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ABSTRACT                                                                                                                                            
Here I define a new labeling and a new graph called square 

difference labeling and the square difference graph. Let G be a 

(p, q) graph. G is said to be a square difference  graph if there 

exists  a bijection f: V(G) →{ 0,1, …., p-1} such that the 

induced function f* : E(G) → N given by f*(uv) =     | [f(u)]2 -  

[f(v)]2|  for every uv ∈  E(G) are all distinct. A graph which   

admits square difference labeling is called square difference 

graph. In this paper I discussed the square difference labeling 

is admitted for some graphs like cycles, complete graphs, 

cycle cactus, ladder, lattice grids, wheels, quadrilateral snakes, 

the graph G = K2  + m K1.  
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1. INTRODUCTION     
If the vertices of the graph are assigned values subject to 

certain conditions is known as graph labeling and have been 

motivated by their utility to various applied fields and their 

intrinsic mathematical interest. Graph labeling was first 

introduced in the mid sixties.  A dynamic survey on graph 

labeling is regularly updated by Gallian [4] and it is published 

by Electronic Journal of Combinatory. Vast amount of 

literature is available on different types of graph labeling and 

more than 1000 research papers have been published so far in 

past three decades.  

      The present work is aimed to discuss one such a labeling 

namely square difference labeling this labeling is defined by 

me. 

    The brief summary of definitions and other information 

which are necessary for the present investigation are given 

below.    Beginning with simple, finite, connected and 

undirected graph G =   (V (G), E (G)) with p vertices and q 

edges. For all other terminology and notations in graph theory 

I follow West [9]. 

The square sum labeling and square sum graphs are [1] are 

defined and discussed by V.Ajitha, S.Arumugam and 

K.A.Germina.They proved that the cycle, complete graph Kn, 

, the cycle cactus, ladder and complete lattice grids are square 

sum graphs.In a similar way L.Beineke and S.M.Hegde[2] 

proved that some graphs are strongly multiplicatively 

indexable. The square sum labeling for some middle and total 

graphs [6] is taken for references. 

Definition 1.1. A cactus is a connected graph in which 

any two simple cycles have at most one vertex in common. 

Equivalently, every edge in such a graph belongs to at most 

one simple cycle. Equivalently, every block (maximal sub 

graph without a cut-vertex) is an edge or a cycle.                                                              

2.MAINRESULTS                                         

Definition2.1: Let G = (V(G),E(G)) be a graph .G is said 

to be square difference labeling  if there exist a bijection f: 

V(G)→{0,1,2,….p-1} such that the induced function   f*:E(G) 

→ N given by 

          f*(u v) = |[f*(u)]2 - [f*(v)]2| 

 for every uv ∈  E(G) are all distinct. 

Definition2.2: Any graph which admits square 

difference labeling is called square difference graph. 

 

Fig 1: square difference labeling of k5 & k4 

Theorem 2.3: Let G = (V,E)  be a  (p,q)-   graph which is 

square difference graph with the square difference  labeling f. 

Then  𝑓 ∗ (𝑒)  can be represented as the difference of two 

squares.                                             Proof: Let G be a graph 

having f(u1) = a  , f(v1) = b  ,  f(u2) = c and   f(v2) = d. Then by 

the definition of square difference labeling f* (e1) = |[f(ui)]
2 - 

[f(vi)]
2| we have                     f* (e1) f

* (e2)  =|[f(u1)]
2 - [f(v1)]

2| 

|[f(ui)]
2 - [f(vi)]

2|= (a2 -  b2) . (c2 -  d2) = (ac + bd )2 - (ad+ bc )2 

. By induction on the number of edges the result follows. 

Theorem 2.4: The graph G = K2  + m K1 is a square 

difference graph.                                                                  

Proof: Let V(G) = { u1 , u2 , ….. um+2 } where V(K2) =       

http://en.wikipedia.org/wiki/Connected_graph
http://en.wikipedia.org/wiki/Cycle_%28graph%29
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{ u1 , u2 }. Let us define f: V(G) → {0, 1, …., m+1} by f(ui) = 

i -1 , 1 ≤   i≤ m+ 2 and the induced function f *: E(G) →  N 

defined by f *(u1 ui ) = (i – 1)2, 2 ≤  i≤ m+ 2 and f *(u2 uj ) = (j 

– 1)2 - 1 , 2 ≤ j ≤ m+ 2. All the values of are                       f * 

are distinct  and it is an injective function. Hence it follows f 

admits square difference labeling . Hence G is a square 

difference graph. 

 The following figure illustrates the theorem for m = 4. 

 

 

Fig.2: square difference labeling of k2 + 4 k1 

Theorem 2.5: The complete graph Kn is a square 

difference graph if and only if n ≤ 5                                      

Proof: Let V(G) = { 0 , 1 , ….. n-1} and let us define                   

f: V(G) → {0, 1, …., n-1} by f(ui) = i -1 , 1 ≤   i≤ n – 1 .and 

the induced function f *: E(G) →  N defined by f *(xy) = 

|[f*(x)]2 - [f*(y)]2| . For  n= 5 all the edges have distinct values. 

But when n = 6 we get 52 – 42 = 9 and 32 – 02 = 9. Similarly 

for n= 7, any two edge values are same . Hence the complete 

graph Kn for  n ≤ 5 admits square difference labeling. Hence  

kn  is a  square difference graph if and only if n ≤ 5 .                                                                   

Theorem 2.6: Cycles are Square difference graphs.          

Proof: Let Ck be a cycle of length k  and  let Ck  = ( u 1 u 2 , 

… uk  u1 ) Define f : V(Ck) → {0, 1, …  k – 1} as  f(ui) =  i – 

1, 1 ≤   i≤ k and the induced funcion f*: E(Ck) → N having 

distinct values and  is  also an increasing function on E(Ck)  . 

Thus for any edge  f*(ei) ≠ f*(ej), i ≠ j . Hence f admits a 

square difference labeling on Ck. Hence cycles are Square 

difference graphs.           

 

 

Fig.3: square difference labeling of C5  &  C6 

Theorem 2.7: Quadrilateral snakes are square difference 

graph.                                                         

    Proof:  Consider S4,n with vertices labeled as in its 

definition . 

We define a function f : V(G) → {0, 1, …., 3n} by f(ui)  =     

3i   ,  i ∈ { 0, 1,2, …,n} 

f(vi)  = 3i - 1   ,  i ∈ { 1,2, …,n} 

f(wi)  = 3i - 2   ,  i ∈ { 1,2, …,n} 

 And the induced function  f *: E(G) →  N defined by                      

by f*(uv) =     | [f(u)]2 -  [f(v)]2|  for every uv ∈  E(G) are all 

distinct.  Hence S4,n are square difference graph. 

 

Fig.4: square difference labeling of S4,n 

Theorem 2.8: The Cycle cactus Ck
(n)  is a square 

difference graph.                                                                  

Proof:  Let  Ck
(n)  be the cycle cactus consisting of n copies 

of the cycle Ck . Let the cycles be denoted by G1 ,G2 , . . . ,G 

n. All the cycles meet at one vertex, let it be x. Let us define f: 

V (Ck
(n) ) → {0,1, . . . ,p-1} as follows f(ui) = i  , 1 ≤   i≤  n and 

f(x) = 0 and the induced function f* defined f*: E(Ck) → N  by  

f*(uv) =     | [f(u)]2 -  [f(v)]2| for every edge uv ∈  E(G) are all 

distinct  and is a one to one function. Hence The Cycle cactus 

Ck
(n)  is a square difference graph.                                                                   
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Fig.4: square difference labeling of cycle cactus 

Theorem 2.9: The ladder Ln: = Pn x k2 is a square 

difference graph.                                                                       

Proof:   Let V (Ln) = { u1, u2, … un, v1,  v2, . . . ,  vn}. Here | 

V (Ln) | = 2n and |E(Ln)| = 3n+1. Define f : V (Ln) → {0,1, . . . 

,p-1} as follows.     f(ui) = 2i -2 , 1 ≤   i≤  n and f(vi) = 2i -1 , 1 

≤   i≤  n ..Hence we get f*(uivi) = ui
2  - vi

2, 1 ≤   i≤  n and  

f*(uiui+1)  =  ui
2 - ui+1

2, 1 ≤   i≤  n also f*(vivi+1) =  vi+1
2  - vi

2, 1 

≤   i≤  n Since these numbers form an increasing sequence , f* 

is injective and f is a square difference labeling. 

 The following figure-5  gives a square difference labeling 

            

Fig.5: square difference labeling of L5 

Theorem 2.10: The complete lattice grids Lmn: = Pm x Pn  

are  square  difference graphs. 

Proof:  Let G be the grid with V(G) = {u11 , u12 , . . . ,u1n, u21 

, u22 , . . . ,u2n , . . . , um1 , um2 , . . . ,umn}.let us arrange the set of 

vertices of G into different levels as follows: 

Define f:  V(G) → {0,1 , . . . , m.n-1 } by  

f(u11) = 0, f(u12) = 1, f(u13) = 2, f(u14) = 3, f(u15) = 4, f(u21) = 5 

and so on. Then the induced edge labeling given by f*(e)  = 

|[f*(u)]2 - [f*(v)]2|  ∀ e ∈ E(G) , is injective, for if let e1 = u1v1 

and e2 = u2v2 be any two edges of G  then f*(e1)  ≠ f*(e2)  so 

that f* is a  square difference labeling of G. 

Hence G is a square difference graph. 

The following figure shows the square difference labeling of 

L45 = P4 x P5   
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Fig.6: square difference labeling of L4,5 

Theorem 2.11: The Wheel graph Wn admits a square 

difference graphs for n ≤ 4. 

Proof:  Let G be the wheel Wn with | V(G) | =  n + 1 and | 

E(G) | =  2n. Define f:  V(G) → {0,1 , 2,3,4………,n } by       

f(ui ) = i-1 for 1 ≤ i ≤ n and the induced function f*: E(Wn) → 

N defined by f*(uv) =  | [f(u)]2 -  [f(v)]2|  for every uv ∈  E(G) 

are all distinct.  and is  also an increasing function on E(Wn)  . 

Thus for any edge  f*(ei) ≠ f*(ej), i ≠ j . Hence f admits a 

square difference labeling on Ck. Hence wheels are Square 

difference graphs.   

 

Fig.7: square difference labeling of W4 

 

 

 

 

 

 

 

 

 

3.CONCLUSION                                                  
Square difference labeling is a new concept introduced by me. 

In this paper I investigated some graphs like cycle, cycle 

cactus, ladder, lattice grids, wheels, Quadrilateral snakes, 

complete graph Kn ,  are Square difference graphs. For many 

other graphs this labeling can be verified.    
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