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ABSTRACT

Multi-scalar multiplication and multi-exponentiation are  the
major problems in digital signal processing(DSP) and in
public-key cryptography. In DSP, multiplication of the filter
coefficients, which is used in different signal processing
algorithms, is a time consuming operation. Also in elliptic
curve cryptography(ECC), this multiplication process takes a
lot of time. Though there are several algorithms to speed up
this multiplication process, but they are not up to the
satisfactory limit. The algorithms are based on the
minimization of the multipliers or adders required, i.e. the
minimization of the numbers of ‘one’ appear in the binary
representation of the signal and the coefficients in DSP or of
the number of general multiplications and points addition in
ECC. Different existing algorithms in this context are Joint
Sparse  Form(JSF), w-NAF, Double Base Chain(DBC),
Hybrid Binery-Ternary Joint Sparse Form(HBTJSF) etc. In
this paper, a novel algorithm has been proposed which is the
modified HBTJSF, known as Triple-Base Hybrid Joint Sparse
Form(TBHJSF). The proposed method is based on the
decomposition of an integer or fraction that mixes the power
of the base 2,3 and 5. The experimental results show that it

requires less numbers of multiplier and adder and hence show

its novelty over other algorithms.
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1. INTRODUCTION

The complexities of multiplication and addition in the
design of digital filter or multi-exponentiation operation and
points addition in ECC are the major problem in current
signal processing and different cryptographic algorithms. To
speed-up these operation, Shamir’s trick[1][2] can be used
which eliminates the unnecessary separate computation of
the two expressions. Shamir explained in[1], that two
integers m and n can be expanded in the binary form at the
same time and shown an extra savings of doublers and
multipliers. He proposed that if ‘a’ represents the bit length
of the largest exponent, this method requires ‘a’ squaring
and 3a/4 multipliers on average. In ECC, where the
operation [m]P + [n]Q is an important part to perform, the
elements can be easily inverted using Shamir’s algorithm.
Here the scalars m and n can be represented as a 2xa matrix
as,

I\ (Kt Kp ook k0>
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where kjand I; € { 1, 0, -1} for all ‘i, The numbers of adders
required in Shamir’s method is equal to the joint Hamming

weight.
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For example, two integers 145 and 207 can be represented

in JNAF form using Shamir’s method[1][2][3][4] as
(425)_(011 0101001
521/ 7\ 10000010 01/INAF,

here the joint Hamming weight is 6. Hence only six adders
are required to compute 425P +521Q.

In case of digital signal processing (DSP), an FIR filter
implementation of the linear convolution

Y(n)=NZ_‘iX(k).H(n—k) @)

Can be performed by multiplying X(k) with H(n — k).

To reduce the complexity of these multi-scalar
multiplications, it is important to select filter coefficients with
small number of nonzero binary digits.

Solinas, in[5][6], introduced Joint Sparse Form (JSF) where
the average number of nonzero columns have further been
reduced to a great extent. For example, the two given integers
425 and 521 in JSF form can be represented as

425=(1010101001) and
521=(1000001001)

Hence, here the computation of 425P + 521Q requires 9
doublers and 4 adders(in general, t-1 doublers and (t-1)/2
adders, where t denotes the bit-length ).

In [7], Dimitrov and Cooklev introduced Hybrid Binery-
Ternery Number System (HBTNS) to speed-up modular
exponentiation and multi-scalar multiplication. Using this
method, any integer ‘n’ can be represented in digits[] and
base[] form as

Digits[] = [ D;, Dj g, ------------- D] and
Base[] = [ B;, Bj.y, --------------- By] ,where D;e {0, 1}
and B; € {2,3} 3)

The Algorithm proposed by J. Adikari et. all in [1] is given
below.

Algorithm I: Hybrid binary-ternary joint sparse form
[HBTJISF].

Input: Two positive integer k; and k;

Output: Arrays hbtl[], hbt2[], base[]

. =0

while k;> 0 or k,> 0 do

if Ky = 0(mod 3) and k, = 0(mod 3) then

base[i] = 3;

hbt1[i] = hbt2[i] = 0;

k]_: k1/3, k2 = k2/3,

else if if k; = 0(mod 2) and k, = 0(mod 2) then
base[i] = 2;
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9. hbtl[i] = hbt2[i] = 0;

10. k]_: k1/2, kz = k2/2,

11. else

12. base[i] = 2;

13. hbtl[i] = ky mods 6; hbt2[i] = k, mods 6;
14. ky = (ky — hbtl[i])/2; k, = (k, — hbt2[i])/2;
15. end if

16. i=i+1

17. end while

18. return hbtl[], hbt2[], base[]

With the help of this Algorithm I, 1134 in HBTNS form can
be represented as[8][9]

Digits[] =[0,0,0,0,0,1,0,0,1] and

Base[] =[3,3,3,3,2,2,3,2,2],

whereas 1134 in binary form can be represented as 1134 = [
1000110111017 Hence it is clear that in HBTNS,
there are only 9-digits among which 2 are non-zero whereas
in binary form 1134 requires 11 bits among which 6 are
non-zero. So HBTNS eliminates 4 non-zero digits. Elliptic
curve scalar multiplication and coefficient multiplication in
DSP based on mixing powers of the bases 2 and 3 require
doublings and additions as well as triplings. In [1], Dimitrov
et. al. proposed an efficient method of tripling for ordinary
elliptic curves over large prime fields.

In [1], Adhikari, Dimitrov and Imbert proposed a new
method, known as Hybrid Binary-Ternary Joint Sparse
Form (HBTJSF), to further reduce the numbers of non-zero
columns and hence to speed-up multiplication and
exponentiation processes. In [1], Adhikari et. al. explained
about how a pair of integers can be converted into HBTJSF.
The conversion process starts by checking whether both the
integers are divisible by 3. If they are divisible by 3, both
digits are to be set to zero and the base is to be set to 3. If
they are not divisible by 3, then it should be checked that
whether they are divisible by 2. If they are divisible by 2,
then digits are set to zero and the base is set to 2. Finally, if
the pair is not divisible by 3 as well as by 2, the numbers
should made divisible by 6 by subtracting ki mods 6 € { -2,
-1, 0, 1, 2, 3} from k; and then divide the results by 2. This
concept will be clear from Example 1.

Example 1: Representation of 1556 and 1026 in HBTJSF.

Sol: 1556 and 1026 in HBTJSF can be represented as
1556=(201 0 02 02 0)

1026=(101 0 01 03 0) and
Base[]=(232232322)

Since HBTJSF uses the digit set { -2, -1, 0, 1, 2, 3 }
(mentioned in [1]), total 14 points are to be pre-computed to
find kP + 1Q as shown in Table 1[1].

Here, the points 2P, 2Q, 3P and 3Q need not to be
computed since the pairs (2P, 2Q and 3P, 3Q) are divisible
either by 2 or by 3. Again since P — 2Q is easily derived
from 2Q — P, only one set of difference are to be computed
and hence, among the 14 points, only 7 points are to be pre-
computed.
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2. PROPOSED ALGORITHM

Here a new algorithm known as Triple-Base Hybrid Joint
Sparse Form [TBHJSF] will be discussed. This is basically
a modification of HBTJSF. Here a new base(5) is to be
added in Base[] array. The base 5 is chosen here in order to
perform decimal shifting[since 5*2 =10 when multiplied
with 1.7 gives 17 and hence if 17 can be represented in
TBHJSF, 1.7 can easily be computed from the
representation of 17].

In the proposed Algorithm, a pair of integers can be
represented in TBHJSF by first checking whether the two
integers are divisible by 5. If they are divisible by 5, the
digits for both the integers will be set to 0, otherwise they
should be check whether they are divisible by 3. If they are
divisible by 3, the digits for both the integers will be set to
0, otherwise the integers should be check whether they are
divisible by 2. If they are divisible by 2, the digits for both
the integers will be set to 0, otherwise both the integers are
made divisible by 30(2*3*5) by adding or subtracting X,
where x € { -14, -13, ----- , 0,1, 2, - 15} and then the
sum are divided by 2. The quotients are then treated as the
two integers and the previous steps are repeated.

Proposed Algorithm[Algorithm I1]

Input: Two positive integers my and m,;

Output: Arrays Digitl[], Digit2[], Base[];

. i=0;

while m; >0o0rm, >0, do

if m; =0(mod 5) and m, = 0(mod 5) then
base[i] = 5;

Digit1[i] = Digit2[i] = 0;

m; = my/5, my = my/5;

else if m; =0(mod 3) and m, = O(mod 3) then
base[i] = 3;

8. Digitl[i] = Digit2[i] = 0;

9. mp=my/3,my,=m,/3;

10. else if m; =0(mod 2) and m, = 0(mod 2) then
11. base[i] = 2;

12. Digitl[i] = Digit2[i] = 0;

13. mp=my/2, my = my/2;

14. else

15. base[i] =2;

16. Digit1[i] = m; mods 30, Digit2[i] = m, mods 30 ;
17. my = (my - Digit1[i])/2, m, = (m, - Digit2[i])/2 ;
18. endif;

19. i=i+1;

20. end while;

21. return Digit1[],Digit2[], base[];

Nogak~whE

Example 2: Representation of 1556 and 1026 in TBHJSF.
Sol: 1556 and 1026 in TBHJSF can be represented as
1556=(1 0 0 4 0 0 2 0)

1026=(1 0 0 13 0 0 3 0)

Base[]=(2 3 52 35 2 2)

From the above example it is clear that the number of non-
zero column has been reduced by one( though the number of
reduction of non-zero column is more than one in general
case) at the cost of the size of the pre-computation look-up-
table as shown in Table A, Appendix-I. From the Table it is
clear that among the 550 points, only 144 points are to be pre-
computed. Whereas for DBNS, the numbers of pre-
computation are 7 among 14 points. The pre-computation
compression ratio for TBNS is (144/550) = 0.2618, whereas
for DBNS, the same is (7/14) = 0.5 which is an advantage of
TBNS.
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3. THEORETICAL ANALYSIS

It is clear that any integer can be represented in the form 30i
+ 5j+ k with i€{ 0,1,2,3,...... },j€4{0,1,2345}and k € {
0,1,2,3,4}. We have to find out how many non-zero column
can be obtained using the proposed algorithm, i.e. how often
the given integers are divisible by 30, 15, 10, 6, 5, 3 and 2.
Let us consider two integers of the form (30i + 5j+ k) and
(30i" + 5j+ k” ). The total number of states available for
different values of j and k are 900. We can denote these
states as Syj , «j and hence we have 750x750 transition
matrix M, where M[30i + 5j+ k, 30i" + 5]+ k" ] is equal to
the probability P(S2y «j| Slkj, «j) to go from state Sl
to S2; , «j . For example, Sgg oo represents the state when
both the integers are divisible by 30, Sp,04 represents the
states when both are divisible by 2 only, S;; 3 represents the
state when both are divisible by 3 only and S, 5o represents
the state when both are divisible by 5 only. Now if two
numbers are divisible by 30, then divisions by 5 performed
in step 6 of the proposed algorithm lead to any of the state’s
SOO‘OOu SOO‘llu SOO‘ZZu 800‘33” 800‘44, 511‘00, Sll‘llu Sll‘ZZu 811‘331
511‘44, SZZ‘OOu SZZ‘llu 822‘22, 822‘33” 522‘44, 833‘00, 833‘11, S33‘221
S3333, Sszasr Sas00r Sas11 Saszzs Saszz and Suge With
probability 1/25. For example, two integers 150( j = k = 0)
and 155( j = 1, k = 0) belonging to state Sqq10,when divided
by 5 give 30(j = k = 0) and 31(j = 0, k = 1) which belong to
state Sggor. Similarly other two integers of the same
state(Sgo10) are 150 and 185. These two integers when
divided by 5 give 30( j = k = 0)and 37( j = 0, k = 2) which
belong to state Sqg 1. Thus it can be proved that two integers
belonging to Sgo10 When divided by 5 give one of the 25
states like Sgoo1, Soo12: So02s Soossr Soosor S1101 Si112:
S1123 S11.38 S11500 S22010 S22.12: S22.23 S22,340 S2250, S33,01
S33.12, S3323 S33.34) S33501 Sa4,01s Sas 120 Sas,23, Sasza AN Sy 50.
That is the probability to go to state Sgg; from Sgg 10 When
divided by 5, is 1/25. Similarly divisions by 3 in step 10 of
Algorithm II lead to any of the state’s Sig00, S1020, S10,40:
S30,000 S30.20, S30,40, S50,00, Ss0,.20 AN Ssp,40 With probability
1/9 and divisions by 2 in step 14 lead to four different states
with probability 1/4. For example, from Sg,9 We go to any
of the four states 300,101 500,40, S30,10 and Sggy4g with
probability 1/4. Now in the last case when the numbers are
neither divisible by 5 or 3 nor by 2, the numbers are then
made divisible by adding or subtracting ( 1, 2, 3, 4, ...... 15)
from each of them and then performed divisions by 2 which
lead to the states Sgooo, Soozo, Ssoeo and Sspzp With
probability 1/4. The complete transition matrix is given in
Table B, Appendix II.

Lemma 1: The probability to go from state Sggo t0 Sgog2
when divided by 5 is 1/25.

Proof: The pairs of integer belong to state Sgy are (150,
160), (150, 190), (150, 220), (150, 250), (150, 280), (180,
160), (180, 190), (180, 220), (180, 250), (180, 280), (210,
160), (210, 190), (210, 220), (210, 250), (210, 280), (240,
160), (240, 190), (240, 220), (240, 250), (240, 280), (270,
160), (270, 190), (270, 220), (270, 250), (270, 280) and
others.

Now

(150, 160) dividing by 5 give 30(j =k =0) and 32(j =0, k =
2) which belong to state Sggp,.

(150, 190) dividing by 5 give 30(j =k =0) and 38(j =1, k =
3) which belong to state Syo;s.

(150, 220) dividing by 5 give 30(j =k =0)and 44(j =2, k =
4) which belong to state Sy

(150, 250) dividing by 5 give 30(j =k =0) and 50(j =4, k =
0) which belong to state Sygo.

(150, 280) dividing by 5 give 30(j =k =0) and 56(j =5, k =
1) which belong to state Sggs:.
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(180, 160) dividing by 5 give 36(j =k =1) and 32(j =0, k =
2) which belong to state Sy;0,.
(180, 190) dividing by 5 give 36(j =k =1) and 38(j =1, k =
3) which belong to state Sq13.
(180, 220) dividing by 5 give 36(j =k =1) and 44(j =2, k =
4) which belong to state S;;,4.
(180, 250) dividing by 5 give 36(j =k =1) and 50(j = 4, k =
0) which belong to state Sy14.
(180, 280) dividing by 5 give 36(j = k = 1) and 56(j =5, k =
1) which belong to state Sy;s;.

(210, 160) dividing by 5 give 42(j =k = 2) and 32(j =0,k =
2) which belong to state Sy,q,.
(210, 190) dividing by 5 give 42(j =k =2) and 38(j = 1, k =
3) which belong to state Sy,1s.
(210, 220) dividing by 5 give 42(j =k =2) and 44(j = 2, k =
4) which belong to state S;5,4.
(210, 250) dividing by 5 give 42(j = k = 2) and 50(j = 4, k =
0) which belong to state Sy,4.
(210, 280) dividing by 5 give 42(j =k =2) and 56(j =5, k =
1) which belong to state S;ps;.

(240, 160) dividing by 5 give 48(j =k =3) and 32(j =0, k =
2) which belong to state Sz3q,.
(240, 190) dividing by 5 give 48(j =k =3) and 38(j =1, k =
3) which belong to state Sz313.
(240, 220) dividing by 5 give 48(j =k =3) and 44(j =2, k =
4) which belong to state Ssz,4.
(240, 250) dividing by 5 give 48(j =k =3) and 50(j = 4, k =
0) which belong to state Sza4.
(240, 280) dividing by 5 give 48(j =k = 3) and 56(j =5, k =
1) which belong to state Sass;.

(270, 160) dividing by 5 give 54(j =k =4) and 32(j = 0, k =
2) which belong to state Sysq,.
(270, 190) dividing by 5 give 54(j=k=4) and 38(j =1, k =
3) which belong to state Sgs1s.
(270, 220) dividing by 5 give 54(j =k =4) and 44(j = 2, k =
4) which belong to state Sy424-
(270, 250) dividing by 5 give 54(j =k =4) and 50(j = 4, k =
0) which belong to state Sys40.
(270, 280) dividing by 5 give 54(j =k =4) and 56(j =5, k =
1) which belong to state S,s:.

Hence the possible outcomes when pair of integers
belonging to state Sy divided by 5 are pairs of integers
belonging to states Soooz, Soo13: Soo24r So040r Soos1, S1102: S1113s
SllZdv S].140: 8115].: SZZOZv S22].31 822241 S22401 S22511 S33021 S3313:
Sa324) S33400 S3ss1s Sasozs Sas1s Saszs, Saaso aNA Sysy. The
other pairs of integers belonging to Sqgzo When divided by 5
go to any one of the above mentioned states. Hence the
probability to go from state Sggog t0 Sgge2 When divided by 5
is 1/25.

Lemma 2: The probability to go from state Sggg; t0 Sogor
when divided by 2 is 1/4.

Proof: The pairs of integer belong to state Syqg, are (60, 62),
(60, 92), (90, 62), (90, 92) and others.

Now (60, 62) dividing by 2 give 30( j = k = 0) and 31(j = 0,
k = 1) which belong to state Syqq;.

(60, 92) dividing by 2 give 30(j =k =0) and 46(j = 3, k =
1) which belong to state Sggs; .

(90, 62) dividing by 2 give 45(j =3, k=0)and 31(j =0,k =
1) which belong to state Szqo;.

(90, 92) dividing by 2 give 45(j =3,k =0) and 46(j =3,k =
1) which belong to state Ssgs;.
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Hence the possible outcomes when pair of integers
belonging to state Spgo, divided by 2 are pairs of integers
belonging to states Sggor, Soosr: Sagor @nd Ssgsr. The other
pairs of integers belonging to Sqo, When divided by 2 go to
any one of the above mentioned states. Hence the
probability to go from state Sgogs t0 Sggo1 When divided by 2
is 1/4.

The stationary distribution n,, is obtained by taking the
limiting value of mM"[M =Transition probability Matrix],
where mp = initial probability = ( 1/900, 1/900, 1/900,
....1/900), i.e.

m, = lim,_, , igM" 4)

Hence we have, m,[i]= the stationary distribution of the ith
element in the row vector 7 after n steps is 7.07x1072, for i
€{0,15,450,465} and otherwise m,.[i] = 2.87x107. With the
help of these two values we can compute the following
average probabilities.

Ps = 2720 X7—0 Do Teo (300 + 5] + k),
[ifi,j,k =0 (mod 5)]
=2. i, ()[for i = 0 and 450]+10.1, (1)
[for other values of i]
= 2x7.07x102 + 10x 2.87x10° = 1701x10™* = 43/250

Ps = 2720 X7—0 Do Teo (300 + 5] + k),
[ifi,j,k =0 (mod 3)]
=4. 1, ()[fori = 0,15,450 and 465] + 20. 1., (i)
[for other values of i]
= 4x7.07x1072 + 20x 2.87x10°° = 3402x10™* = 73/250
P = 2720 X520 Do Teo (300 +5) + k) ,
[if i,j,k = 0(mod 5) or i,j,k = 0(mod 3)or i,j,k = 0(mod 2)]

= 4., (i) [fori = 0,15,450 and 465] + 159. 1, (i)
[for other values of i]
= 4x7.07x10°2 + 159x 2.87x10°° = 7391.3x10™ = 185/250

Here ps and p; denote the probabilities to perform a division
by 5 and 3 respectively and p, represents the probability to
perform a division so that a zero column will be generated.
Hence the probability to perform a division by 2 isp, =1 —
(ps + p3) = 134/250 and the probability to generate a
nonzero column is p,, = 1- p, = 65/250 .

Using these probabilities we can compute the average base
as

3 = *21343735%8 ~2 6357 (5)

Hence for a pair of n-bit integers, the number of columns
using the proposed Algorithm can therefore be calculated as
(logs 2)xn =0.7152n. Hence using TBHJSF, the number of
addition, required in the calculation to find out the response
of a digital filter or to find out the point addition in ECC, is
Number of addition = (probability of non-zero columns)x
0.5273n = (65/250)x0.7152n ~ 0.186n.

Table 2 gives a comparative study of the proposed Algorithm
with HBTJSF, JSF and interleaving w-NAF with respect to
average base, average number of columns, average number of
base-2 columns, base-3 columns, base-5 columns, non-zero
columns and number of pre-computations required. Table 3
gives the theoretical results of TBHJSF in comparison with
HBTJSF, JSF and w-NAF. This results is shown here in
rounded to nearest hundredth form.
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4. COMPARISON

The results obtained from the theoretical analysis using
TBHJSF when compared with that obtained using HBTJS,
JSF and interleaving w-NAF methods show the novelty of the
proposed algorithm. Here also two types of curves like
ordinary elliptic curve over large prime fields with Jacobian
coordinates(with a = -3) and tripling oriented Doche-Icart-
Kohel curves[8], have been considered like[9][10]. Table 3
shows the costs of the operations on the two types of curves
and Table 4 shows the summarized results of operations for
256-bit pairs of integers using the data of Table Il with respect
to TBHJSF, HBTJSF, JSF and interleaving w-NAF. Here the
costs of pre-computations is not included. If the results are
compared then it can be inferred that TBHJISF is
advantageous than other methods. Similar types of values can
be obtained for other size also. Figure.1. shows graphically
the requirements of adders, doublers, triplers and pentuplers
and Figure.2. shows the requirements of multipliers used for
ECC over prime fields in Weierstrass Jacobian Coordinates (a
= -3)[11][12] with respect to the proposed method, HBTJSF,
JSF, 4-NAF methods. The curves are drawn for up to 2 KB
pairs of integers. From these figure, the advantages of
proposed algorithm can be clearly understood. The differences
will be significant for the pairs of integers of large size.

5. CONCLUSIONS

The proposed algorithm can also be used efficiently in DSP to
design FIR filter. In DSP, the computational complexities for
arithmetic operations like addition, multiplication etc. are the
major problems that can be reduced to great extent using the
proposed method. From the representation of any integer in
Triple Base Number System(TBNS)[13] obtained using the
proposed methods, representation in Single Digit TBNS can
be derived at the cost of a Look-up-table that represents the
prime numbers in SDTBNS[14] form. Hence the proposed
algorithm can further reduce the number of hardware and at
the same time enhance the speed.
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Figure 1. Requirements of hardware for different size of integers w.r.t. TBHJSF, HBTJSF, JSF and 4-NAF.

13



International Journal of Computer Applications (0975 — 8887)

Volume 43— No.3, April 2012

x 10
10 T T

—+— No. of multiplier for TBHISF
gl | —*+— No. of multiplier for HBTISF
—5— No. of multiplier for JSF

—#— No. of multiplier for 4-NAF

400 600 800 1000 1200 1400 1600 1800 2000

Figure.2. Number of multipliers required for ECC over prime fields in Weierstrass Jacobian coordinates using the proposed
method and HBTJSF, JSF and 4-NAF methods.
Table 1

14 points pre-computation for HBTJSF Scalar multiplication as mentioned in [1]

P - -
Q P+ 2P£Q 3P£Q
P+2Q P+Q
P+3Q 2P £3Q

Table 2

Comparative study of the proposed Algorithm with HBTJSF, JSF and interleaving w-NAF

Parameters TBHJSF HBTJSF JSF Interleaving w-NAF
Average base 2.6357 2.4077 2 2

Average no. of columns 0.7152n 0.7888n n+1 n+1

Average no. of base-2 columns 0.3833n 0.4278n n+1 n+1

Average no. of base-3 columns 0.2088n 0.3608n 0 0

Average no. of base-5 columns 0.123n 0 0 0

Average no. of non-zero columns 0.1859n 0.3208n 0.5n 2n/(w+1)
Pre-computation 144 14 2 2¥-1.2
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Cost S=0.8M
Doubling 3M+5S ™
Tripling TM+7S 12.6M
Pentupling 7.5M+12.5S 17.5M
(1Pentupling = 2.5Doubling)
Addition(mixed) TM+4S 10.2M
Tripling-oriented DIK
Cost S=0.8M

Doubling 2M+7S 7.6M

Tripling 6M+6S 10.8M

Pentupling (1Pentupling = 2.5Doubling) 5M+17.5S 19M

Addition(mixed) TM+4S 10.2M

Table 4

Comparisons between HBTPJSF, HBTJSF, JSF and Interleaving w-NAF for 256-bit integers

Weierstrass/Jacobian( a = -3)

TBHJSF HBTJSF JSF Inter. 4-NAF
Multiplier Counts for doubling 686 770 1792 1792
Multiplier Counts for tripling 673 1164 0 0
Multiplier Counts for pentupling 551 0 0 0
Multiplier Counts for add. 485 838 1306 1044
Total Multiplier Counts 2442 2772 3098 2836
Pre-computation 144 14 2 6

[Though total multiplication counts for Interleaving 4-NAF is 2836, the actual counts is somewhat more than this, because here,

the multiplication counts for pre-computation have not considered.]
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TBHJISF HBTJSF JSF Inter. 4-NAF
Multiplier Counts for doubling 746 833 1946 1946
Multiplier Counts for tripling 796 998 0 0
Multiplier Counts for pentupling 598 0 0 0
Multiplier Counts for addition 485 838 1306 1044
Total Multiplier Counts 2625 2669 3252 2990
Pre-computation 144 14 2 6
Appendix - |
TABLE A
PRECOMPUTATION LOOK-UP-TABLE FOR TBHJSF
P 7P 11 13 14
- - - P P P
Q P + 2P 3P 4P 5P 6P 7P 8P 9P 10 11 12 13 14 15
Q + + + + + + + + P+ P+ P+ P+ P+ P+
Q Q Q Q Q Q Q Q Q Q Q Q Q Q
- P = 3P 4P 5P 6P 7P 8P 9P 10 11 12 13 14 15
2Q * + + * * + + P+ P+ P+ P P+ P+
2Q 2Q 2Q 2Q 2Q 2Q 2Q 2Q 2Q 2Q + 2Q 2Q
2Q
-- P + 2P 4P 5P 6P 7P 8P 9P 10 11 12 13 14 15
3Q + + + + + + + P+ P+ P+ P+ P+ P+
3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q 3Q
- P = 2P 3P 5P 6P 7P 8P 9P 10 11 12 13 14 15
4Q * * + * * + + P+ P+ P+ P+ P+ P+
4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q 4Q
-- P + 2P 3P 4P 6P 7P 8P 9P 10 11 12 13 14 15
5Q + + + + + + + P+ P+ P+ P+ P+ P+
°Q °Q 5Q 5Q 5Q 5Q 5Q 5Q 5Q 5Q 5Q 5Q 5Q
-- P + 2P 3P 4P 5P 7P 8P 9P 10 11 12 13 14 15
6Q + * + + * + + P+ P+ P+ P+ P+ P+
6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q 6Q
7Q P + 2P 3P 4P 5P 6P 8P 9P 10 11 12 13 14 15
7Q + + + + + + + P+ P+ P+ P+ P+ P+
7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q
P+ |2pP 3P 4P 5P 6P 7P —- | 9P 10 11 12 13 14 15
8Q + + + + * * + P+ P+ P+ P+ P+ P+
8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q 8Q
P+ |2 3P 4P 5P 6P 7P 8P —- |10 11 12 13 14 15
2Q + + + + + + + P+ P+ P+ P+ P+ P+
9Q 19) 9.Q 9.Q 19) 19) 92Q 19) 9Q 92Q 9.Q 9Q 9Q
10Q P + 2P 3P 4P 5P 6P 7P 8P 9P 11 12 13 14 15
10Q * * + + * * + + P+ P+ P+ P+ P+
10 10 10 10 10 10 10 10 10 10 10 10 10
Q Q Q Q Q Q Q Q Q Q Q Q Q
P+ |2 3P 4P 5P 6P 7P 8P oP 10 12 13 14 15
11Q + + + + * * + + P+ P+ P+ P+ P+
11 11 11 11 11 11 11 11 11 11 11 11 11
Q Q Q Q Q Q Q Q Q Q Q Q Q
P + 2P 3P 4P 5P 6P 7P 8P 9P 10 11 13 14 15
12Q + + + + + + + + P+ P+ P+ P+ P+
12 12 12 12 12 12 12 12 12 12 12 12 12
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Q Q Q Q Q Q Q Q Q Q Q Q Q
13Q |P = |2p |3 |4 [5P |[e6P |7P |8 |9 |10 |11 |12 |- |14 |15
13Q | = + + + + + + + P+ |Px |Pt P+ |Pz
13 |13 |13 |13 |13 |13 |13 |13 |13 |13 |13 13 |13
Q Q Q Q Q Q Q Q Q Q Q Q Q
14Q [P x |2p |3 |4 [5P |[eP |7P |8 |9 [10 |11 [12 [13 |- |15
14Q |+ + + + + + + + P+ [Pt |Px |P% P+
14 |14 |14 |14 |14 |14 |14 |14 |14 |14 |14 |14 14
Q Q Q Q Q Q Q Q Q Q Q Q Q
P+ |2P |3 [4P |[5P |6P | 7P |8 |9 |10 |11 |12 |13 |14 |-
15Q | = + + + + + + + P+ |Px [Pt |Px |Pz
15 |15 |15 |15 |15 |15 |15 |15 |15 |15 |15 |15 |15
Q Q Q Q Q Q Q Q Q Q Q Q Q

Appendix — 11
Table B

To show a 900x900 Transition matrix, 300 pages are required. Hence instead of transition matrix, here we will show the
probabilities of transition from one state to another for the major states in tabular form.

SOO44: SOOSZ:

Probabilities | Transition from states Transition to states
1/25 S0000 1S0010, So020, Soozo, Sooao, Sooso S0000 = S0010, Soo11~ S 0021, S0022 = So0s2, S0033 = S0043, So0a4 = Soosa, S1100 - S1110, S1111 - S1121, S1122
- S1132, S1133 - S1143, S1144 - S1154, S2200 - S2210, S2211 - S2221, Sa222 = S2232, S2233 - So243, So244 -
S2254, S3300 = Ss310, Saa11 - Saza1, S3az2 - S3332, S3333 - Sssas, Ssaaa - Sazsa, Sasoo - Sasto, Saars -
844211 84422 - 844321 84433 - 844431 84444 - 844541
S1000, S1010, S1020, S1030, S1040, S1050, So100 — So110, So112 — So121, So123— So132, So134 — So143, So150 — So1s4, S1200 = S1210, S1211- S1221,
Si222 = S1232, S1233 — S1243, S1244 — S1254, S2300 — Sz310, S2311 — S2321, Saze2 — S233, S2333 — S2343,
82344 - 823541 83400 - 834101 83411 - 834211 53422 - 834321 53433 - S3443v S3444 - S3454y 55000 -
Ss010, Sso11 — Sso21, Ss022 — Ssos2, Ss033 — Ss043, Ss044 — Ss0s4
S2000, S2010, S2020, S2030, S2040, S2050, So200— S0210, So211 — So221, So222 — So232, S0233 — So243, So244 — Sozs4, S1300 — S1310, S1311- S1321,
Si322 — S1332, S1333 — S1343, S1344 — S1354, S2400 = S2410, S2411 — S2421, S2422 — S2432, S2a33 — Soass,
S2444 — Szas4, Sa000 = Sa010, Sao11 —Sa021, Sa022 — S4032,S4033 — Saoaz, Saoa4 — Saosa, Ss100 — Ssi10,
Ss111 — Ss121, Ss122 — Ss132, Ss133 — Ss143, S5144 — Ss154
S3000, S3010, S3020, S3030, S3040, S350, So300 — So310, Sos11 — Sozz1, Seszz — So3s2, Soaas — Sosas, Sosas — Sossa, S1a00 — S1410, S1a11 — Sa21,
S1422 — S1432, S1433 — S1443, S14aa — S1asa, Sz000 — S3010, S3011 — S3021, S3022 — S3032, S3033 — S3043,
83044 - S3054y S4100 - S4110v 84111 - S4121v S4122 - S4132v 84133 - S4143y 54144 - S4154v 85200 - 852107
85211 — 852211 85222 . 85232v 55233 — 852431 55244 . 85254
Sa000, Sa010, Sa020, Sa030, Sao40, Saos0, So400 — So410, Soa1 — Sosz1, Soazz — Soazz, Soazs — Soass, Soasa — Soasa, S2000 — S2010, S2011 — S2021,
82022 - 82032y 82033 - 820431 52044 - 820541 83100 - 831101 83111 - 83121183122 - 831327 53133 - 831431
83144 - 831541 S4200 - 842101 84211 - 842211 S4222 - 842321 84233 - S4243y 54244 - 842541 85300 - 853107
Ss311 — Ss321, Ss322 — Ssa32, Ssazs — Ss343, Ss44 — Ss3s4
Ss000, Ss010, Ss020, Ss030, Ss040, Ss50, S1000 — S1010, S1011 — S1021, S1022 — S1032, S1033 — S1043, S1044 — S1054, S2100 — S2110, S2111 — Sa121,
S2122 — S2132, S2133 — S2143, So1a4 — Sa1s4, Szo00 — Sa210, Sa211 — S3201, S3222 — S3232, S3233 — S3243,
S3244 — S3254, S4300 — Saz10, Saz11 — Sazo1, Sazoo — Sazzz, Sazsz — Sazaz, Sasas — Sazsa, Ssaoo — Ssazo
85411 — 85421y 85422 — 854321 55433 — 854431 55444 . 85454
1/9 Soo03, Soo11, Sooras Soo2z, Sooss, Sooar, | Sooor, Soozt, Sooar, Sz001, S2021, Sz041, Saoor, Saoz1, Saoar, Sooozs Soo22r Soosz: Sa002, S2022, S2042s

Sa002, Sa022, Sa042, So003, So023: So043, S2003, S2023, S2043, Sao03, Sao23, Saoasr Sooosr Soo24r Soosss
S2004, S2024 So0as, Sacosr Saoza, Saoaa, Soo11, Soos1, Soost, Szo11, S2031, Sz051, Saor1, Saost, Saost,
Soo12, Soosz, Soos2, S2012, S2032: S2052, Sao12, Saosz, Saosz: Soo13, Sooss, Sooss, Soo13, S203s, Sz0s3s
Sa013, Sa033, Saos3, Soo14: So034: Soosa, S2014, S2034, S2054, Sao14, Sao3a, Saosa,

So303, Soa11, Sosia, Soazz, So330,So333,
So341, Soa44, Sozs2s

So101, So121, Sora1, Sz101, Sa121, Sz1a1, Sar01, Sar21, Sarar, Sor02, Sorz2, Soraz: Szr02, Sz122, Saraz,
Sa102, Sa122, Sar42, So103, So123, So143, S2103, S2123, S2143, Sar0, Sar23, Sara3, Sorosr Sor24 Sorsss
S2104, S2124, S2144, Sa104 Sar24, Sara4, So110, So130, Soiso, Sz110, S2130, S2150, Sarro, Sarzo, Sazsos
So111, Sotst, Sosst, Sz111, Sa131, Szis1, Sara1, Sarsr, Sarss Soirz, Sozz, Soisz, Saa1z, Szaze, Saiso,
Sa112, Sar3z, Sarsz, So113, Sorss, Soisss Sz113, S2133, S21s3 Sarra, Sars, Sarsa, Soirar Sorss, Soisas
S2114, S2134, So154, Sar14, Sarza, Sazsa,

S1103, S1111, S114, S1122, S1130, St13s,
Si141, S1144, S1152,

Soz01, Soz21, Soa1, S2201, Sa221, S22a1, Sazo1, Saza1, Sazars Sozo2, So22, Svzaz: Sza02, S2222, Saaz,
Sa202, Sa222, Sa242, S0203, S0223, So243, S2203, S2223, S2243, Sa203, Sa223, Sa243r Soz04r So224 So244s
S2204, S2224, So2aa, Sa204r Sazza, Sazaa, Sv210, So2z0, Sozs0, Sz210, S2230, S2250, Saz10, Sazs0, Sazso,
So211, Sozst, Sozst, S2211, Sa231, Soos1, Saz11, Sazs1, Sazsi, Soz12, Sozsz, Sozsz, Szo12, Sz2s2, Saoso,
Saz12, Sa232, Sazs2, So213, So233, Sozs3r S2213, S2233, S2253, Sa213, Sazsa, Sazsa, Soz14, Soz3s, Sozsas
S2214, S2234, So254, Saz14, Saaa, Sazsa,

S1403, S1a11, Sa14, S1a22, S1az0, S1ass,
S1441, S1444, S1452,

Soso1, Sosz1, Soza1, S2z01, Saza1, Soaar, Sazor, Sazar, Sazar, Sosoz, Soszz, Sosaze Szzoa, Szs22, Sazaz,
S4302, Sas22, Saz42, S0303, So3z3, So343, S2303, S2323, S2343, Saz03, Sasza, Saza3r Sos04r Soszar Sossds
S2304, S2324, Soaaa, Saz04r Sazza, Sazaa, Sosio, Sozzo, Sossor Szzt0, S23z0, S2350, Sazr0, Sazso, Sasso,
So311, Sosst, Sosst, Sz311, S2331, Sosst, Sasin, Sassr, Sasst, Sosizs Sosszs Sosszr Ssiz, S2ssz, Sassa
Su312, Sazs2, Sazs2, Sos13r So3ss, Sosss, S2313, S2333, S2353, Saz13, Sazss, Sazss, Sosrs, Sosssar Sosse,
S2314, S2334, S2354, Saz1a, Sazaa, Sazsa,

S2203, S2211, S2214, Sa222, Sa230, S22,
S2241, S2244, S2252,

Soso1, Soaz1, Soaat, S2401, Saaz1, Saaa1, Sasor, Sasor, Sasaars Sosoz, Sosza, Soasz Saaoa, Sza22, Saasz,
Sas02, Saszz, Saasz, So403, Soa23, Soass, S2403, Saazs, S2443, Saa03, Saszs, Saaaz, Soaoa, Sos24r Sosas,
S2404, S2424 S2444, Sa04, Sa424, Saaa4, So410, S0430, Soaso, S2410, S2430, S2as0, Saar0, Saszo, Sassos
Sos11, Soasts Soast, S2411, Soazt, Sty Saars, Saast, Sasst, Soarz, Sosser Soasz Saara, Szasze Saaso,

17




International Journal of Computer Applications (0975 — 8887)

Volume 43— No.3, April 2012

Sua12, Saazz, Saasz, Soarsr Soass, Sosss, Sza13, Soazs, S24s3, Saars, Sasss, Saass, Soars, Soassr Sossa,
S2414, S2434, S2454, Sa414, Sa434, Sassa,

S3003, Sao11, Sso14, Szo22, Sz033 Szoat,
Ss044, S3052,

Si001, S1021, S1041, Sso01, S3021, Sso41, Ssoo1, Ssoz1, Ssoars Si002: Si022, Si042, S0z, Sz022, Sso4zs
Sso02, Ss022, Ssoa2, S1003: S1023, S1043, S3003 Sz023, S3043, Ss003, Ss023, Ss043, S1004, S10241 S104a,
S3004, S3024 S3044, Ss004 Ss024, Sso44r Sio11, Si031, Sios, Sso1r, Ssosn Ssost Ssorrs Ssosn, Ssosis
Si012, S1032, S1052, S3012, S3032, Ssos2, Sso12, Ssosz2 Ssosz: Si013, S1033 Si0s3, Sso1s, Sz033, Ssos3s
Ss013, Ss033, Ss0s3, S1014) S1034r S1054, Ss014, S3034) Ss054, Ss014) Ss034, Ss054,

S3303, Saa11, Ssa14, Szzzz, Sssz0, Saazs,
Ss341, Sz344, Ss352,

Si101, Sui21, Si141, Ssio1, Ssiz1, Ssiar, Ssion, Ssizr, Ssiar, Sii0ze Stz Sii42, Ssioz, Ssizz, Ssisz
Ss102, Ss122, Ss1a2, S1103, S1123, S1143, S3103, S3123, S3143, Ss103, Ss123, S5143, S1104, S1124) S1144,
Sz104, S3124) S3144, Ss104r Ss124, Ss144, S1110, S1130, S1150, Sz110, S3130, Sz150, Ss110, Ss130, Ss150,
Si111, Sus1, Suas, Ssian, Ssisi, Ssist, Ssian, Ssists Ssist, Sitize Siise, Sisz, Ssiz, Ssisz, Ssise
Ss112, Ss132, Ss1s2, S1113, S1133, Su1s3, S3113, S3133, Sz153, Ss113, Ssi33, Ss153, S1114, S1134, S1isa,
Sa114, S3134, Sais4, Ss114, Ss134, Ssis4,

Sa103, Sa111, Sa14, Sarza, Sazo, Sars,
S4141, Saras, Sazsz,

Si201, S1221, Si241, Ss201, Ss221, Ss2a1, Ss201, Sso21, Ssa1, Si2020 Si222, Si242, Sso02, Ssz22, Ssazs
Ss202, Ss222, Ssoaz, S1203, S1223, S1243, S3203, Sz223, S3243, Ss203, Ss223, S5243, S1204, S1224) S124a,
Ss204, S3224, Saoaa, Ss204r Ss224, Ss2aa, S1210, S1230, S1250, Sz210, S3230, S3250, Sso10, Ss230, Ssos0,
Si211, S1231, Si2s1, Ss211, Ss231, Ssos1, Sso11, Ss2s1, Ssos, Siziz, Sizse, Sizsz, Ssoiz, Sssz, Ssesz
Ss212, Ss232, Ssos2, S1213, S1233, Si2s3, S3213, S3233, S3zs3, Ss213, Ss2s3, Ss253, S1214, S1234, Sizsa,
Ss214, S3234, Sazsa, Ss214, Ss234, Ss2s4,

Saa03, Saar1, Saara, Sasza, Saszo, Saazs,
Su4441, Saaas, Sussz,

Si301, S1321, S1341, S3301, Sss21, Sss41, Sss01, Ssszr, Ssaar, Sis02, Sisz Sia2, Ssa2, Sssz, Sssaz
Sss02, Ss322, Ssasz, S1303, S1323, S1343, S3303, Sa323, S3343, Ss303, Ss323, S5343, S1304, S1324) S13aa,
Ss304, S3324, Sazas, Ss304r Sszza, Ssaaa, S1310, S1330, S1350, Sazt0, Sss0, Szzs0, Ssar0, Ss330, Ssaso,
Si311, S1331, Si3s1, Ssan1, Ssssn, Ssasi, Ssain, Ssast, Ssast Sisize Sissz, Sissz, Ssaiz, Ssasz, Ssssz
Ss312, Ss332, Ssasz, S1313, S1333, Si3s3, S3313, Sa333, S3s53, Ssa13, Sssss, Ssass, Siz14, S1334, Sissa,
Ss314, S3ss4, Sassa, Ssa14, Ssaza, Ssasa,

Ss203, Ssa11, Sso14, Ss222, Ssos0, Ssas,
Ssaa1, Ss244, Ssas2,

Sua01, S1a21, S1aar, Sason, Saszn, Sasst, Ssaon, Ssazr, Ssast, S1a0z, S1az2, S1a42, Sasz, Ssaze, Ssase,
Ssaoa, Ssazz, Ssasz, S1a03, S1a2s, St443, Saaos, Ssazs, Sauas, Ssaos, Ssazs, Ssasz, S1a0a, Staza, S1aas,
Sas04, Sasza, Sasas, Ssaoa, Ssaza, Ssass, S1a10, S1aso, S1as, Sasro, Sasso, Sasso, Ssato, Ssazo, Ssaso,
Sia11, S1ast, Suast, Sasrn, Sassr, Sassi, Ssarn, Ssast, Ssasr, Sia12, Siazz, Suasz, Sastz, Ssazz, Saaso,
Ssa12, Ssasz, Ssasz, S1a3, Stazs, Suass, Saars, Ssass, Sasss, Ssars, Ssass, Ssass, Siarsa, Staze, Siass,
Saa14, Saasa, Sassa, Ssara, Ssasa, Ssasa,

1/4

SOOOZ; S0004; 500131 S0024; SODSL S0042'
Soost, Sooss, Soz02, Soz0a, Soz13, So22s,
SOZSly S0242; 502511 S0253; 804021 S04041
504131 S0424: 504311804421 S0451; S0453'
813027 Sl304v 813131 S1324, Sl331| 813421
51351, S13531 524021 S2404; 824131 S24241
52431, S24421 524511 S2453; S3102; S31041
831137 S3124v S3131v S3142, 83151| S3153v
542021 842041 542131 S4224; S4231; S4242'
54251, S42‘531 551021 S5104; SSllSy S51241
851317 85142v S51511 85153, 85302| 85304v
55313, S5324: S5331; S5342' 55351, S5353'
(these all even states)

Sooo1, Soosts Sz, S3031, Sooo2: Sooszs Ss002: Ss032: Soo04r So03ar Ss004r S3034, Soorz, Sooszs Sso1zs
Sso42, Soo13, Sooas, Ss013, Sz0a3, Soo21, Soosts Szoa1, Sz0s1, So023, Sooss, Sz023, Saosz, Soo24r Soosa,
S3024, S3054 So101, So131, Ssi01, Ssi31, Sot02: Sonsz Ssi02, Ss1s2r So104r So1sar Ssioar Sz, Sorszs
So142, Ss112, Ss142, So113, So143, Ssi13, Ss143, Sonzt, Soist, Ssizn, Saist Soizs, Soiss, Ssizs, Saiss
801241 801541 S31241 831541 802011 802311 832011 832311 802021 502321 83202, 53232, 302047 sOZ34v 83204,
S3234, So212, So242 S3212, Sa242, S0213, So243, S3213, S3243, So221, Sozs1, S3221, Sazst, So223, Sozsas
S3223, S3253, Soo24, Sozsar S3224, Szzsa, Soa14, Soaor, Sossr, Sza01, Sza31, Soao2, Soazz, Saaozr Ssazes
SO404| SO434| S34041 834341 804121 804421 534121 834421 804131 8044?” 5341?” 83443, 804211 504511 534211
Saas1, Soazs, Soasa, S3a23, Saasa, So424, So454,S3424, S3asa, S1201, S1231, Sa201,S4231, S1202, S1232,
Sa202, Sa232, S1204, S1234, Sazoa, Sazza, Si212, S1242, Sazz, Sazaz, S1213, S1243, Saz1z, Saoas, Siz01,
812511 842211 S42511 812231 812531 84223, 842531 512241 812541 S4224, 84254, Sl301y Sl331v S43Olv 84331,
Si1302, S1332, Saz02, Sazsz, S1304, S1334, Saz04, Sazaa, S1312, S1aaz, Saztz, Sazaz, Siz1s, S1343, Saziz,
Sa343, S1321, S1351, Sas21, Sassi, S1323, Sissa, Sazes, Sasss, Sizoa, Siasa, Sazaar Sassar Sz101, Soizn,
851011 851311 821021 821321 551021 851321 821041 821341 85104, 85134, SleZy 52142y 551121 851421 8211?”
S2143, Ss113, Ss143, Sa121, Sa1s1, Ss121, Ssis1, S2123, So153, Ss123, Ssiss, Sa124, S2154, Ss124, Ssisa,
S2301, Sasa1, Ssa01, Ss3s1, S0z Saaza, Ssa02, Ssasz, Szz04, S2334, Ss04, Ssasar Szzra, S23az, Ssanz
853421 823131 823431 853131 853431 523211 523511 853211 553511 SZ323VSZ353V 55323,85353, 823241 523541
Ss324, S2401, S2431, Ssa1,Ss431, S2402, Saaza, Ssaozs Ssazz, S2a04, S2a3a, Ssaoa, Ssaza, Soara, Saasz,
Ssa12, Ssasz, S2413, Soaas, Ssa13, Ssaas, Szaz1, Soast, Ssaz1, Ssasiy Soaza, Szass, Ssazs, Ssass, S2a24s
Soasa, Ssaza, Ssasa, Ssasa (from all even states).
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50001, 50012| SQOZL 80023, 80054 - 50154, Soooo, 50030, S3000, 83030( from those state which are not divisible by 2or3or 5)
Soz01, So203, So210, So212, So214: Soza1,
So223, So230, So2s2, Soz34, Soz41, Sos3,
So2s0, Sozs2, Sozsa, Sozor, Sozoz, Sozoa,
So310, Soa12, So313, Sozz0, Soszn, Soazs,
So3z4, Soaa1, Sossz, Sozzs, Sosaor Sozaz,
So343, Soss0, Soss1, Sozss, Sozsa, Soaor,
So403, Soa10, Soa12, Soars, Sosz1, Soazs,
So430, Soazz, So434, Soaa1, Soa43, Soaso,
Soas2, Soasar S1000 = S1004) S1011 = S1014,
Si021 - Si024, S1031 - Si034, Sioa1 -
Sioaa, Sis1 - Sioss,  Sii01,S1110,
S1112,S1121,  S1123,51132,  S1134,S1143,
S1150,S1154, S1201 — Si254, S1301,S1303,
Si310, Siz12, Sizuar Si1321,51323,S1330,
Si332, S1334, S13a1, S13a3, Sizso, Sizs2,
Si3s4, S1a00, S1401, S1a02, S1404, Siaro,
Si412, S1413, S1420, S1421, S1423, Sia2s,
S1431, S1432, S143a, Sias0, Siaaz, Siass,
S1450,S 1451, S1453,S1454, S2001, S2003,
S2012, Sz014, S2021, Sz023, S2032, Saz03s,
S2041, S2043, S2052:S2084, S2100 - Sa1sa,
S2201,S2210, 221252201, S$2223,S2232,
S2234,S2243, S2250,S2254, S2300 = Sazsa,
S2401,52403,  S2410,50412,  S2414,S2421,
S2423,52430,  S2432, 52434,  S2441,S2423,
S2450,S2452,52454r  S3001,S3002,  S3004,
Sso12, Ss013, Sso21, Saoes, Szoza, Szozz,
S3034, Saoaz, Ss043, Saos1, Saos3 Szoss,
S3101, S3103, Ssi0, Sair2, Sauar Saran,
Ss123, Ss130, Ssz1z2, Sa1za, Sz141,S3143,
S350, Saiszr Saiss, S0 - Saasa,
S3301,53310, S3s12, Saza1, Ssazs Sazz,
Ss334, S3343, S3350,S3354, S3400 - Sassa,
Sa001,S4003,  S4010,Sa012,  Sa014,Sa021,
S4023,54030,  S4032,Sa034,  Sa041,Sa0s3,
S4050,Sa052,  Sa054,54101,S4102,  Saroa,
Sa110, S4120,Sa121, S4123,S4124, Saan,
S4132,54134,54140,  Sara2, Saraz, Saso,
Su151,54153, 50154, Sa201,S4203,  Saz10,
Saz12, Sazra, Sazo1, Sa223,S4230, Sazzz,
Saz34, Saoa1, Sa243, Sazso, Sazs2, Sazsa,
S4300 - Sazsa, Sasor, Saaro, Saarz, Saszn,
Sa423, Saazo, Sa34, Saaas, Sasso, Saasa,
Sso01- Sso04, Sso11- Sso14, Sso21- Sso24,
Sso31- Ss034, Ssoar- Ssoas, Ssos1- Ssoss,
Ss101, Ss103, Ss110, Ss112, Ss114, Ssi21,
Ss123, Ss130, Ss132, Ss134, Ss141,Ss143,
Ss150, Ssis2, Ssis4, Ssz01, Ss202, Ss204,
Ss210, Ss212, Ss213, Ss220, Ss221, Ss23,
Ss224, Ssaa1, Ss232, Sszaa, Ss240, Ssaa2,
Ss243, Ssas0, Ss2s1, Ssos3, Ssosar Ssaon,
Ss303, Ssa10, Ssa12, Ssais, Ssszn, Ssazs,
Ss330, Ssaza, Ssasa, Ssas1,Ssaaz Ssaso,
Ssss2, Ssasa, Ssao - Ssasa.(These
which are not divisible by 2 or 3 or
5)

From Table B, it is clear that the probabilities 1/4, 1/9 and 1/25 occur for transitions from maximum number of the states to states
So000 So030, Saooo0 and Ssozg, that is 0, 15, 450 and 465. Hence we can deduce the following probabilities, using i, (i) [fori =
0,15,450 and 465] = 7.07x102 and T, (i)[ for other values of i] = 2.87x107,
ps = the probability to perform a division by 5 = 3172, 7_y ¥t g e, (30i + 5 + k), [ifijk=0(mod5)]

= 2.1, () [fori= 0and 4503]+ 10. 1, (i)[ for other values of i]

= 2x7.07x102 + 10x 2.87x10°

=0.1414 + 0.0287 = 0.1701x10™ = 43/250
ps = the probability to perform a division by 3= %172, ¥>_o %k _o 1o, (30i + 5j + k) , [ifij,k =0 (mod 3)]

=4. 1, (i) [fori = 0,15,450 and 465] + 20. 1., (i)[ for other values of i]

= 4x7.07x10°2 + 20x 2.87x10°

=0.2828 + 0.0574 = 3402x10™* =~ 73/250
p, = the probability to obtain zero column = 27, 215:0 Sk oMo (30i + 5/ + k),

[if i,j,k = 0(mod 5) or i,j,k = 0(mod 3)or i,j,k = 0(mod 2)]
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= 4. 1, (i) [fori = 0,15,450 and 465] + 159. 1., (i)[ for other values of i]
= 4x7.07x102 + 159x 2.87x10°

=0.2828 + 0.4564 = 7391x10™ =7391.3x10™ ~ 185/250

p, = the probability to perform a division by 2 =1 — (ps + p3) = 1 — (43/250 + 73/250) = 134/250

pn; = the probability to obtain non — zero column = 1- p, = 1 — 185/250 = 65/250
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