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ABSTRACT

This paper is devoted to the study of intuitionistic fuzzy
topological spaces. In this paper an intuitionistic fuzzy regular
weakly generalized closed set and intuitionistic fuzzy regular
weakly generalized open set are introduced. Some of its
properties are studied. Also we have provided some
applications of intuitionistic fuzzy weakly generalized closed
set namely intuitionistic fuzzy ., Ty, space and intuitionistic
fuzzy g T12 Space.
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1. INTRODUCTION

Fuzzy set(FS), proposed by Zadeh [14] in 1965, as a
framework to encounter uncertainity, vagueness and partial
truth , represents a degree of membership for each
member of the universe of discourse to a subset of it. Later on,
fuzzy topology was introduced by Chang [3] in 1967.By
adding the degree of non-membership to FS, Atanassov[1]
proposed intuitionistic fuzzy set (IFS) in 1983 which looks
more accurately to uncertainity quantification and provides
the opportunity to precisely model the problem based on the
existing knowledge and observations. After this, there have
been several generalizations of notions of fuzzy sets and fuzzy
topology. In the last few years various concepts in fuzzy were
extended to intuitionistic fuzzy sets. In 1997, Coker [4]
introduced the concept of intuitionistic fuzzy topological
space. In this paper, we introduce one of the concepts namely
regular weakly generalized closed set which were introduced
initially by N.Nagaveni[8] in General Topology in 1999. After
this many researchers worked on this set and developed many
interesting properties and applications. We have studied some
of the basic properties regarding it. We also introduced the
applications of intuitionistic fuzzy regular weakly generalized
closed set namely intuitionistic fuzzy Ty,  Space,
intuitionistic  fuzzy wgT1 space and obtained some
characterizations and several preservation theorems of such
spaces.

2. PRELIMINARIES

Definition 2.1: [1] Let X be a non empty fixed set. An
intuitionistic fuzzy set (IFS in short) A in X is an object
having the form A = { (x, pa (), va(X) ) / X € X }where the
functions pa(X): X — [0, 1] and va(X): X — [0, 1] denote the
degree of membership (namely pa(x)) and the degree of non-
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membership (namely va(X)) of each element x € X to the set
A respectively and 0 < pa(x) + va(x) < 1 for each x € X.

Definition 2.2: [1] Let A and B be IFS’s of the forms
A= {(x, ua(X), va(X) Y / x € X} and

B = {({ x, ug(x), va(x) ) / X € X}. Then

(@) A c B ifand only if pa(x) < pg (x) and va(x) > vg(x) for all
xeX

(b)A=Bifandonlyif AcBandBc A

(©) A°={(x, va(x), na(X) ) / x € X}

(d) An B ={{x, pa(X) A pa(x), va(X) v va(X) ) / X € X}

(€) AU B ={(x, pa(X) v ng(x), va(x) A ve(x) ) / x € X}

For the sake of simplicity, we shall use the notation
A = (X, up, va ) instead of A = {( x, pa(x), va(X) ) / x € X}.
Also for the sake of simplicity, we shall use the notation
A= (X, (ua HB ), (Va, vB) ) instead of A = (x, (A/ua, B/pg),
(A/VA, B/VB) >

The intuitionistic fuzzy sets 0. ={(x,0,1)/x e X} and
1.={(x1,0)/x e X} are respectively the empty set and
the whole set of X.

Definition 2.3: [4] An intuitionistic fuzzy topology (IFT in
short) on a non empty X is a family t of IFS in X satisfying
the following axioms:

@ 0,1 er,
(b)G1NGyert, forany Gy, Gy e,
(c) U G; e 1 for any arbitrary family {G;/ie J} c 1.

In this case the pair (X, 1) is called an intuitionistic fuzzy
topological space (IFTS in short) and any IFS in t is known as
an intuitionistic fuzzy open set (IFOS for short) in X.

The complement A® of an IFOS A in an IFTS (X, 1) is
called an intuitionistic fuzzy closed set (IFCS for short) in X.

Definition 2.4: [4] Let (X, t) be an IFTS and A = { x, pa, Va )
be an IFS in X. Then the intuitionistic fuzzy interior and an
intuitionistic fuzzy closure are defined by

int(A)=u{G/GisanIFOSinXandGc A},
cl(A) =n{K/KisanIFCSinXand Ac K}

Result 2.5: [4] Let A and B be any two intuitionistic fuzzy
sets of an intuitionistic fuzzy topological space (X, t).Then

(@) Ais an intuitionistic fuzzy closed set in X < cl(A) = A

(b) Ais an intuitionistic fuzzy open set in X < int(A) = A

(©) Cl(A® ) = (int(A))
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(d) int(A° ) = (cl(A))

©) A cB= int(A) c int(B)
A B = cl(A) cl(B)

(9) cl(AUB) = cl(A) U cl(B)
(h) int(A~ B) = int(A) N int(B)

Definition 2.6: [13] Let (X, ) be an IFTS and A = { X, pa, va
y be an IFS in X. Then the semi closure of A (scl(A) in short)
and semi interior of A (sint(A) in short) are defined as

sint(A) = U {G/Gisan IFSOSin X and G c A},
scl (A)= n{K/KisanIFSCSin Xand Ac K}.
Result 2.7: [11] Let A be an IFS in (X, 1), then

(i) scl(A) = Auint(cl(A)),

(i) sint(A) = A N cl(int(A)).

Definition 2.8: [9] Let (X, 7) be an IFTS and A = { x, pa, Va )
be an IFS in X. Then the alpha closure of A (acl(A) in short)
and alpha interior of A (aint(A) in short) are defined as

aint(A) = U{G/Gisan IFaOS in X and G c A},a
acl (A)= n{K/KisanIFaCSinXand AcK}.
Result 2.9: [9] Let A be an IFS in (X, 1), then

(i) acl(A) = A v cl(int(cl(A))),

(i) aint(A) = A N int(cl(int(A))).

Definition 2.10: An IFS A = { (X, pa (X), va(X) )/ X € X }in
an IFTS (X,7) is called an

(a) intuitionistic fuzzy semi closed set (IFSCS) if
int(cl (A)) < A[5]

(b) intuitionistic  fuzzy a-closed set (IFaCS) if
cl(int(cl(A))) < A[5]

(c) intuitionistic  fuzzy pre-closed set (IFPCS) if
cl(int(A)) c A [5]

(d) intuitionistic fuzzy regular closed set (IFRCS) if
cl(int(A))=A[5]

(e) intuitionistic fuzzy generalized closed set (IFGCS) if
cl(A) < U whenever A < U and U is an IFOS[12]

(f) intuitionistic fuzzy generalized semi closed set (IFGSCS)
if

scl(A) < U whenever A < U and U is an IFOS [10]

(9) intuitionistic fuzzy o generalized closed set (IFoGCS) if
ocl(A) c U ,whenever AcU and U is an IFOS [9]

An IFS A is called intuitionistic fuzzy semi open set,
intuitionistic fuzzy o-open set, intuitionistic fuzzy pre-open
set, intuitionistic fuzzy regular open set, intuitionistic fuzzy
generalized open set, intuitionistic fuzzy generalized semi
open set and intuitionistic fuzzy o generalized open set
(IFSOS, IFa0S, IFPOS, IFROS, IFGOS, IFGSOS and
IFaGOS) if the complement of A® is an IFSCS, IFaCS,
IFPCS, IFRCS, IFGCS, IFGSCS and IFaGCS respectively.
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3. INTUITIONISTIC FUZZY REGULAR
WEAKLY GENERALIZED CLOSED
SET

In this section we introduce intuitionistic fuzzy regular weakly
generalized closed set and have studied some of its properties.

Definition 3.1 An IFS A in an IFTS (X,1) is said to be an
intuitionistic fuzzy regular weakly generalized closed set
(IFRWGCS) if cl(int(A)) < U whenever A < U, U is IFROS
in X.

The family of all IFRWGCSs of an IFTS (X, 7) is denoted by
IFRWGCS(X).

Example 3.2: Let X = {a,b} and lett= {0, T, 1.} be an IFT
on X, where T = ( x, (0.3, 0.3), (0.7, 0.7) ). Then the IFS
A=(x,(0.2,0.2),(0.8,0.7) ) is an IFRWGCS in X.

Result 3.3: Every IFROS is an IFOS.

Proof: Let A be an IFROS in X. Therefore int(cl(A)) = A.
Which implies int(int(cl(A))) = int(A) and hence int(cl(A)) =
int(A). Thatis A =int(A). Hence A is an IFOS in X.

Theorem 3.4: Every IFCS is an IFRWGCS but not
conversely.

Proof: Let A be an IFCS in (X, 7). Let U be an intuitionistic
fuzzy regular open set in (X, t) such that A c U. Since Ais an
intuitionistic fuzzy closed, cl(A) = A and hence cl(A) < U.
But cl(int(A)) < cl(A) < U. Therefore cl(int(A)) < U. Hence
Aisan IFRWGCS in X.

Example 3.5: Let X = {a,b} and lett= {0, T, 1.} be an IFT
on X, where T = { x, (0.2, 04), (07, 0.6) ). Then the IFS
A=(Xx,(0.2,0.2), (0.8,0.7) ) is an IFRWGCS in X but not an
IFCS in X.

Theorem 3.6: Every IFaCS is an IFRWGCS but not
conversely.

Proof: Let Abean IFaCSin X and let A< U and U is an
IFROS in (X, 1). By hypothesis, cl(int(cl(A)))c A. Therefore
cl(int((A)) < cl(int(cl(A))) < Ac U. Therefore cl(int((A)) <
U. Hence Ais an IFRWGCS in X.

Example 3.7: Let X = {a,b} and let t= {0, T, 1.} be an IFT
on X, where T = ( x, (0.4, 0.3), (0.6, 0.7) ). Then the IFS
A =(x (0.3, 03), (0.7, 0.6) ) is an IFRWGCS but not an
IFaCS in X since cl(int(cl(A))) = ( x, (0.4, 0.3), (0.6, 0.7)) &
A

Theorem 3.8: Every IFGCS is an IFRWGCS but not
conversely.

Proof: Let A be an IFGCS in X and let A < U and U is an
IFROS in (X, 1). Since cl(A) < U, cl(int(A)) < cl(A). That is
cl(int(A)) < cl(A) c U. Therefore A is an IFRWGCS in X.
Example 3.9: Let X = {a,b} and let t= {0, T, 1.} be an IFT
on X, where T = ( x, (0.2, 0.4), (0.8, 0.6) ). Then the IFS
A = (X, (0.1, 0.3), (0.8, 0.7) ) is an IFRWGCS but not an
IFGCS in X since A < T but cl(A) = ( %, (0.8, 0.6), (0.2, 0.4))
Z T

Theorem 3.10: Every IFRCS is an IFRWGCS but not
conversely.
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Proof: Let A be an IFRCS in X let A < U and U is an IFROS
in (X, 7). Since A is IFRCS, cl(int(A)) = A < U. This implies
cl(int(A)) < U. Hence A is an IFRWGCS in X.

Example 3.11: Let X = {a,b} and let t= {0_, T, 1.} be an IFT
on X, where T = x, (0.3, 0.5), (0.7, 0.5) ). The IFS
A ={x, (0.2, 0.4), (0.8, 0.6) ) is an IFRWGCS but not an
IFRCS in X since cl(int(A)) = 0. = A.

Theorem 3.12: Every IFPCS is an IFRWGCS but not
conversely.

Proof: Let A be an IFPCS in X and let A < U and U is an
IFROS in (X, 7). By Definition, cl(int(A)) < A and A < U.
Therefore cl(int(A) < U. Hence A is an IFRWGCS in X.

Example 3.13: Let X = {a,b} and lett= {0, T, 1.} be an IFT
on X, where T = ( x, (0.2, 0.3), (0.8, 0.7) ). Then the IFS
A = (X (04, 05), (0.6, 0.5) ) is an IFRWGCS but not an
IFPCS in X since cl(int(A)) = 1. £ A.

Theorem 3.14: Every IFaGCS is an IFRWGCS but not
conversely.

Proof: Let A be an IFaGCS in X and let A < U and U is an
IFROS in (X, 1). By Definition, Aucl(int(cl(A))) < U. This
implies cl(int(cl(A))) < U and cl(int(A)) < cl(int(cl(A))) < U.
Therefore cl(int(A)) < U. Hence A is an IFRWGCS in X.
Example 3.15: Let X = {a,b} and let = {0., T, 1.} isan IFT
on X, where T = ( x, (0.5, 0.5), (0.4, 0.5) ). Then the IFS
A = (X (05, 0.3), (0.5 0.7) ) is an IFRWGCS but not an
IFaGCS in X since acl(A)=1-& T.

Proposition 3.16: IFSCS and IFRWGCS are independent to
each other which can be seen from the following example.

Example 3.17: Let X = {a,b } and let t={0_, T, 1.} be an
IFT on X, where T =(x, (0.5, 0.2), (0.5, 0.6) ). Then the IFS
A =T isan IFSCS but not an IFRWGCS in X since A c T but
cl(int((A)) = (x, (0.5, 0.6), (0.5,0.2) Y £ T.

Example 3.18: Let X = { a,b } and let t= {0_, T, 1.} be an
IFT on X, where T =(x, (0.8, 0.8), (0.2, 0.2) ). Then the IFS
A = (X, (08, 0.7), (0.2, 0.2) ) is an IFRWGCS but not an
IFSCS in X since int(cl(A)) € A.

Proposition 3.19: IFGSCS and IFRWGCS are independent to
each other.

Example 3.20: Let X ={a,b } and let t= {0_, T, 1.} be an
IFT on X, where T =(X, (0.5, 0.4), (0.5, 0.6) ). Then the IFS
A =T is an IFGSCS but not an IFRWGCS in X since Ac T
but cl(int((A)) = ( x, (0.5, 0.6), (0.5,0.4) Y £ T.

Example 3.21: Let X = { a, b } and let T = {0, T, 1.} bean
IFT on X, where T =(x, (0.7, 0.9), (0.3, 0.1) ). Then the IFS
A =X, (0.6, 0.7), (04, 0.3) ) is an IFRWGCS but not an
IFGSCS in X since scl(A))=1.¢ T.

Remark 3.22: The union of any two IFRWGCS’s need not be
an IFRWGCS in general as seen in the following example.

Example 3.23: Let X = {a, b} be an IFTS and let

T, = (X, (0.4, 0.4), (0.6, 0.6)) and T,= ( X, ( 0.4,0.3 ), ( 0.6,
0.7) ). Then t= { 0., Ty, Tp, 1-}is an IFT on X and the IFS’s
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A= (x (0402) (0608) ), B = ( x (03, 0.3),
(0.6, 0.7) ) are IFRWGCS’s but A U B is not an IFRWGCS
in X.

The following implications are true:

v IFGCs ™

IFCS IFuCS
IFRCS —»4— IFaGCS
IFSCS IFPCS

IFGSCS X

Fig.1 Relations between intuitionistic fuzzy regular weakly
generalized closed set and other existing intuitionistic
fuzzy closed sets.

In this diagram by “A —> B” we mean A implies B but not
conversely and “A <«49B” means A and B are independent of
each other.

None of them is reversible.

4. INTUITIONISTIC FUZZY REGULAR
WEAKLY GENERALIZED OPEN SETS

In this section we introduce intuitionistic fuzzy regular weakly
generalized open set and have studied some of its properties.

Definition 4.1: An IFS A is said to be an intuitionistic fuzzy
regular weakly generalized open set (IFRWGOS in short) in
(X, 1) if the complement A® is an IFRWGCS in X.

The family of all IFRWGOS’s of an IFTS (X, ) is denoted by
IFRWGO(X).

Example 4.2: Let X = {a,b} and let t= {0, T, 1.} be an IFT
on X, where T = ( x, (0.3, 0.3), (0.7, 0.7) ). Then the IFS
A=(x,(0.8,0.7),(0.2,0.2) )isan IFRWGOS in X.

Theorem 4.3: For any IFTS (X, 1), we have the following:
(i) Every IFOS is an IFRWGOS.

(ii) Every IFPOS is an IFRWGOS.

(iii) Every IFo.OS is an IFWGOS.

(iv) Every IFGOS is an IFWGOS. But the converses are not
true in general.

Proof: Straight forward.
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The converse of the above statement need not be true in
general which can be seen from the following examples.

Example 4.4: Let X = {a,b} and let = {0, T, 1.} be an IFT
on X, where T = ( %, (0.2, 04), (07, 0.6) ). Then the IFS
A=(x,(0.7,0.7), (0.2,0.2) ) is an IFRWGOS in X but not an
IFOS in X.

Example 4.5: Let X = {a,b} and let t= {0_, T, 1.} isan IFT
on X, where T = ( x, (0.2, 0.3), (0.8, 0.7) ). Then the IFS
A = (X, (0.6, 0.5), (0.4, 0.5) ) is an IFRWGOS but not an
IFPOS in X.

Example 4.6: Let X = {a,b} and lett= {0_, T, 1.} isan IFT
on X, where T = ( x, (0.4, 0.3), (0.6, 0.7) ). Then the IFS
A = (X, (0.7, 0.6), (0.3, 0.3) ) is an IFRWGOS but not an
IFaOS in X

Example 4.7: Let X = {a,b} and let t= {0_, T, 1.} isan IFT
on X, where T = ( x, (0.2, 0.4), (0.8, 0.6) ). Then the IFS
A = (x, (0.8, 0.7), (0.1, 0.3) ) is an IFRWGOS but not an
IFGOS in X .

Theorem 4.8: An IFS A of an IFTS (X, 1) is an IFRWGOS if
and only if F cint(cl(A)) whenever F is an IFCS and F c A.

Proof: Necessity: Suppose A is an IFRWGOS in X. Let F be
an IFCS and F < A. Then FCis an IFOS in X such that A° c
F. Since A° is an IFRWGCS, cl(int(A%) < F° .Hence
(int(cl(A)))° < FC. This implies F < int(cl(A)).

Sufficiency: Let A be an IFS of X and let F < int(cl(A))
whenever F is an IFCS and F — A. Then A°c F®and F°is an
IFOS. By hypothesis, (int(cl(A)))° < F°. Hence cl(int(A%) <
F°. Hence A is an IFRWGOS of X.

5. APPLICATIONS OF
INTUITIONISTIC FUZZY REGULAR
WEAKLY GENERALIZED CLOSED
SETS

In this section, we introduce intuitionistic fuzzy ., Ty, Space
and wgT1, space, which utilize intuitionistic fuzzy regular
weakly generalized closed set and its characterizations are
proved.

Definition 5.1: An IFTS (X, 1) is called an intuitionistic fuzzy
w12 (IF Ty inshort) space if every IFRWGCS in X is an
IFCS in X.

Definition 5.2: An IFTS (X, 1) is called an intuitionistic fuzzy
wgl12 (IF wgT1e in short) space if every IFRWGCS in X is
an IFPCS in X.

Theorem 5.3: Every Ty, space is an IF 4Ty, space. But
the converse is not true in general.

Proof: Let X be an ,,T1, space and let A be an IFRWGCS in
X. By hypothesis A is an IFCS in X. Since every IFCS is an
IFPCS, Ais an IFPCS in X. Hence X is an IF 4Ty, space.

The converses need not be true which can be seen from the
following examples.

Example 5.4: Let X ={a, b}, T = ( x, (0.9, 0.9), (0.1, 0.1) )
and Let T = {0-, T, 1.}. Then (X, 1) is an IF 4Ty,  Space.
But it is not an ,,, Ty, Space since the IFS A = ( x, (0.2, 0.2),
(0.8,0.7) ) is IFRWGCS but not IFCS in X.

Theorem 5.5: Let (X, 1) be an IFTS and X is an ,, Ty, Space
then
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(i) Any union of IFRWGCS is an IFRWGCS.
(i) Any intersection of IFRWGOS is an IFRWGOS.
Proof:

(i): Let {A}ic;is a collection of IFRWGCS in an ,, Ty, space
(X, 1). Therefore every IFRWGCS is an IFCS. But the union
of IFCS is an IFCS. Hence the Union of IFRWGCS is an
IFRWGCS in X.

(ii): It can be proved by taking complement in (i).

Theorem 5.6: An IFTS Xis an IF 4Ty,  space if and only
if IFRWGOS(X) = IFPOS(X).

Proof: Necessity: Let A be an IFRWGOS in X, then A® is an
IFRWGCS in X. By hypothesis A® is an IFPCS in X.
Therefore A is an IFPOS in X. Hence IFRWGOS(X) =
IFPOS(X).

Sufficiency: Let A be an IFRWGCS in X. Then A°® is an
IFRWGOS in X. By hypothesis A° is an IFPOS in X.
Therefore A is an IFPCS in X. Hence X is an IF 4Ty
space.

Theorem 5.7: An IFTS X is an IF ,, Ty, space if and only if
IFRWGOS(X) = IFOS(X).

Proof: Necessity: Let A be an IFRWGOS in X, then A® is an
IFRWGCS in X. By hypothesis A® is an IFCS in X. Therefore
Aisan IFOS in X. Hence  IFRWGOS(X) = IFOS(X).

Sufficiency: Let A be an IFRWGCS in X. Then A°® is an
IFRWGOS in X. By hypothesis A° is an IFPOS in X.
Therefore A'is an IFPCS in X. Hence X isan ,,, Ty, space.

5. CONCLUSION

In this paper we have introduced intuitionistic fuzzy regular
weakly generalized closed set and studied some of its basic
properties. Also we have studied the relationship between
intuitionistic fuzzy regular weakly generalized closed and
some of the intuitionistic fuzzy sets already exist.
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