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ABSTRACT

We prove results concerning data dependence of Noor and SP
iterative schemes using certain quasi-contractive operators in
real Banach spaces. Our results reveal that by choosing an
approximate quasi-contractive operator (for which it is possible
to compute the fixed point); we can approximate the fixed
point of the given operator. An example is also provided to
explain the validity of our results.
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1. INTRODUCTION

Let E be a real Banach space and B be a nonempty closed,
convex subset of E. Let T, S be two self operators on B.

In a complete metric space, the Picard iterative process
{X,}._, defined by

Xpy =T1X,Nn=0,1,... (1.1)
has been employed to approximate the fixed points of
mappings satisfying the inequality

d(T™x,Ty) <ad(x,y) (1.2)
forallx,ye Xanda €[0,1).
Condition (1.2) is called the Banach’s contraction condition.

Any operator satisfying (1.2) is called a strict contraction.
In 1953, W.R. Mann defined the Mann iteration [8] as

U, = (l_an)un+ O"nTun ’ (13)
where { &, } is a sequences of positive numbers in [0,1].

In 1974, S. Ishikawa defined the Ishikawa iteration [7] as

Sn+1 = (l_ an)sn+anTtn
tn = (l_ﬁn)sn+ﬁnTsn ' (14)
where { ¢, } and { 8, } are sequences of positive numbers in

[0,1].

For a given X,<Band U, B, we consider the Noor
iteration [9] for operators S and T as

Xoa == )Xot Ty, Yo =A=B)X+ST2,,

Z, = (L=7)X, 47 X0 (1.9)
Upy = Q= )U,+a, SV, v, = (L= U, +4,5w,

W, =@—y)u,+7,Su, , (1.6)

where {«,}, {B,} and {y,} are sequences of positive
numbers in [0,1] satisfying lime, =limB, =0, > a, =c.
n—oo n—oo =0

Also, for a given X, € Band U, € B, we consider SP iteration
[12] for operators S and T as

Xn+1:(17an)yn+anTyn ' yn:(liﬁn)zn_'_ﬂn-rzn'

Zn :(1_7n)xn+7nTxn ’ (17)
Upg = (1—0!n)Vn+6{nSVn ’ Vp = (1_ﬁn)wn+ﬂnswn '
W, =1—y»)u,+7,Su,, (1.8)

where {,}, {8,} and {y,} are sequences of positive
numbers in [0,1] satisfying 3, <ea,,7, <a,, D@, =%.
n=0

Remarks

1. If y,=0, then Noor iteration (1.5) reduces to the Ishikawa
iteration (1.4).

2.If g, =y,=0, then Noor iteration (1.5) reduces to the Mann
iteration (1.3).

3.If B,=y,=0, then SP iteration (1.7) reduces to the Mann
iteration (1.3).

Several authors [1, 4, 12-20] have studied the convergence of
various iterative schemes. In 1972, Zamfirescu [20] obtained
the following interesting fixed point theorem:

Theorem 1.1.[20] Let (E, d) be a complete metric space and

T : E—> E a mapping for which there exists real numbers a, b
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and c satisfyingae (0,1),b,ce (0, %) such that for each pair

X, ¥ € E at least one of the following conditions hold

() d(Tx,Ty) <ad(xy)
(i) d(Tx, Ty) <b[d (x, TX) +d(y,Ty)]

(iii) d(Tx, Ty) <c[d (x, Ty) +d(y, TX)] (1.9)
Then T has a unique fixed point p and the Picard iteration {x,
}

defined by

Xpp =1X%,,N=0,1,...

converges to p for any arbitrary but fixed x, € E.
The operators satisfying the condition (1.9) are called
Zamfirescu operators.
Berinde[1] introduced a new class of operators on an arbitrary
Banach space satisfying

d(Tx, Ty) <28 d(x,Tx) +3d(X, y) (1.10)
VXx,ye Eandde[01).
He proved that this class is wider than the class of Zamfirescu
operators and used the Ishikawa iteration process to
approximate fixed points of this class of operators in an
arbitrary Banach space given in the form of following
theorem.
Theorem 1.2[1] Let K be a nonempty closed convex subset

of an arbitrary Banach space E and T : K—> K a mapping
satisfying (1.9). Let {s,}”  be defined through the Ishikawa

{a, }, {5} are

sequences of positive numbers in [0,1] with { &, } satisfying

iteration (1.4) and x, €K, where

D a, =c.Then {s,}”  converges strongly to the fixed point

n
n=0

of T .

Rafiq [14] studied the convergence of the three step iteration

process for  quasi-contractive  operators. Osilike [10]
generalized and extended some of the results of Rhoades [15]
by using the following more general contractive definition
than (1.10): there exist g € [0,1), L > 0 such that

d(Tx, Ty)< Ld(x, TX) + qd(x,y), V X, yEE (1.11)
He established the stability of Picard, Mann, Ishikawa and
Noor iterative schemes using (1.11).
Imoru and Olatinwo [6] proved the stability of the Picard and
the Mann iteration process for the following operator which is
more general than the one introduced by Osilike [10] .The

operator satisfies the following contractive definition : there
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exist ge [0, 1) and a monotone increasing function ¢:
R*—R* with ¢ (0) =0, such that
d(Tx, Ty) <@ (d(x, TX))+q d(X,y), V x,ye E

Since the metric is induced by norrn, above contractive

condition can be written as

[Tx=Ty| <@ (Ix-Tx)+ax-y], VX yeX (1.12)

Olaleru and Akewe [11] proved the convergence of Jungck
type iterations for generalized contractive-like operators in
Banach space. Renu Chugh and Vivek Kumar [4] proved the
convergence of Jungck-SP iterative scheme using quasi-
contractive operators satisfying (1.12).

Remarks

4. Putting X =Y and S=I (identity mapping) in Corollary 2 of
Theorem 2 [11], convergence of Noor iteration to a fixed
point of quasi-contractive operators satisfying (1.12) can be
obtained easily.

5. Putting X =Y, L=0 and S=I (identity mapping) in
Theorem 4.1 [4], convergence of SP iteration to a fixed point
of quasi-contractive operators satisfying (1.12) can be obtained
easily.

2. PRELIMINARIES

The results on data dependence for Picard iteration are in [2,
16]. Data dependence for Mann and Ishikawa iterations using
contraction condition (1.2) was proved by Solutz in [17,18].
Data dependence for Ishikawa iterations when dealing with
contractive like operators satisfying (1.12) was proved by
Solutz in [19].

In 2010, by providing an example Ciric et al.[5] proved that
Noor iteration can have a better covergence rate as compared
to Mann

and Ishikawa iterative schemes. In 2011, W. Pheungrattana
and S. Suantai [12] defined SP iterative scheme and proved
that this iterative scheme converges faster than Mann,
Ishikawa and Noor iterative schemes for increasing functions.
This is the main reason for considering Noor and SP iterative
schemes in this paper.

Motivated by the work of Solutz[17-19], in this paper we prove
the data dependence results for Noor and SP iterative schemes
using the quasi-contractive operators satisfying (1.12). An
example is also provided to explain the results.

We shall need the following Lemma to prove our results.
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Lemma 2.1.[19] Let {a,}, be a nonnegative sequence for

which one suppose there exist n, e N such that for all n>n,
one has satisfied the following inequality :

A = (1_ r-n)a‘n + r-ntn '

wherer, €(0,1), for all neN, >, =wandt, >0 VneN.

n=1
Then,

0<limsupa, <limsupt, .
n—ow n—o

3. MAIN RESULTS

First we prove the result on data dependence for Noor iterative
scheme.
Theorem 3.1. Let K be a nonempty convex, closed subset of
a real Banach space E and T: K—>K a quasi-contractive
operator satisfying (1.12). Let S be an approximate operator
of T i.e.

[|TX=SX||< ¢

for all xe K ,&e>0 and {x.},, {u}., be the Noor

iterations associated to T, respectively to S, starting from X.

If TX =x"and Su” = u" (u” taken nearest to x"), then we have

X —u" s =
1-q

Proof. it follows from (1.5) and (1.6) that

” Xna1 —Una ” < (1_an) ” X, —Uu, “ +a, ”Tyn - Svn “
< (1_an) ” Xy — U, ” +a, ”Tyn _Tvn ”
+a, || TV, = Sv, ||

S@=a) 1%, =y I+ a,ally, —v, |l
+a. (Y, =Ty, ) + &
S@=a) 1%, =y | +ere + aa, (= B,) | %, —u, |l
+0a, B, 172, = Sw, [l +a,0(l Y, =Ty, 1)
S@=a) 1%, =y | +ere + aa, (1= B,) | %, —u, |l
+q a5, | Tz, = Tw, || +qe, 5, | Tw, — Sw, ||
+a,0(1 Y, =Ty, )
S@A=a) 1%, =y ll+ee + a,ald = B) [ X, =, |l
+ 9’8, |12, W, || +ae, 8,00 2, ~ Tz, )
+0a,B.e + ool Y, =Ty, [I)

<[A-ea,+ea,ad- B %, —u, || +a,&
+ %, B, A=7,) 1 %, — U, |l
+ 0%, By, | T%, = Su, [ +ae, B,0( 2, — Tz, II)
+q @, B8 + ool Y, — Ty, 1)
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S[:I'_O“In +anq(1_ﬂn)] ” X, — U, ” ta,&
+ qzanﬂn(l_}/n) ” X — U, ”
+ qzanﬂn7n ”Txn _Tun ” +q2anﬂn7n€
+q 2. B0l 2, =Tz, ) + 9 @, B + 2.0l Y, =TV, II)

<l-a,+a,a- LI X, —u, || +a,&
+0°a, B, L= 7)1 %~ |
+ 0, B 1%, = Uy 1+ @, 87,00 X, =T, |l
+ 0’ fore ++04 2, B0 2, - Tz, |l)

+q a, B+ a0l Y, =Ty, [I)

= [1_an (1_ q) - anﬂnq(l_ q) - anﬂnynqz(l_ q)] || Xn - l"In ”
A D[a* Aol %, =%, ) + B0l 2, — T2, )]

14
2
AL A KLV ARELY S A
—-q

Now, ¢ is a continuous mapping and {x} {yn-
}.{z.}, converges
to a fixed point of T (using Remark 4), hence
,!m (%, =Tx,[) = !m (1Y, =Ty [) = !ED (|2, ~Tz, ) =0.
Putting r, =¢,(1—q) and
_ @Bl =Tx, 1D + aB,0(l 2, Tz, )

1-q

LY, —TYa N+ 9B+ B+
1-q

in (3.1) and using Lemma (2.1) , we get

t

n

X —u"||< 1i . Hence the result.
-q

Now, we prove the result on data dependence for SP iterative
scheme.

Theorem 3.2. Let K be a nonempty convex, closed subset
of a real Banach space E and T: K—> K a quasi-contractive

operator satisfying (1.12). Let S be an approximate operator
of T i.e.

[[TX=Sx||< &
forall xe K,e>0and {x.},_, {u,}.,be the SP iterations
associated to T, respectively to S, starting from x,.

If TX" =x"and Su” = u”(u” taken nearest to x"), then we have

3¢

X —u" || =
I Il 1-q

Proof. It follows from (1.7) and (1.8) that
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X0 =Upa IS Q=) 1Y, =V, [+ @, [ TY, = SV, |l
S@A=a) 1Yy =V I+, 1Ty, =Ty, |l
+a, || Tv, = Sv, ||

S@Q-a ) 1Y, Vo I+ 2, all Y, =i ll

+a, (Y, =Ty, ) + e

<@=a, A=)y, =V, I +e(ly, =Ty, [I)
+a,& (3.2
Now, we have the following estimates :
Yo = Vo lls A= B) 12, =W, [+ B, [ Tz, — Sw, ||
< (l_ﬂn) ” Zn _Wn ” + ﬂn ”Tzn _TWn ||
+ 5, 1 Tw, = Sw, ||
< (1_ﬂn) ” Zn _Wn ” + ﬂnq ” Zn _Wn ”
+ ol 2, =Tz, ) + fre
< (1_ﬂn(1_q)) ” Z,—W, ” +ﬂn¢(” Z, _Tzn ”)
+Be (33

and
” Z, =W, ”S(l_}/n)” Xy —U, ||+7n ”TXn _Sun "
< (l_yn) ” X — U, ||+ 7n ”TXn _Tun ”
+ 7 ”Tun _Sun ”
S(]‘_j/n)” Xy — U, ||+7nq ” Xy — U, ”
+7:001% =X, ) + 76
< (1—7.1(1—(1)) ” Xy — Uy, ” +}/n¢(” X _TXn ”)
+7,€ (3.4)

Substituting (3.3) and (3.4) in (3.2), we get

<f-a,@-]- 4,01 -7, d-a)]ll X, —u, |l

+ . 0( Y, =Ty, ) + e
+[-a,A-a)]B, ol z, - Tz, 1))
+ [1_ a, (1_ q)]ﬂng

+[-a, Q-] B,a- )]yl X, =T, II)

+l-a,Q-IL- 4=y

<=, Q= a)lix, =y, [T +a,0(l Y, =Ty, ) + a6

+ 5, o2, =Tz, ) + B + 7,01 %, =T, ) + 7,6

<A-a,@d-a)lIx, —u, |l
L 4 @=a)le(ly, Ty, D)+l 2, ~ T2, [D]
1-q)
4 %= %, =T, [)) +3¢]
1-q)

(3.5)
Now, ¢ is a continuous mapping and {x.} {y.}, {z.}

converges to a fixed point of T (using Remark 5), hence

limo(|x, =Tx,[) = lim(ly, =Ty, [) = lim(|z, - Tz, [) =0.

N—o0 n—oo
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Putting r, =, (1-Qq),

t = oY, =Ty, D) + ol 2, =Tz, [ + ol %, =T, )+ 3¢
" 1-0q)

in (3.5) and using Lemma (2.1) ,we get

X —u"||< 13—8 . Hence the result.
-q

Remark 6. Since Mann and Ishikawa iterative schemes are
special cases of Noor iterative scheme , data dependence
results of these iterative schemes can be obtained similarly.

The following example follows from [19].
Example 3.1 Let T: R—>R be defined by
T(x) =0 if xe(—0,2]
=-05if xe(2,+%)
with unique fixed point 0. Consider the mapping S: R—R
defined by
S(x) =1 if xe(-0,2]
=—15if xe(2,+0)

with unique fixed point 1.

Take £=1 such that || Tx—Sx|| <1.
1

N

By using computer programs in C++, Noor and SP iterative

Setup=xp=0and a,=B,=v, =

schemes leads to the following table .
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Number of | Noor Number of | SP lteration
Iterations Iteration Iterations
1 0.707107 1 0.974874
2 0.876209 2 0.998103
3 0.938104 3 0.999763
6 0.987406 0.999998
7 0.991858 0.999999
8 0.994572 1
9 0.996289 1
47 0.999999 1
48 0.999999 1
49 0.999999 1
50 0.999999 1
51 1 1
52 1 1
53 1 1

Hence Noor and SP iterative schemes when applied to S

converges to the fixed point u”=x"=1. Obviously distance
between the fixed points is of S and T is 1. Without computing
the fixed point of S (and without knowing it), from Theorem
(3.1) , we have the following estimate :

1

X w1 _12
1-q 1-02

Also if g:%, then using Theorem (3.2) we have the
following estimate :

X —U|g—=—"—=12
| Il
1-qg 1-02

4. CONCLUSION

From Example 3.1, we conclude that instead of computing
fixed points of S, if we choose T more close to S, the
distance between the fixed points of S and T will shrink too.
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