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ABSTRACT

In this paper we introduce the notion of Upper F~%9-
Continuous and Lower F~%-Continuous Multifunctions. The
basic properties and characterizations of such functions are
established.
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1. INTRODUCTION

It is well known that various types of functions play a
significant role in the theory of classical point set topology. A
great number of papers dealing with such functions have
appeared, and a good number of them have been extended to
the setting of multifunctions [8]. This implies that both
functions and multifunctions are important tools for studying
properties of spaces and for constructing new spaces from
previously existing ones. R. Devi, V. Kokilavani P. Basker [3]
has introduced and studied the notion of ad-closed sets in
topological spaces. In this paper, we introduce and study
upper and lower faintly ad-continuous (briefly. F~%5-
Continuous) multifunctions in topological spaces. The main
purpose of this paper is to define faintly ad-continuous
multifunctions and to obtain several characterizations and
basic properties of such multifunctions.

2. PRELIMINARIES

Throughout this present paper, spaces X and Y always mean
topological spaces. Let X be a topological space and A, a
subset of X. The closure of A and the interior of A are denoted
by cl(A) and int(A), respectively. A subset A is said to be
regular open (resp. regular closed) if A = int(cl(A)) (resp.
A = cl(int(4)), The §-interior [11] of a subset A of X is the
union of all regular open sets of X contained in A and is
denoted by Ints(A).

The subset A is called §-open [11] if A = Ints(A), i.e., asetis
&-open if it is the union of regular open sets. The complement
of a §-open set is called §-closed. Alternatively, a set A c
(X, 7) is called §-closed [11] if A = cl5(A), where cl5(4) =
{x:x eU et = int(cl(A))NA # ¢}.

The family of all §-open (resp. §-closed) sets in X is denoted
by 60(X) (resp. C(X)). A subset A of X is called a-open [9]
if A c int(cl(int(A))) and the complement of a a-open are
called a-closed. The intersection of all a-closed sets
containing A is called the a-closure of A and is denoted by
acl(A), Dually, a-interior of A is defined to be the union of
all ¢-open sets contained in A and is denoted by aint (A).
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A point x € X is called a 6-cluster point of A if cl(V)n
A =+ ¢ for every open subset V of X containing x. The set of
all 6-cluster points of A is called the 8-closure of A and is
denoted by clg(A). If A = cly(A), then A is said to be 6-
closed [10]. The complement of a 6-closed set is said to be 6-
open. Clearly, A is 6-open if and only if for each x € A4,
there exists an open set U such thatx € U < cl(U) c A.
We recall the following definition used in sequel.

DEFINITION 2.1. A subset A of a space X is said to be

(@ An a-generalized closed [1] (ag-closed) set if
acl(A) € Uwhenever A € U and U is a-open in
X, 1)

(b) An ad-closed [3] set if cls(A) € U whenever

A <€ Uand U is ag-open in (X, 7).

The complement of a ad-closed set is said to be ad-
open. The intersection of all a§-closed sets of X containing A
is called ad-closure [4] of A and is denoted by ad;(A). The
union of all ad-open sets of X contained in A is called aé-
interior [4] of A and is denoted by aé;,,; (4).

The family of all ad-open subsets of (X, t) will be
denoted by a60(X). By a multifunction : X — Y, we mean
a point to-set correspondence from X into Y , also we always
assume that F (x) # ¢ for all x € X. For a multifunction
F: X - Y, the upper and lower inverse of any subset A of
Y are denoted by F*(A) and F~(4) respectively[2], where
FfA)={x€e X: F(x) c A} and F(A) = {x€ X:
F(x)n A # ¢} In paricular, F-(A)=x€X: ye€
F (x) for each point € Y . A multifunction F: X - Y is
said to be surjective if F (X) = Y. A multifunction F : (X,
7) = (Y, o) is said to be lower ad-continuous (resp. upper
ad-continuous) multifunction if F~(A) € a60(X) (resp.
F*(A) € ab0(X)) forevery V € o.

3. FAINTLY ad-CONTINUOUS

MULTIFUNCTIONS
DEFINITION 3.1. A multifunction F : X — Y is said to
be:

(@) Upper faintly as-continuous (briefly. Upper F =% -
Continuous) at x € X if for each 6-open subset V
of Y containing
F (x), there exists U € ad0(X) containing x such
that F(U) c V;

(b) Lower faintly a8-continuous (briefly. Lower F~%3 -
Continuous) at x € X if for each 6-open subset V
of Y such that F(x) NV # ¢, there exists
U € ad0(X) containing x such that F (u) N V #
¢ foreveryu € Uj;
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(c) Upper (resp. Lower) faintly ad-continuous if it is
Upper (resp. Lower) faintly ad-continuous at each
point of X.

REMARK 3.2. Since every 6-open set is open, it is clear
that every upper (lower) ad-continuous multifunction is upper
(lower) faintly ad-continuous. However, the converse is not
true as the following simple example shows.

THEOREM 3.3. For a multifunction : X - Y , the
following are equivalent.

(@) F is Upper £~ -Continuous;

(b) Foreachx € X and for each 8-open set V such that
x € F*(V), there exists a a§-open set U containing
xsuchthat U c Ft(V)

(c) For each x € X and for each 6-closed set V such
thatx € Ft(Y — V), there exists a ad-closed set H
suchthatx e X—Hand F~(V) c H;

(d) F*(V) is as-open for any 8-open subset V of Y;

(e) F~(V)is ad-closed for any 6-closed subset V of Y;

(f) F~(Y —V)is ad-closed for any 6-open subset V of
Y;

(@) F*(Y —V)is as-open for any 6-closed subset V of
Y.

PROOF. (a) & (b): Clear.

(b) © (c):Letx € X andV be a 6-closed subset of Y such
that x € FY(Y — V). By (b), there exists a ad-open set U
containing x such that U ¢ F¥(Y =V ). Thus F~(V) ¢ X —
U.TakeH = X— U.Thenx € X — H and H is ad-closed.
The converse is similar.

(a) © (d): Let x € F*(V) and V be a 8-open subset of .
By (a), there exists a ad-open set U, containing x such that
U, € F*(V). Thus, F*(V) =U, ep+) Uy. Since any union of
ad-open sets is ad-open, F*(V) is ad-open. The converse is
clear.

(d) © (g)and (e) © (f): Clear.
(d) © (f): Follows from the fact that F~(V) = X —
Fr@uy =).

THEOREM 3.4. For a multifunctionF: X —» Y , the
following are equivalent:

(@) F is Lower F~%%-Continuous;

(b) Foreachx € X and for each 8-open set V such that
x € F~(V), there exists a ad-open set U containing
xsuchthatU c F~(V);

(c) For each x € X and for each 6-closed set V such
thatx € F~(Y — V), there exists a ad-closed set H
suchthatx € X — Hand Ft(V) c H;

(d) F~(V) is ad-open for any 8-open subset V of Y;

(e) F*(V)is ad-closed for any 9-closed subset V of Y;

(f) F*T(Y —V)is ad-closed for any 8-open subset V of
Y;

() F~(Y —V) is ad-open for any 6-closed subset V of
Y.

PROOF. Similar to that of Theorem 3.3.

THEOREM 3.5. Suppose that (X, 7) and (X;, ;) are
topological spaces where i €. Let F:X - [[;e; X; be a
multifunction from X to the product space [];¢;X; and let
P;:[lie; X; = X; be a projection multifunction for each i € I
which is defined by P;((x;)) = {x;}. If F is upper (lower)
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faintly as-continuous, then P; o F is upper (lower) F~5-
Continuous for each i € I.

PROOF. Let V; be a 6-open set in (X;, 7;). Then (P; o
FY* (V) = F*(PFOR)) = Fr(V x Tljwi X)) (resp. (o
F)~(V) = F (P~ (V)) = F~(V; x[Ij X;). Since F s
upper (lower) faintly ad-continuous and since V; x [1;4; X; is
a 6-open set, it follows from Theorems 3.3 and 3.4 that
Fr(V; x [1j+: X;) (resp. F~(V; x [1; X;) is a a8-open set in
(X, 7). Hence again by Theorems 3.3 and 3.4, P; o F is upper
(lower) F~%8 _Continuous for each i € I.

COROLLARY 3.6. LetF: X — Y be amultifunction. If
the graph multifunction G of F is upper (lower) F~5-
Continuous, then F is upper (lower) F~% -Continuous, where
Gp: X » X XY, Gp(x) = {x} X F(x).

COROLLARY 3.7. Suppose that (X,7),(Y,0),(Z,n) are
topological spaces and F;: X » Y, F,: X - Z are
multifunctions. Let F, XF,: X > Y X Z be the
multifunction defined by (F; x F,)(x) = F;(x) X F,(x) for
each x € X. If F; x F, is upper (lower) F~%-Continuous,
then F; and F, are upper (lower) F~%-Continuous. The
following lemma can be easily established.

LEMMA 38. If A X B €ad0(X xY), then A€
ad0(X) and B € a50(Y).

THEOREM 3.9. Suppose that (X;, t;) and (Y;, o;) are
topological spaces for each i €. Let F;: X; —» Y; be a
multifunction for each i € I and let F:]];e; X; = [lie; Y; be
the multifunction defined by F((x;)) = [lie; Fi(x;). If F is
upper (lower) F~%-Continuous, then F; is upper (lower)
F~*8-Continuous for each i € I.

PROOF. Let V; be a 6-open subset of ¥;. Then V; X [];.; X;
is a 6-open set. Since F is upper (lower) F % -Continuous, it
follows from Theorems 3.4 and 3.5 that F*(V; x [1; ¥/) =
FrW) x Tl (resp. F-(Vi x Il ) = F~ (V) %
[1;+: X; ). Consequently, it follows from Lemma 3.8 that
FY (V) (resp. F,~(V;)) is a ad-open set. Thus again by
Theorems 3.3 and 3.4, F; is upper (lower) F~%%-Continuous
foreachi € I.

COROLLARY 3.10. Suppose that F,: X; — Y,
F, : X, — Y, are multifunctions. If F; X F, is upper (lower)
F~8_Continuous, then F; and F, are upper (lower) F~%-
Continuous, where F; X F, is the product multifunction
defined as follows: F; X F: Xy XX, - Y; XY, (F X
F))(x1,%x, ) = F1(x1) X Fy(x,), where x; € X; and
X, € X,.Recall that a multifunction F : X — Y is said to be
punctually closed if for each x € X, F (x) is closed. Recall
also that a space X is called 8-normal if for any disjoint closed
subsets F; ,F, of X, there exist two disjoint 6-open subsets
Vy ,V, of X containing F; , F, respectively.

DEFINITION 3.11. A topological space (X,7) is said to

be T§*% [5] (resp. 8-T; [8]) if for each pair of distinct points x
and y of X, there exist disjoint a§-open (resp. 8-open) subsets
U and V of X containing x and y, respectively.
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THEOREM 3.12. Let F:X—>Y be an upper F -
Continuous multi-function and punctually closed from a
topological space X into a 6-normal space Y such that
F(x) n F(y) = ¢ for each pair of distinct points x and y of
X. Then X is Tj%9 .

PROOF. Let x and y be any two distinct points of X. Then
F(x) N F(y) = ¢. Since Y is #-normal and F is punctually
closed, there exist disjoint 6-open sets U and V containing
F (x) and F (y), respectively, but F is upper F~5-
Continuous, so it follows from Theorem 3.4 that F*(U) and
F*(V) are disjoint a§-open subsets of X containing x and y,
respectively. Hence X is T30 .

DEFINITION 3.13. A topological space (X,7) is said to
be 6-compact [5] (resp. ad-compact) if every 6-open (resp.
ad-open) cover of X has a finite subcover. A subset A of a
topological space X is said to be §-compact relative to X if
every cover of A by 6-open subsets of X has a finite subcover
of A.

THEOREM 3.14. Let F: X —» Y be an upper F~%-
Continuous surjective multifunction such that F (x) is 6-
compact relative to Y for each x € X. If X is ad-compact,
then Y is 8-compact.

PROOF. LetV, : a € A be a 8-open cover of Y. Since F(x)
is 6-compact relative to Y for each x € X, there exists a finite
subset A(x) of A such that F(x) CUgeq Vo PUt V(x) =
Uaeax) Voo Then V(x) is a 8-open subset of Y containing
F(x). Since F is upper F~5_Continuous, it follows from
Theorem 3.4 that F*(V(x)) is a ad-open subset of X
containing {x}. Thus the family {F*(V(x)): x € X} is a
ad-open cover of X, but X is ad-compact, so there exist
Xi, Xz, X3...%;, €X such that X =U%;F*(V(x)).

Hence, ¥ =F (UL, F*(V(x))) = Ul F(F*(V(x)) <
Ufe1 V() = Uf1Ugeaqr)) Vo Hence, Y is 8-compact.

For a given multifunction : X - Y , the graph
multifunction Gp: X —» X XY is defined as Gp(x) = {x} X
F (x) for every x € X. In [4], it was shown that for a
multifunction F: X - Y, GTr(AXB)=AnF*(B) and
G r(AXB)=ANF~(B) where A€ Xand BSY .A
multifunction F : X — Y is said to be a point closed if and
only if foreach x € X, F (x) isclosedinY.

DEFINITION 3.15. Let F: X — Y be a multifunction. The
multigraph G(F) = {(x,y):y € F (x),x € X} of F is said to
be ady-closed if for each (x,y) € (X xY) — G(F), there
exist a ad-open set U and a 8-open set V containing x and y,
respectively, such that (U xV) n G(F) =g, ie, F{U)N
V=o0.

THEOREM 3.16. If the graph multifunction F: X — Y
is upper (lower) F~%%-Continuous, then F is upper (lower)
F~%_Continuous.

PROOF. We shall only prove the case where F is upper
F~%8 _Continuous. Let x € X and V be a #-open set in Y
such that x € F*(V). Then Gpr(x)Nn (X xXY) = ({x} x
FO)N XxY)={x}x(Fx)NnV)+¢ and X XV is 6-
open in X X Y by Theorem 5 in [3]. Since the graph
multifunction Gy is upper F~%%-Continuous, there exists an
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open set U containing x such that z € U implies that
Gr(2) N (X X V) # ¢. Therefore, we obtain U S Gz (X X
V) = F7% — Continuous € a80(X) from the above
equalities. Consequently, F is upper F~8 -Continuous.

THEOREM 3.17. Let : X - Y , be a point closed
multifunction. If F is upper faintly ad-continuous and assume
that Y is regular, then G (F) is 8-closed with respect to X.

PROOF. Suppose (x,y) € G(F). Then we have y ¢ F (x).
Since Y is regular, there exist disjoint open sets V; ,V, of Y
such that y € V; and F (x) € V,. By regularity of , V, is also
p-open in Y . Since F is upper F~% -Continuous at x, there
exists an ad-open set U in X containing x such that F(U) <
V,. Therefore, we obtain x € U,y €V; and (x,y) € U X
Vi € (X XY)—G(F).So G(F) is 8-closed with respect to X.

THEOREM 3.18. Let F: (X,7) = (Y,0) be a point closed
set and upper F~8-Continuous multifunction. If F satisfies
x1 #x, = F (x1) # F (x3) and Y is regular space, then X
will be Hausdorff.

PROOF. Let x4, x, be two distinct points belong to X, then
F (x1) # F (x3). Since F is point closed and Y is regular, for
all y € F (x1) with y € F (x;), there exists 6-open sets V;, V5
containing y and F (x;) respectively such that V; NV, = ¢.
Since F is upper F~*%-Continuous and F (x;) € V,, there
exists an open open set U containing x, such that F(U) < V5.
Thus x € U. Therefore, U and X — U are disjoint open sets
separating x; and x;.

THEOREM 3.19. If a multifunction F : X — Y is upper
F~%8_Continuous such that F (x) is 8-compact relative to Y
for each x € X and Y is 0-T,, then the multigraph G (F) of F
is adg-closed.

PROOF. Let (x,y)e (X X Y)—G(F). Then yeyY —
F(x). Since Y is 0-T,, for each z € F(x), there exist disjoint
6-open subsets U(z) and V(z) of Y containing z and y,
respectively. Thus {U(z) : z € F (x)} is a 6-open cover of
F (x), but F (x) is 6-compact relative to Y , so there exist
Zi, Z3, Z3. . .Zy € F(x) such that F (x) € U}, U(z). Put
U=UL,U(z) and V =N, V(z). Then U and V are 6-
open subsets of Y such that F (x) ¢ U,y c VandUNV =
@. Since F is upper F~*_Continuous, it follows from
Theorem 3.4 that F*(U) is a ad-open subset of X. Also
x €F*(U) since F (x) ¢ Uand F (FF(U)) NV = g since
U NV = ¢.Hence, G(F) is ady-closed.
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