzy pushdown automata by Bucurescu and Pascu [2] and
Xing [14]. Xing introduced non-deterministic fuzzy
pushdown automata (NFPA) and found that the class of
NFPA languages and fuzzy context-free K-grammar
languages are equivalent, while Bucurescu and Pascu found
that fuzzy pushdown automata accept context sensitive
languages by setting a threshold and B-fuzzy automata accept
context-free languages.

Closure properties of fuzzy languages accepted by fuzzy
automata were discussed by many researchers [7]. We find
following a three step mechanism in them:

Step 1: Given: Acceptance of fuzzy languages by fuzzy
automaton

Step 2: Construction: Formation of a desired fuzzy
automaton

Step 3: Verification: Conclusion Closure property
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For the better understanding take the example of a closure
property under algebraic union. Step 1: Two fuzzy automata
M; and M, accepting languages L; and L, are given Step 2:
One construct a desired fuzzy automaton M with the help of
M; and M, Step 3: verification of language of M is L; U L,.
One can see that the step 2 (construction) is very important
part in the above mechanism for any kind of a closure
property. In fact it is the motivating point of defining various
products of fuzzy automata. In this paper we take this issue
relating to fuzzy pushdown automata, however, in this paper
we confine ourselves to step 2 of above mechanism only and
postpone the closure properties till the next paper.

The distinctive feature of this work are (i) to construct new
fuzzy pushdown automaton from given fuzzy pushdown
automata (ii) to discuss decompositions of fuzzy pushdown
automaton and (iii) to establish basic foundation for
discussing closure properties of fuzzy pushdown automaton
languages.

In comparison to existing research on fuzzy automata we have
established various algebraic properties such associativity,
commutativity, distributivity and certain sort of exchange
property of products of fuzzy pushdown automata namely
restricted, direct, cascade, cartesian, direct sum and sum.

In section 2 we defined six different products of fuzzy
pushdown automata and discuss their interrelations. We use
the definition of fuzzy pushdown automata [2] and introduced
covering between them. We believe that the notions of
covering and homomorphism of fuzzy pushdown automata
along with the properties of products will somewhat simplify
the construction part for more complex closure properties; this
motivates us to introduce covering and homomorphism of
fuzzy pushdown automata in section 3. We also establish
interrelationship between covering and homomorphism of
fuzzy pushdown automata in this section.

2. PRODUCTS OF FUZZY PUSHDOWN
AUTOMATA

Recall that any non-empty finite set is called the alphabet. A
finite sequence of letters is called a string or word. For

simplicity a string {a;}{_; of alphabets is written as a,a,---a, .
The set 3" denotes the set of all strings over the alphabet 2 .
We shall denote " = >* U {A}, where A is the empty string
ie. string without alphabet letters. The set
As ={(c,0)|ceX} is called the diagonal of ¥ . we
know that an automaton is a mathematical model of any real

life system with finite number of stages/states, those

changes by the action of inputs. A pushdown
automaton is an extension of an automaton having stack /
pushdown symbols in the sense that its adds a memory for an
automaton [5]. Fuzzy automaton [7] is an extension of an
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automaton where the transitions are fuzzy rather than crisp.
Therefore, naturally fuzzy pushdown automaton is an
extension of fuzzy automaton. Mathematically it is given as:

Definition 2.1 [2] A fuzzy pushdown automaton is a 7- tuple
M =(Q,2.T,u,H,I,F), where Q is a finite non-empty set
of states, 2. is a finite non-empty set of inputs, " is a finite
non-empty set of pushdown symbols,
1Qx(CU{AN)xTxQxI'*—[0, 1], is a fuzzy transition
function, 1:Q — [0, 1], called a set of initial fuzzy states,
H:T —[0, 1], called a set of pushdown fuzzy symbols
and F :Q — [0, 1] called a set of final fuzzy states.

AnFPA M =(Q,2,T', 1, H,1,F) is called concentrated at T,
if u isrestrictedto Qx (U {A}P)xI'xQxT .

To elaborate the second step of the mechanism mentioned in

the introduction, we begin to define various products of fuzzy
pushdown automata.

Definition 2.2 Let M, = (Q, X T\, H,I,F) i = 1,2 be two
fuzzy pushdown automata. Then the restricted direct product
of M;andM, is a fuzzy pushdown automaton

M, AM, =(Q xQ, 2T, t4 A, H, 1 AL, F AF,) where
Hn iy (QXQ)X AN T x(QxQ)xT*—[0, 1]

is defined as: 4 A 14, ((0,0,),0,2,(Py, P,). @) =

4(4,0,2, P @) A p5(65,0,2, @), Y Gy, P, €Q,

vV Q,p,eQ, 00X, Zel',ael™*,
I, Al,:(Q,xQ,) — [0, 1] is defined as

1 A 1,(0,0,) = L(@) A 1(4). Y (@,6,) €Q xQ, and
F AR, (Q,xQ,) — [0, 1] is defined as

FEAR(R ) =R ARM), ¥ (p,p,)eQ xQ,

Definition 2.3  Let M =(Q,>.T,,1, H, I, ), i=1,20be
two fuzzy pushdown automata. Then the full direct product of
M, ,and M, is a fuzzy pushdown automaton
M, x My = (@ X Qy, 22y X220, Ty X Ty gty X iy, Hy x H,,

I, x I,, F, x F,) where

% gy 2 (Qrx Q) x (X, AAY) % (Z, AAY) )

(T, xT,)x(Q,xQ,)x (T,"xT,") > [0, 1]is  defined as
1 4((@,9). (03,0,). (2,20, (P Po). (,2)

= (001,21, P ) A 15(02:041 25, Py 1)

yHyxH, (I';xT,) > [0, 1] is defined as
H1>< Hz(Zl,Zz) = H1(Z1) A Hz(zz)v
I, x1,:Q xQ, —[0,1] is defined as I, x1,(q;,q,) =

I,(a,) A 1,(q;) and Fy x F, :Q, xQ, — [0,1]
R(p) AF(p,) YV (41,0,),(p,,) € (@) X @),

(0y,00) € 2 x200,(7,2) € Ty xTy,.(ay,0) € T} x T3
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Remark 2.4 Definition 2.3 reduces to Definition 2.2, if
2 =2,=2,=r,=I and g xu, and HxH are
restricted to
(leQz)x(Azu{A})xAr><(Q1><Q2)><(Ar,)and (A)

respectively. The symbol A, demotes the set {(a,a):a < A}

Definition 2.5 Let M =(Q,>.T,, 1, H,I,F), i = 1, 2 be two
fuzzy pushdown automata. Let
W, 1Q,x (X, AN > X, , w,:Q,xI", > T, be mappings.
Then the concentrated fuzzy pushdown automaton
MWM, =(Q,x Q. 2, Ty, thWety, Hy I x 1, F x F,) at Ty s
called the cascade product of M, and M,
wherew = (w,,w,) and V q;,p,€Q;, V0, p,eQ,,
0,€2, 2,,2,€T,, wehave

W, 1(Q x Q) x (X, AR X T, x (Q x Q) =T, —[0, 1 is
defined as: Mwﬂz((%qu)vo'zvzzv(pv pz)vzé) =

/ul(qlvwa(qzao-z)vwz (qzv 22)1 p1sz (qzv Z;)) /\/Uz(qzvo-zv 221 p21 Z;),
I, x1,:Q,xQ, —[0,1] is defined as
I, x 1,(0,0,) = 1,(q) A () and K x F, 1 Q xQ, —[0,1]

is defined as Fl X Fz(plv pz) = F1(p1) A Fz(pz) :

Definition 2.6 Let M, = (Q,,%,,T,, p, H, I, E), i =12

P
be two fuzzy pushdown automata such that
>.n2,= and I, "T, = . Then the cartesian product

of M, andM, is fuzzy pushdown automaton
M oM, =@QxQ, 2\ 2, UL, z4eu,H oH, 1 o1, FeF), where

a0 1t (Qx Q) x (X W2, AAR x (I UT,) x (Q x Q,) x
r,* uI',*>[0, 1] is defined as:

J/U](UH,KT,Z, pa), ifoed, zelaell,q,=p,
/ewz((ﬂmﬂa)yc‘z,(mP;)ya):l/a(%,a,z,m,a), if oY, ze,ael, g =p

0, Otherwise

and define

H,(2), ifzeT,
H,(z), ifzeT,,
I,x1,:QxQ, —[01]isdefined as 1, x1,(q,q,) = 1,(q;) A 1,(q,)

and F, xF, :Q,xQ, —>[0,1] . is defined as

FxF(p, p,) = F(p) A F(p,)

H,eH,:T,UT, - [0, 1] byHlon(z):{

Definition 2.7 Let M, =(Q,X,. T, u, H, I, F), i=1,2
be two fuzzy pushdown automata such that
QNQ,=¢, 2n>,=¢and I, "I, =¢. Then the direct
sum of M, and M, is a fuzzy pushdown automaton

M, &M, =(QuQ, 2, U, IhuTl,,

1O, H ®H, L @1, FOF,), where
1 ® 1, 1 (Q U Q) x (X, WX, AAY) %
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(Mol x(QuQ,)x I *u I,*—> |0, 1]

is defined as :
w(a,0,2,p,a), ifq,peQ,o0eX,zel,ael’;
1,(9,0,2,p,a), ifg,peQ,oeX, zel,acl’,
4 ® u(0.0.2,p,2) = 4 if (0.0,2) € Q x X, %I, (p.ar) € Q, x T,
or (0,0,2) €Q, xX,xI',,(p,a) e Q xI",
0, Otherwise

H,(2), ifzel,

H ®&H,:ILul, -0, 1] isdefinedbyHl@Hz(z):{H (). ifzer
2\2)s ely,

1,®1,:Q uQ, —» [0,1] is defined as :

1L(@), 9eQ

he IZ(q):{lz(q), qeQ,

and F,®F,:Q, uQ, > [0,1] is defined as :

F(p), peQ

RO :{Fz(p), peQ,

Definition 2.8 Let M, =(Q.X,L},p,H,I,F), i =12 be
two fuzzy pushdown

automata such that
QNQ,=¢, 2.n>,=¢and I, T, =¢. Then the sum of

M, and M,, is a fuzzy pushdown automaton
M, +M,=(QuUQ,,>uX, T, ul,, i+, H +H,,
I, +1,, F+F,), where

o+ 1 (Qu Q) x (X, W, AAR) x (T, UT,) x (Q x Q,) x
I, U, =10, 1] is defined as :

w(q.0.2,p,a), ifq,peQ,oeX, zelael’

m+15,(9,0,2,0,a) =4 1,(9,0,2,p,@), ifq,peQ,oeX, zel,aecl’,

0, Otherwise

and define H, +H,:I", U, > [0, 1] by

Ho+H(2) = H,(z), ifzel,
VO HL(2), ifzel,

I, +1,:Q uQ, —[0,1] is defined as :

(@), geQ
Il+|2(q)_{lz(q), 4eQ,

and F,+F,:Q uQ, —[0,1] is defined as :

F(p).
F1+F2(p):{ (p), PeQ
F(p) peQ,
2. Remark 29 If Oty o s royry = P

SOy o ro.rpo then the Definition 2.7 and 2.8
coincides.
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3. COVERING AND HOMOMORPHISM
OF FUZZY PUSHDOWN AUTOMATA

In this section the notion of covering of FPA is introduced.
We have established relation between homomorphism of FPA
and covering, beside various properties of covering.

Definition 3.1 LetM, =(Q,>,I,p, H,1,F), i=1, 2 be

two fuzzy pushdown automata. Let 5:@Q, — @ be a
Py, — 2,and
6:I', — I, be functions. Then the triplet (n,v,6) is

surjective  partial ~ function,  let

called the covering from M, to M, ,
symbolically (n,,6) : M, — M,, if for all

ceXzeTl,ac Fl* and ¢,p belongs to domain of 7,
we have

F,(p) and Theo
)

rem 3.2 The covering relation is reflexive and transitive, but
not symmetric.

The inter relationship between products of fuzzy pushdown
automata enable us to ensure that

Theorem 3.3 Let M, =(Q.%;,, T, 4, H;,1,,F) be fuzzy
pushdown automata, i=1,2. Then
@ M, AM, <M xM,, when ¥ =3,=5,

I,=T,=Tand H, = H, = H

(bYM, +M, <M, &M, , when
and T, "I, =¢

QNQ, =4 LnX,=¢
Proof (a) Let n be the identity function and define
X — XXX by (o) = (0,0) and

6:T — I'xT by é(z) = (2,2) Then,
by A NZ(U(qquZ)rU! 2177( P1s p2)!a)

= fu % (0, %), (0,0),(2,2), (P1, P2). (0, @)

= pig X 12 (%, G2),9(0),6(2), (P, P2),6(c)),

Clearly, I, A I,(n(qy,a,)) = 1, A 15(a5,45)

= Iy(q) N (ay) = I X 1y(q1,05)

Similarly, F, A Fy(n(py,py)) = Fy X Fy(py,py)

and H(z) = H(2) A H(z) = H x H(z,2z) = H x H(§(z))He
nce, (n,y,8) isa covering.
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(b) Set n, and & as identity functions.

Case( i ) If q,peQ,oe2,,zel,ael;* , then
+ 1, (n(0),0,2,7(p).a) = 1 (d,0,2,p,@)

=1 ® 1,(9,¢(0),6(2), p,5(a)) ,
Hy + Hy(2) = H(2) = H & Hy(2) = H & H,(6(z))
Similarly, I + 12(77(‘117’]2)) =1, ® 12(1117‘12)

and Fy + F,(n(py,p,)) = F; © Fy(py,p,)

Case( ii ) If qpeQ, o€, zel,,ael,*, then
o+ 1, (1(@),0,2,7(p) @) = 1,(0, 0,2, p, @) =

4 ® 14, (0, (0),5(2), p.5(a))
Hy + Hy(z) = Hy(z) = H @ Hy(2) = H © Hy(6(2))

Similarly,

I) + I(n(g,,95)) = I, ® I,(q,,9,) and

E + E(ppy)) = F © E(py,p,)

Case(iii ) If (9,0,2) eQ,xX,xI', and (p,) € Q,xI,* or
(0.0,2) €Q, x X, xT,, and (p.@) € Q x T, *,

then 4 + 44,(17(9),0,2,7(p),@)=0<1
=1 ® 14,(9,(0),0(2), p,5())

In all other cases 4 + u,(7(q),0,2,7(p), )
=0 =4, ® 1,(9,p(0),6(2), p,6(a)) ,

Theorem 3.4 Let M,=(Q,2;, I, 4. H;.1;,F) be fuzzy
pushdown automata, i =1,2,
QNQ,=¢, X nY,=¢and I, "T,=¢. Then

(@. M, <M, ®M, (b) M, <M, ®M,

(€. M <M, +M, (d). M,<M,+M,

Proof We discuss (a) only. Let : Q UQ, — @, be a partial
surjective mapping defined by
n(g) = ¢, ¥ q € Q,. Consider ¢ : 3, — ¥, UY,

and 6 :I} — I', U T, as the inclusion mappings. Clearly ,
(7,w,6) is a covering.

Theorem 35 Let M, =(Q,>,.I;,1, H,I,F) be a fuzzy
pushdown automata, ¢ = 1,2,3 such that M, <M, . Then

a M AM, < MyAMy; b.MyAM <M, AM,, Iif
==y =L, =I; and H, = H, = H,
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C. My x My < Myx M, d. Myx M, <M, x M,

e. lel M, < Msz M, 1. M3w1 M, gMSwQMZ, if w?

is determined by ' in a natural way.

g M oM, <My,®M, hM,e& M, <M, M,,
IfQinQ,=¢, T,nX;=¢ and I, nT =4
fori,j=12,3

i M+ My <M, +M, j M +M <M+ M,
IfQi""Qj:¢x ziﬁzj:¢
and T, NIy =g fori,j=123

Proof Let n:Q, — @ and
vy, =, , 6:T, — T, be  such  that
(@), 0, 2,m(p), @) < 412(01,9(0),6(2), P,6())

Ii(n(q)) < I,(q),

Fi(n(p)) < Fy(p) andH,(2) < H,(6(2))

() Define n': @, x Q; — Q, x @, by .

1'(d9:q5) = (1(g,),q;) . Consider 1,6 as identity
functionson X, T respectively.

(b) Similar to (a)

() Define n' : Q, x Q3 — Q, x @5,
by 1'(g5:45) = (1(42)43)

PR Xy — Xy x2y by ¥(0y,04) = (¥(0)),04)
and 6", xT'y — Iy xTD,

by §'(z),23) = (8(2),2,)-

One can verify easily that

y X g (n'(ay,45),(0y,04),
(Z17Z3)7n,(p2ap3)7(04170‘3))
< Moy X Mg((q27q3)7¢'(01703)7

6/(21723)7(172?]93)76/((117‘13))
and I, x 13(7],(‘127%)) < Iy x 14(4y,43);

Fy X Fy(n(py,p3)) = Fy X Fy(py, p3)
and H, x Hy(z,2,) < Hy x Hy(6'(2,25))

Hence, (',w',6") is a required covering.

(d) Define ' : Q, x Q, — @, x Q, ,
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by 7'(g3,05) = (a3,1(a,))
P 123 le — 23 XZZ by 7/)/(0—3:0'1) =
(04,9(0y)) and 6T, xT, — T, xT,
by 5,('23721) = (23,5(21)).

Then (77',y',8") is a covering
(e) For given w! = (w'_,w?,),

where w! i Qyx ¥, — ¥, wh, :QyxTy; —> T, we denote
22 2

we = (w oW z)r

where w?_ :Q;x Xy = Xy, W, :Qyx '3 — T, such that

wowt=w 2 and Sow,!=w,?

Define  #':Q,xQ; — Q % Q; by 1'(a5,0;) = (0(a,),a5)

and take ¢,8" as identity functions on X,, T, respectively.

Then
lﬁwlﬂg(n/(%? Q3)7037 ngn/(p27 p3)/’z{/§) =
1w 15 (104,435 5, 25, (1(D,) , P3)  25)

= 1,(1(gp), 0, (45, 03), w"(a3,2),

1(py), 0", (45,2)) A 113(05, 05,24, 93, 23)

< 1y (4s (W' (45, 03)), 8(w' (45 23)) s oy 6w (d3,25)))
Nty (83,05, 23, Py, 23)

= 11y (ay, 0% (a5,05), 0% (a5, 25), Py, w? (a5, 25))
A/‘3(‘137(’svzsvpfsvz;)

= 1wty ((dy,43), 05,255 (Pys P3), 25)

= 1wty ((d5,45),9"(04),6'(25),(py: p5),6'(25)),
Clearly, I, A I,(n'(qy,q5)) = I, A I;(n(ay),q5)
= I,(n(a,)) N I(q, )

< L(gy) A I(qy) = I15(qq,93) and

Fy A Fy(n'(py,p3)) = F A Fy(py. p3)

Hence, (',w',8") isarequired covering.

(H  Given  w=(w',,w,), wherew!, :Q xY; -,
w!, : Q xT'; - I'; define functions

w2 :Q,xY, » Y, andw?,:Q, xT, » T, as
w', (17(a,).07) = W2, (0. v (04)) and
W, (17(0p), 2,) = WP, (0, 5(,)) Denote w? = (W2, w?,).

Since 7 is a surjective function, y,5 are functions and >,T’
are finite, such w? exists, but not unique.

Clearly 7' Qy x Q, — @ xQ, defined by

n'(g5,95) = (g5,m(q,)) defines a required covering (17',y,5) .
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(9) Define
. oo _jn@), ifgeQ,
7":QuQ; > Q uQ; by 7'(q) —{ 0. otherwise and

YL Uy > XU and 6T Ul > T, Ul

v(o), if oe2;

respectively as  y'(o) = .
o,  otherwise

5) :{5(2), if zeT,

z, otherwise

forq,peQ,oey, zelyacl’,

orq,peQyoey; zelaecl’;, wehave
4 ® w(17'(a),0,2,7'(p). @)
<u, ® ﬂS(qlw'(U)vé‘,(z)v Pﬁ'(a))

If (0,0,2) eQ xTyxIy , (p.r) € Qg x Ty

or(g,0,2) € Qyx2sxly, (p,a)tefoand
(0,0,2) € Q; x 2 %I, , (p,) eQ3><1"3*

or (09,0,2) e Q3 x23xIy , (p, @) € Q, x 1"2*, then
1 ® w(17'(a),0,2,7'(p).a) =1

=, @ 13(0,y'(0),6'(2), p, 5" ().

In all other remaining cases we have equality follows directly
by the definition.

Clearly, 1, ® 1,(7/(@)) < 1, ®1,(a) ,
F.®F,(7(p)< F,®F,(p) and
Hy @ Hy(2) < H, © Hy(5(2)) = H, @ Hy(5'(2))

One can prove (h), (i) and (j) similar to (g).

We now define homomorphism of fuzzy pushdown automata
and find its relation with the covering.

Definition 3.6 LetM; = (@, 2, L', p, H,, I F,), i=12

be two fuzzy pushdown automata. Let
6, :Q — @y, 6, : 2 — 2, and 0, : T — Ty be
functions. Then the triplet (6,,6,,6,) is called a fuzzy

pushdown automaton homomorphism from M, to M,
symbolically (6,,6,,6,) : M, — M, , if  for all

X
p €@ oer,zel,ael,

) my(0,0,2,p,0) < 115(6,(0),65(0),65(2),6,(p), 65(cr))
ii) 11((]) < 12(51(‘1))

iii) F(p) < Fy(a(p)) and

w) Hy(z) < H,(65(2))

The

o~ o~ o~ —

homomorphism  (6,,6,,6,) is called monomorphism

(epimorphism, isomorphism), if the functions ¢,,6, and &,
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are injective (surjective, bijective respectively). In the case of
an isomorphism, we shall write M, ~ M,

If equality holds simultaneously in all the conditions of the
above definition, then (6,,6,,6,) is termed as a strong
homomorphism.

Theorem 3.7 Let M, = (Q,,>,,T,,p, H,, 1., F,), =12

be two fuzzy pushdown automata. If (o, 8,7) : M, — M, is

a homomorphism with ¢ injective, then M, < M, .

Proof Denoten = o ,9p = § and § = . Then (n,,6) is
the required covering.

The above theorem lead to
Corollary 3.8 Isomorphic fuzzy pushdown automata covers
each other.

Theorem 3.9 Let M, = (Q,,X,, T, u;, H,, I, F), i=12
be two fuzzy pushdown automata. If (o, 8,7) : M; — M, is
astrong epimorphism, then M, < M, .

Proof Since pand y are surjective,

for o, € 35,2, € Ty,a,€ T, there exists at least
oneo, € >,z € ',y € Fl* such that

B(oy) = 09,%(2) = 2, and ¥(qy) = a,. By axiom of
choice select one such o, € 3,2 € I'; and define functions

)3, =, by ¢(o,) =o,and 6: T, =T by &(z,) = 7.

Now, lettingn = a, one can easily checked that ((n, ¥, 6)

is the covering M, < M, .

We now state few more properties of isomorphism, those are
consequences of the definition only and hence we omit their
proofs.

Theorem 310 Let M, =(Q,X,.l,p,H,I,F)
i =1,2,3, be a fuzzy pushdown automata. Then following
are true whenever the products are defined

a. M, A(M, &) = (M, AM,) & (M, A M)
b. M, A, +My) 2= (VM AM) + (VA M)
. M, x (M, & M) = (M, x My) & (M, x M)
A, M, x (M + My) == (M, x M) + (M, x My)
g M, e(M, ®M,) = (M, eM,) ® (M, e M,)

h. M (M, +My) = (M, e M) +(M, e My)
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Further,

e. Mw(M, ®My) = (M, w' My) & (M, M,)

. Myw(M, +M;) = (M, M) + (M M),

1

where w! and w? are determined by w in a natural way.

Following theorem is exchange type of products in relation to
covering

Theorem 3.11 Let M, = (Q,,X,,Y,,6,,0,) be a fuzzy
pushdown automata, : = 1,2,3,4 . Then

a (M, A M) x (M, AM,) < (M, x My) A (M, x M,),
if 21222| 23:24;
r=r,Ir;=Tr,and Hy=H, H;=H,

1 2

Further, for given w' and w? one can naturally define w?

such that

b. (Mw'M,) x (Mw?M,) < (M, x My)w®(M, x M,)

)
)

(e}

- (M My) A (MawM,) < (M x My)w(M, x M,)
(MM, A (Maw®M,) < (M A My)w®(My A M,)

- (Mw'M,) e (Myw®M,) < (M, ® M;)w’(M, e M,),
if >,'s and I';'s are pair - wise disjoint.

Proof: We prove (b) and (e) only.

o

@

Proof: Let w! = (w!,,w',) and w? = (w?_,w?,).

(b) Define
W (Qyx Q) x (X,x%,) = Xy xY, and
WP, 1 (QyxQy) x (T xTy) > Ty xTy as

W30 ((9,,094),(03,04)) -

=(W, (o, 02 W oy 52), W, (G ). (22, 24))
= (le (42, 2,), sz (d4.24)

Clearly w® = (W®_,w?,),

n((91:03):(29,9,)) = ((41:05):(a3.9,)) and th, & as
identity functions on >, x>, T, xT',  respectively
determines a required covering.

(e)  Define W (Qx Q) x (X, UY,) - XU, and
W2, 1 (Qy x Q) x (T, UT,) > T, UT,

Respectively as

W_(qp,0), ifoel, and
W (q0), ifoel,

o

mFo((oa,m),a)—{

wW,(,2), ifzel,

W, (0, 0,), 2) =
(%), 2) {WZZ(%Z), itzer,

32



Denote w* = (W®_,w?,), Clearly
n((q,:493),(25,9,)) = ((4,,45),(g5,0,)) and 1, 6 as
identity functionson >, u »,, r, u , respectively,
determines a required covering.

4. CONCLUSION

Algebraic counterparts namely covering and homomorphism
of reduction and equivalent respectively of fuzzy pushdown
automata are discussed. Covering between various products of
fuzzy pushdown automata are established. It is expected that
the theory developed in this paper will be helpful in
establishing equivalence between the languages accepted by
fuzzy pushdown automata and fuzzy context-free languages.
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