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ABSTRACT

In this paper, single server queue with poisson arrivals, triple
stages of service with service interruption & compulsory
server vacation is considered. After the completion of first
stage and second stage of service, the server must provide the
third-stage of service. After the completion of each third stage
of service, the server will take compulsory vacation. The
vacation time is, exponentially distributed. The time dependent
probability generating functions have been obtained in terms
of Laplace transforms.
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1.INTRODUCTION

In this paper we consider a qucueing system with compulsory
server vacation and service interruptions. A qucueing system
might be interrupted. Due to this, server may not be able to
proceed with the process till the interruption is cleared. In this
paper,each arriving customer had to undergo three stages of
services provided by a single server. The service time follows
general distribution. Once the system interrupts, then the
customer whose service is interrupted goes back to the head of
the queue where the arrivals are poisson. Many authors have
discussed about Two stages of services. In this article, we
have developed a three stages of services which will be more
advantageous in large scale industries. Performance measures
will be improved. Char et al. [3] chang and Takine [4] and
lgaki [7] have studied queues with generalized vacations.
Vacation queens with C servers have been studied by Tian et
al [15]

Madan & Marghi [14] have studied batch arrivals having
general vacation time. Kulkarni and choi [9] have studied
retrial queues, k.c.so [6] formed the optional maintenance
policies for single server queue. Vacation queues have been

studied extensively by numerous authors Levy and yechiali
[10], Doshi [5] and Madan [11], [12], [13] due to their
applications in computer network .V.Thangaraj formed a two
stage service [2] Aissani and Artalejo [1] made a work on
single server retrial qucueing system. Jayewardene and kella
[8] have studied M/G/D queues with service interruptions.
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2.MATHEMATICAL DESCRIPTION OF
THE MODEL

We have the following assumptions:

e Customers arrive at a poison process with arrival
rate A.

e  Service time of the three stage follows different
general distributions with distribution function
Mj (v),and density function mj(v), j=1,2,3...

e Let s; (X) dx be the conditional probability of
completion of the i th stage of service during
(%, x+dx) given that elapsed time is x, So

m; (X)

Ki =
YT 1IoM ()

,i=1,23

m; (v) =K ; (v) exp (- jKi (x)dx ),i=1,23
0

e Vacation time follows general (arbitrary)
distribution with distribution function V(s) and the
density function v(s).

The conditional probability distribution ¥ (x) dx of

a completion of a vacation time during (X, x+dx)
given that the elapsed vacation time is X, so

v(X)

7RIV

v =7 O expl-( [7 0]
0

Interruption arrive with mean rate >0.Let & be the
server rate of attending interruption.

e  The mean vacation time is —

/4
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3. DEFINITIONS
We define

e Pn: @ (x,t) = probability that at time ‘t’ there are
‘n’ customers in the queue excluding the one being
served, the server is active providing first stage of
service and the elapsed service time for this
customer is X.

0
o PO b= I P o1 @ (x,t)dx denotes the
0
probability that at time t there are n customers in the
queue excluding the one customer in the first stage
of service irrespective of the value of x.

. P n,l(z) (x,t) = probability that at time ‘t’ the server is
active providing second stage of service and there
are n (=,0) customers in the queue excluding the
one being served and the elapsed service time for
this customer is x.

o PLPxb= I P 1@ (x,t)dx denotes the
0

probability that at time ‘t’ there are n customers in
the queue excluding the one customer in the second
stage of service irrespective of the value of x.
o P,1® (xt) = probability that at time t, the server is
active providing third stage of service & there are n
(2 ,0) customers in the queue excluding the one
customer being served and the elapsed service time
foe this customer is x.
o0
o P.® (xt= J- P,1® (x,t)dx denotes the
0
probability that at time t there are n customer in the
third stage of service customer in the third stage of
service irrespective of the value of x.
eV, (x,t) = probability that at time ‘t’ the server is
under vacation with elapsed vacation time x and
there are n (= ,0) customers waiting in the queue
for service.

o V()= '[ V, (x,t)dx denotes the probability that
0

at time ‘t’ there are n customers in the queue and the
server is under vacation irrespective of the value of
X.

e R, (t) = probability that at time t’ the server is
inactive due to arrival of service interruption.

e Q(t) = probability that at time ‘t’ there are no
customers in the system and the server is idle but
available in the system.
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4. EQUATIONS GOVERNING THE
SYSTEM
% Poa® (x.) + %P 0t @ D+ (A +Ky(X)+y)
PP =AP OxbH__ (1)

0 0
& Po1® (x,t) + a Po1 Dx, 0+ (A +Ky(x)+7)

PoiPxt)=0.___ (2

% Pn1® (xt) + %P a1 @b+ (A +Ko(0+ v)

Pii®x=APri@ (Xt (3

0 0

& Pos @ (xt) + a Pox @ () A +Ka(x)+7)
Puu@xh=0._ (4

% P (xt) + % Pn1®@ O+ A +Kq(x)+ )

Pi® x)y= A Pots® (xt).____ (5)

0 0
x Por® (xt)+ ot Por® (x+(A +Ks(x)+7)

Po1 @ xp=0___ (6)

ﬁ Vi(x,t) + ﬁv O+ A+ ()Va(X,t)
ox YR

= A Voi(xhn=12....... 0

i Vo(x,t) + ﬁv (x,0+ (A +7v (X))Vo(x,)=0
ox ot ! R

)

%anwk B RO+ 1 Rz O+ B [ P (xtix
0

+ p _[ Pra® (x,H)dx + S _[ Pra® (x,t)dx ,
0 0

n=1,2... )

iR (® =- (A +B) Ro(t) (10)
dt 0 (o] J—
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d o0
at Qn=-1 QM+ Ro(t)8+f Vo(xy (dx___(11)
0

By the usage of following boundary conditions, the above
equations (1-11) to be solved.

Po,l(l)(olt) QM A +R, (1) B
+j V4 (xH)y()dx (12)

0

P00 =Ry 08+ [ Vautx) 7 (9 dx
0
n=12....... (13)

P..P0,t) = I Pra® (x,t) Ky(x) dx, n=0,1......
0
(14)
P..?0,1) = I Pna@ (x,t) Ky(x) dx, n=0,1......
0
(15)

v, (0.) =j P 119 () Ks(x)dx, n=0,1....... (16)
0

Assume that initially there is no customer in the system and
the server is idle.

Vo (0) =0, V,(0) =0, Q (0) =1
Pl1(0) =0 forn=0,1.2............. a7

Now we shall find the transient solution for the above
equations.

First, let us define the probability generating functions.

1
P (xzt) = X Z" P P(x.t) \

n=0
1
PP @t =X Z" P, D)
n=0
1 -
Pei® (xz) = X Z" Py, A(x,) I )}
n=0
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1
Po1 Pty = X 2" P, 2(1)
n=0

1
Pq,l(s) (szvt) = X Zn Pn,l(a)(xxt)
n=0

1
P @t = X 2" P,
n=0

1

Vo (xzt) = X Z" Vy(x.b)
n=0

1
Vo @zt =X Z" Vi)
n=0

1
Ry(z) =X Z" Ry(t)
n=0

Define the Laplace transform of f(t) as

F(s) = J‘ e f(t) dt, R (s) >o0. (19)
0

Taking the Laplace transform of equations (1) to (16) & using
(17), we obtain

0
& ﬁ(nyl)(l) (XS)+(5+A+K (x)+B) ﬁ(n,l)(l) (xs)
=2 E(n_:Ll)(l) (X,S), n=12....... —(20)
— Prop (X8 +(+A+K(X) +B)
ox oY
Fj(o,l)(l) )e)=0______ (21)

& ﬁ(n,l)(Z) (X8)+(s+A+Ky(x)+B) r)(n,l)(Z) (x,8)

- ﬁ(n_Ll)(Z) x,s8),n=12......... (2
— P @ (x8)+ (s +A+Ka(x) +B)
ox

ﬁ(o,l)(z) (x,9) = 0. (23)

& ﬁ(n,l)(S) X8+ 5+ A+ Ks () +B) ﬁ(n,l)(s) xs)

= 9 ® (xs) n=12..... (24)

OX ﬁ(n—l,l)
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& ﬁ(o,l)w) Xs)+(s+r+Kz(x)+p)

Pou #9209

aﬁ V. (x9)+s+1+700) V., (x8)=2 V., (x9),
X

n=12...... (26)

ai V, (69)+ (s +1+7 () V, (x3) =0, @7)
X

R, ©=1R L 0+ B [ P ay” cooxe
0

P .[ Pioay . Xdx+ B I sy ()
0 0

n=12....... (28)

(s+249) Ry (=0 (29)

¢+ Q =1+ Ry @+ [ Vy (x97 (ax_(0)
0

Py ©9=2Q @+ R o+ [V (<97 (xx
0

()

p(n,l)(l) (0:) :m (s)o+ j \K (x,8) v (x) dx
0

n=12........ (32)

Pon? 097 [ Py (69K, 0 0x

n=0,1..... (33)

B ® (09) = j 5(n,1)(2) (x,5) Ky (X) dx

n=0,l1..... (34)

Vo 09= [ Py ® x8) Ks () ix
0

n=0,1..... (35)

Multiply equation (20) by z" & summing over n from 1 to oo,
adding to equation 21 & using the generating function, we
have
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& ﬁ(q,n(l) (xz,8) +(s+A-Az+K (X) +PB)

ﬁ(q,l)(l) (x,2,5)= 0. (36)

Similar operations are to be carried for the
equations (22) to (29)

0

X 5(q,1)(2) (x2,8) + (s + -2z +Ky (x) + B)

F_J(q,l)(z) (x,2,5)= 0. (37)

ox ﬁ(Q.l)(3) (xz:8) * (s +4-22+Ks(X) + )

I_J(q,l)(a) (x,2,5)= 0. (38)

ag V_q (X,2,8) + (s+A-2Az +7 (X)) \/_q (x,z,5)=0.
X

(39)

(s+ A-Az+ 8 Rq (z8)=az (,J‘ ﬁ(q,l)(l) (x,2,8)dx
0

= (@ n ©®
+J‘ p(q’l) (x,z,5) dx+ j p(q’l) (x,2,5) dx )
0 0
(40)
Multiply both sides of equation (31) by z, multiply both sides

of equation (32) by 2™, sum over n from 1 to oo, add the two
results, then using (18) we get.

Z Py (029712 Q (9+3 R, @9-5R, 9+

O 8

V, xz9)v ) dx—J‘ V, (x8) 7 (x) dx.
0

(41)

Performing similar operations on equations (33), (34) and
(35), we get

Pan @297 [ Py X289 K0 dx (42)
0

ﬁ(q,l)(S) (0z5)= .[ ﬁ(q,l)(Z) (x,2,8) Kz (x) dx.
0

(43)
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V, (0z9)= I P (29 Ks G dx __ (44)
0

Using equation (30), equation (41) becomes,
z ﬁ(q,l)(l) (029 =(1SQE) +2(1) Q E)+ 5R—q @9)

q

+j V. (x25) 7 (X) dx. (45)
0

Integrating equation (36) from o to x, we get

@ (x,2,8) = @ (0,z,5)exp {- (s+A-Az+B) x

P Py

I kq(t) dt } ___ (4e)
0

Where p(q l)(l) (0,z,5)is given by equation (45). Again
integrating (46) by parts with respect to x,

P, 1)(1) @9)= P, 1)(1) 025) [1-Mi(s+1-Az+f)
¢ ¢ S+A-Jz+p

(47)

Where
M, (stA-Az+B) = I exp (- (stA-hz+ [)x) dM;(x)
0
is the Laplace stieltjes transform of the first stage service time
M3 (X).
Now multiply both sides of equation (46) by K; (X) &

integrating over X, we obtain

0

I ﬁ(q,l)(l) (%,z,8)Ky (x) dx = ﬁ(q,l)(l) (0.2,9) ml (st
0
Mzt (48)

Similary integrating the equations (37) & (39) from 0 to x, we
obtain.

ﬁ(q,l)(Z) (x29)= ﬁ(q,l)(Z) (0,2,5) exp { - (s+A-rz+P)x

S SCLS S—C)
0

r)(q,l)(s) (%,2,8)= ﬁ(q,l)(a) (0.2.5) exp { - (s+A-Az+B) X

I Kgadt} _ (50)
0
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V_q (x,2,9)= V_q (0,2,5) exp {- (stA-Az+B)x

S PACLS S )
0

Where p(q’l)(z) 0,2,9), ﬁ(q,l)(g) (0,z,5) and\/_q (0,z,5) are

given by equations (42), (43) and (44).
Again integrating (49),(50) and (51) by parts with respect to x,
we get

Py =9, 2 1-Ma(s+A-2A
Pan ™ @)= Py (01215)[ s+(j1tlz+,zﬁ+ﬂ)J

(52)

B - ® 1-Ms(s+A-4
Pan @97 Py (0,2,5)[ S+(Z+_,12+lzg+ﬂ)j

(53)

V, 9=V, (0zs) 1=V (+4-22) (54)
S+A-Az
Where

|\/|2 (s+k—kz+[3):'[ exp (- (stA-Az+B)x)dM,(x) _ (55)
0

|\/|_3 (stA-AztP) :f exp (- (sti-Azt+p)x )dMs(x)
0

(56) is the Laplace - stieltjes
transform of the second stage service time M, (x) and third
stage service time Mz(x).

Multiply both sides of equation (50) by K, (x) and integrating
over X & also multiply both sides of equation (51) by Ks (x)
and integrating over X, we get

ﬁ(q,l)(Z) (%,2,8)K; (x) dx = ﬁ(q,l)(Z) (0,2,9)

| o—38

<

5 (stA-Az+P) (57)

I p(q,1)(3) (%,2,8) K3 (x) dx = ﬁ(qyl)(?’) 0,z,5)
0
M,

(s+A-Az+B) (58)

\7 (s+ A-Az) :j exp (- (stA-Az)x)dV (x)
0

(59)

is the Laplace stieltjes transform of V (x).
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Multiply both sides of equation (51) by y (x) & integrating
over x, we get

j V, 297 (dx=V, 029V (s+1-22)
0

(60)

Now using equations (42), (48), (57), (58) we can write
equation (44) as,

o0

V, (0z9)= I Pl (25 Ks () dx
0

= ﬁ(q,l)(g) 0,z,5) Ms (s+A-Az+B)

:I ﬁ(qyl)(Z) (x.2.8) Kz (x) dx [Ma (s+A-rz+B)]
0

= ﬁ(q l)(z) (0,2,) Mz (s+A-Az+B) Ms (s+tA-Az+p)

:I E(qvl)(l) (x2.5) Ky (%) dx [ M 2 (s+h-2z+)]
0
M3 (s+A-Az+PB)]

\/_q 0,z,5) = p(q,n(l) (0,2,5) Ml (s+A-Az+P) Mz (s+A-
Az+B) M3 (s+A-Az+p) (61)

Using above equations, equation (54) becomes,

Vi @9= Pgpy® 029 M1 (419249 ITM 2 (543

Az+B)]I M3 (s+arz+p)] [1-V (s+4-42) (62)
S+A-Az

By using (61), equation (60) becomes,

_[ \/_q (x,2,5) 7 (x) dx = ﬁ(q,l)(l) ©0,29[M1 (s+h-22+p)]
0

[Mz (s+A-rz+B)][ Ms (s+A-az+B)][ \7 (s+A-Az] __ (63)
Now using (48) & (49) equation (42) & (43) reduces to

ﬁ(q,l)(Z) (029) = ﬁ(q’]_)(l) (0.z8) Ml (s+A-Az+B)

_(64)

ﬁ(q,l)(s) (0.29) = ﬁ(q’]_)(Z) (0.25) Mz (stA-Az+P)
(69
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Using equations (48), (49), (64) & (65) equations (40)
becomes,

(s+A-Az+8) Ry (z,s)z[sz[f Prq l)‘l) (x,2,5)dx
0

0 0

= @ " ©®
+.[ p(q'l) (x,z,8) dx+ .[ p(q’l) (x,2,5) dx ]
0 0

=p2[ Py @ 029) (1_“21(2+_3;f;+ﬂ)]+

ﬁ(q 1)(2) (0,z.5) l—MZ(S+/1—iZ+ﬂ) + F—)(q 1)(3) 0,2,5)
’ S+A-Az+p ’

1-Ms(s+A-Az+f3) ]
S+A-Az+p

=Bz am(o,z,s) [1-|v|_1 (s+A-Az+B)]+ W (s+A-
S+A-Az+ p

124B) [1- M, (s2Az+B)+[1- M, (s2az+p)] M, (s+-

2+ [M, (s¥rzep)]

=Bz Em 0,2,5) | 11- E (s+2-Az+B) M_3 (s+)-
S+A-z+p

A—z+B) I\/I_2 (s+A-Az+B) ]

Rq (z,9) =

Bz Ew(oyz,S) 1-M,(s+A-Az+ Q)M (5+A— iz + BIM, (s+A— 12+ )
S+ﬂ—ﬂuZ+,B S+A-Az+0

(66)
Using equations (60) & (66) in eq (45), solving for

p(qyl)(l) (0,2,s), we get

P’ ©29)

f,(2) f,(2)[1—5Q(s) + A(z —1HQ(S)]
f,(2) ,(2)[z— M, f,(2)M, f,(2)M, f,(2)]
IV (s+ A-A42)]- PBz[1- M, f,(2)M, f,(2)M, f,(2)]

(67)

Where f; (z) =sth-Az+ B, (z) =s+A—-Az+§
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Substituting the value of ﬁ(q 1)(1) (0,z,s) in equations (47),
(49), (50), (62) & (66) we get

@z = f,@)IL-35Q(s) + Az-0QENIL-M, f,(2)] _
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E(q,l) DR
- (68)
P 1)(2) 2.5) = f,(2)[L-35Q(s) + A(z -)Q(S)IL - M, f,(2)]
: DR
(69)
I[_)(q‘l)@) @5 = f,(z)[1-sQ(s) +/1(ZD —Rl)Q(S)] [1-M,f,(2)]
(70)
V, @9)
f.(2) f, (@ -5Q(s) + Az —DQE)IIM, f, ()M, f, ()M, F,(2)] [17\7@ +A-2)
DR s+ A—1z)
(71)
R, @9 =
Bl sQ(s) + Az =DQ(S)I— M, f, ()M, T, (2)M, , (2)]
DR
(712)
Where DR =

£,(2) f,(2)2— M, f,(2)M, f,(2)M, f,(2)
IV (s+ 4 - 42)]- Bz[1- M, f,(2)M, T, (2)M, f,(2)]

Thus ﬁ(q‘l)(l) (2.5), E(q,l)(Z) (2.5), ﬁ(qyl)(a) ,Vq (z.s) and

Rq (z,5) are completely determined. Thus the transient

solution is obtained.

5.CONCLUSION

This paper clearly analyses the transient solution of the
queueing system with three stages of service, server provides
essential service in all the stages to the arriving
customers.This model can be utilized in Large scale
manufacturing industries. As a future work, the steady state
behaviour of the system and the other performance measures
can be derived.
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