
International Journal of Computer Applications (0975 – 8887) 

Volume 39– No.4, February 2012 

13 

Fixed Point Theorem in ε -chainable Fuzzy Metric Spaces 

using Implicit Relations 

 

Bijendra Singh 

School of studies in Mathematics 

Vikram University  

Ujjain, M.P. (INDIA) 

 

Mahendra S. Bhadauriya 

Vikrant Institute of Technology & Management 

Gwalior, M.P. (INDIA) 

 

 

ABSTRACT 
The purpose of this paper is to present a common fixed point 

theorem for weakly compatible four self maps using implicit 

relation on a complete fuzzy metric space. Our results also 

extended the result of R. Rana, R. C. Dimri et. al. [13] 
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1. INTRODUCTION 
Fixed point theorems in fuzzy metric spaces satisfying some 

contractive condition is a central area of research now a days. 

Zadeh [17] initiated the concept of fuzzy sets in 1965. Many 

authors used this concept in the growth of Fuzzy Mathematics 

Kramosil and Michalek [8] introduced the concept of fuzzy 

metric space. Geroge and Veeramani [3] modified this 

concept of fuzzy metric space but Grabiec [5] obtained the 

fuzzy version of Banach contradiction principle. Sessa 

introduced the notion of weak commuting property. Further, 

Jungck introduced more generalized condition explained as 

compatibility in metric space. Recently in 2006, Jungck and 

Rhoades [7] introduced the concept of weakly compatible 

maps. The notions of compatible mapping in fuzzy metric 

space have been introduced by Cho [2].  

In 1994, S.N. Mishra et. al. [10] introduced the notion of 

Compatible maps in FM space. B.Singh and Jain [14] studied 

the notions of semi compatibility and weak compatibility of 

maps in fuzzy metric spaces. B. Singh and Chauhan [15] 

started the concept of compatibility in fuzzy metric space: 

Popa [11] prove of some result of fixed point theorems for 

weakly compatible non continuous mapping using implicit 

relation. Imdad [06] extended the work of popa. Singh and 

Jain [14] analysis and gave new extended result in fuzzy 

metric spaces.  

In this paper our objectives is to prove a common fixed 

theorem for weakly compatible maps on a complete  -. 

chainable fuzzy metric space satisfying an implicit relation. 

The property of  -.chainable fuzzy metric are characterized 

to obtain fixed point. Our result generalized, extend several 

comparable results in existing literature. 

 

2. PREMINILARIES 
Definition 2.1 [17] :- A fuzzy set A in X is a function with 

domain X and values in[0,1]. 

Definition 2.2 [1] :- A binary operation * : [0, 1]4  [0, 1] is 

called a continuous t-norm if ([0, 1], *) is an Abelian monoid 

with the unity 1 such that  

   a * b    c * d 

 Whenever ca   and b  d for all a, b, c, d   [0, 1] 

 Example of t-norm : 

   a * b =  a b  

 and   a * b= min {a, b} 

Definition 2.3 [2] :- The 3-tuple (X, M, *) is called a fuzzy 

metric space if X is an arbitrary set,  *  is a continuous t-norm 

and M is a fuzzy set in )),0(( 2 X  satisfying the following 

condition for all x, y, z   X and s, t. > o 

(FM - 1)  M(x, y, o) =0 

(FM-2)  M(x, y, t) = 1 for all t> o iff  x=y 

(FM -3)  M(x, y, t) = M (y, x, t) 

(FM-4)  M(x, y, t) * M(y, z, t)   M(x, z, t +s) 

(FM-5)  M(x, y, ) : [0, ∞) →[0, 1] is lefts 

continuous . 

Note that M (x, y, t) can be thought of as the degree of 

nearness between x and y with respect to t.  

Example 2.1 [16] :- Every metric spaces induces a fuzzy 

metric spaces. 

Let (X, d) be a metric spaces. define  a * b =  a b and 

),(
),,(

yxmdkt

kt
tyxM

n

n


  k, m, n R  

Then (X, M.*) is a fuzzy metric spaces. If we put  k=m=n=1 

we get  
),(

),,(
yxdt

t
tyxM


  

The fuzzy metric induced by a metric d is referred to as a 

standard fuzzy metric. 
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Definition 2.4 [5] :- A Sequence {xn} in a fuzzy metric 

space(X, M, *) is said to be convergent to a point xX such 

that – 

xxLim n
n




,  

if for each  >o and for each t>0, there exist n0 N, s.t.  

M(xn, x, t) > 1 –   

for all n  n.
0 

Lemma 2.1 [3] :- A Sequence {xn} in a fuzzy metric space 

(X, M, *) converges to a point x X  if and only if  

M(xn, x, t) = 1, for all t>0 

Definition 2.5 [4] :- A sequence {xn} in a FM space (X, M, *) 

is defined as Cauchy Sequence if for each  > 0 and t>0, 

there exists n0N, s.t. M (xn, xm, t) > 1 –   for all  n, m>n0. 

A fuzzy metric space in which every Cauchy sequence is 

convergent is said to be complete.  

Example 2.2 [9] :- Let X = }0{.......,.........3,2,1:
1










n
n

 

and  * be the continuous t-norm defined by a * b=  a b for all 

a, b[0,1].for each t(0, ∞) and x, y X 

Define 
),(

),,(
yxdt

t
tyxM


  if t >0     

And   M(x, y, t) = 0 if t =0 

Then clearly (X, M,*) is complete fuzzy metric spaces. 

Definition 2.6 [15] :- Self mapping A and S of a fuzzy metric 

space (X, M, *) are said to be compatible  

if M(ASxn, SAxn,t) 1 for all t>0, Whenever {xn} is a 

sequence in X such-that Sxn, Axn, p for some p in X as 
n . 

Definition:  2.7 [7] :- Two self maps S and T of fuzzy metric 

space (X, M, *) are said to be Weakly Compatible if they 

commute at their coincidence point i.e.  

STu = TSu whenever Su =Tu,  uX 

The concept of weak compatibility is most general among all 

the commutative. Concept, Each pair of Compatible self maps 

is weakly compatible but the converse is not true.  

Definition 2.8 [13] :- Let (X, M, *) is called a fuzzy metric 

space and   >0, A finite sequence x = x0, x1, x2, ……. xn = y 

is called to be   – Chain from x to y  

If M (xi, xi-1, t) > 1-   for all  t>0 and i =1,2,3, ................., n 

A fuzzy metric space (X, M, *) is called as   – chainable if 

for any x, y X, there exists a  –chain from x to y.  

Lemma 2.2 [5] :- Let (X, M, *) be a fuzzy metric space, then 

for all x, y  X, M (x, y, .) is non decreasing.  

Lemma 2.3 [13] :- Let (X, M, *) be a fuzzy metric space, if 

there exist k (0, 1) such that M (x, y, kt)   M (x, y, t) for 

all x, y  x and t>0, then x = y. 

Lemma 2.4 [12]:- Let (X, M, *) be a fuzzy metric space, then 

M is a continuous function on  X2 ×(0,∞) 

A Class of Implicit Relation :- Let Ф  be the set of all real 

and continuous of R4]1,0[: satisfying the following 

conditions.  

(1)   is non increasing in second, third and fourth 

argument.  

 (2)   (u, v, v, u)  0 or   (u, v, v, v)  0 or 

         (u, v, v, 1)  0 

 Implies that  u  v for all u, v  [0,1] 

 Example :-    (t1, t2, t3, t4)    t1- Max (t2, t3 , t4)                                 

Then    Ф  

3. MAIN RESULTS 
Theorem 3.1 – Let (X, M, *) be a complete  - chainable 

fuzzy metric space and let   A, B, S and T be the self mapping 

of X, satisfying the following condition  

(1) A(X)  T(X) and B(X)   S(X) 

(2) The pairs (A, T) and (B, S) are weakly compatible. 

(3)  T(X) or S (X) is complete. 

(4) There exists k  (0, 1) such that  

 


 
,

2

),,(),,(
),,,((

tTyAxMtAxSxM
ktByAxM  

 

  0),,(),,,( ktByTyMtSxTyM  

For some    Ф ,  every x, y X and t>0, then A, B, S and 

T have a unique common fixed point in X. 

Proof : - Let x0 be any arbitrary point. Since A(X)  T(X), 

B(X)  S(X). So there must exists points x1, x2, X such that 

Ax0 = Tx1 and Bx1 = Sx2. In general, We get sequence {yn} 

and {xn} in X, Such that  

  y2n =  nn AxTx 212   and  

  122212   nnn BxSxy  for n = 0, 1, 2, ................ 

Using condition (4) with x=x2n, y=x2n+1 we get  




  
 ,

2

),.(),,(
),,,( 12222

122

tTxAxMtAxSxM
ktBxAxM nnnn

nn

 

  

 0),,(),,,( 1212212  ktBxTxMtSxTxM nnnn

 





 
 ,

2

),,(),,(
,,,( 22212

122

tyyMtyyM
ktyyM nnnn

nn

 

 0),,(),,,( 122122  ktyyMtyyM nnnn

 



 
 ,

2

),,(),,(
,,,( 22212

122

tyyMtyyM
ktyyM nnnn

nn

 

 0),,(),,,( 122122  ktyyMtyyM nnnn

 




  
 ,

2

),,(1
,,,( 212

122

tyyM
ktyyM nn

nn

 

 0),,(),,,( 122122  ktyyMtyyM nnnn

 
is non- increasing in second argument  

 ),,,(,,,( 212122 tyyMktyyM nnnn   
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   0),,(),,,( 122122  ktyyMtyyM nnnn
 

  ),,(),,( ,212122 tyyMktyyM nnnn  
 

Similarly we have  

 
),,(),,( 2122212 tyyMktyyM nnnn  

 

Therefore for all n even or odd, we have  

 
),,(),,( 11 tyyMktyyM nnnn  

 

Thus, for any n and t, we have  

 
),,(),,( 11 tyyMktyyM nnnn  

 

To prove that {yn} is a Cauchy sequence, we have 

 
  )/,,(),,( 11 ktyyMtyyM nnnn  )/,,( 2

21 ktyyM nn

   1)/,,(........ 01  nktyyM   

 as n  

Thus the result proved for m=1, 

By induction hypothesis let result holds for m=p, so 

)2/,,(*)2/,,(),,( 1111
tyyMtyyMtyyM pnnpnnpnn  

 

      1* 1 = 1 

Thus the result holds for m=P+1, hence  

{yn} is a cauchy sequence in X, which is complete. Therefore 

{yn} converges to z, such that yn z for some zX. So it 

follows That {Ax2n}, {Sx2n}, {Bx2n+1} and {Tx2n+1} also 

converges to z. 

That is, there exists a finite sequence  

Xn= y1, y2, ............yn=xn+1 such that  

 M(ym, ym-1, t) > 1–   for all t>0 and i= 1, 2, ................m.  

thus we have  

M( xn, xn+1, t) 
 ≤ M (y1, y2, t/ 1) * M(y2, y3, t/l) * ............. *  

         M (ym-1, ym, t/l)  

         
  (1-  )  *   (1-  )  * ................  * (1-  ) 

          (1-  )    

for m>n, 

M(xn, xm, t)   M(xn, xn+1, t/m-n) * M(xn+1, xn+2, t/m-n) *  

    ........* M (xm-1, xm, t/m-n) 

          
  (1-  )  *   (1-  )  * ................  * (1-  ) 

            (1-  ) 

Hence {xn} is a cauchy sequences in X, which is complete, 

therefore {xn} converges to zX. Hence its subsequence 

{Ax2n}, {Sx2n}, {Bx2n+1} and {Tx2n+1} also converges to z.  

Case 1:- T (X) is complete  

If we take zT(X), so there exist uX, such that z=Tu 

Step I Put x=x2n and y=u in the condition (4),  




 

2

),,(),,(
),,,( 222

2

tTuAxMtAxSxM
ktBuAxM nnn

n
 

 0),,(),,,( 2 ktBuTuMtSxTuM n  

as 

Lim n  , we get  

 



 

2

,,),,(
),,,(

tTuzMtzzM
ktBuzM  

 0),,(),,,( ktBuTuMtzTuM  

 



 

2

,,1
),,,(

tTuzM
ktBuzM  

 0),,(),,,( ktBuTuMtzTuM  

Since Tu = z 

0),,(),,,(,
2

),,(1
),,,( 







 
ktBuzMtzzM

tzzM
ktBuzM  

  011  kt), M(z, Bu,,t),  M(z, Bu, kφ  

  is non increasing in second and third arguments 

  0kt) M(z, Bu, z, Bu, t),Bu, t), M(t),  M(z, M(z, Bu, kφ
 

t) M(z, Bu, t) M(z, Bu, K  , 

So z = Bu {by lemma} 

Hence z = Bu = Su = Tu 

Now (B, S) is weakly compatible, so BSu = SBu,  

there by Bz = Sz 

Step II Put x = x2n and y = z in condition (4) we get  




 

2

),,(),,(
),,,( 222

2

tTzAxMtAxSxM
ktBzAxM nnn

n  

   0),,(),,,( 2 ktBzTzMtSxTzM n  

Taking Lim n  , we get  




 
,

2

),,(),,(
),,,(

tTzzMtzzM
ktBzzM   

   0),,(),,,( ktBzTzMtzTzM  

0),,(),,,(,
2

1),,(
),,,( 







 
ktBzTzMtzTzM

tTzzM
ktBzzM

Since z = Tz,  zT(X), so we have  

0),,(),,,(,
2

1),,(
),,,( 







 
ktBzzMtzzM

tzzM
ktBzzM  

  011  kt), M(z, Bz,, t), M(z, Bz, kφ  

Since   is non- increasing in Second & Third argument. 

  0),,( kt) M(z, Bz, tBzzBz, t),Mt),  M(z, M(z, Bz, kφ  

So )(z, Bz, tt)M(z, Bz, k   

Hence z = Bz = Tz ( z = Tz) 

Step III As B(X) S(X) Let there exists vX,  

such that z = Bz = Sv 

Put x = v, y = z in condition (4) 



International Journal of Computer Applications (0975 – 8887)  

Volume *– No.*, ___________ 2011 

16 

0),,(),,,(,
2

),,(),,(
),,,( 







 
ktBzTzMtSvTzM

tTzAvMtAvSvM
ktBzAvM

0),,(),,,(,
2

),,(),,(
),,,( 







 
ktzzMtzzM

tzAvMtAvzM
ktzAvM

  011 ), Av, t) , t),  M(z, M(Av, z, k  

 is non increasing in third and fourth arguments.  

  0t)  M(z, Av, z, Av, t),Av, t), M(t),  M(z, M(Av, z, kφ  

)M(Av, z, tt)M(Av, z, K   

Av = z   {by lemma 2.3} 

Now since A T so z = Av  T Therefore z = Av = Tv 

Now as (A.T) is weakly compatible so  

ATv = TAv such that Az = Tz 

So combining all the results, we have  

Az = Tz = Bz = Sz = z 

Case II :- S(X) is complete if we take z S(x), so there exists. 

pX, such that z =Tp, The proof is same as in case I. So 

similarly we can show that  

Az = z, Bz = z , Tz = z and Sz = z 

Hence z = Az = Tz = Bz = Sz 

Thus z is the common fixed point of A.B.S. and T.  

Uniqueness:- 

Let p and z be the two common fixed points of maps A, B, S, 

and T. Put x = z and y = p in condition (4) we get  












0),,(),,,(,

2

),,(),,(
),,,( KtBpTpMtSzTpM

tTpAzMtAzSzM
ktBpAzM

0),,(),,,(,
2

),,(),,(
),,,( 







 
tppMtzpM

tpzMtzzM
ktpzM

01),,,(,
2

),,(1
),,,( 







 
tzpM

tpzM
ktpzM  

  0, p, t), t), M (z t),M(z, p), M(z, p,M(z, p, kt  

So M(z, p, kt)   M(z, p, t) 

Hence z=t 

So z is the unique common fixed points of A, B, S, and T.  

Remark 3.1: If S = T and A = B then condition from (1), (2), 

(3) it is clear that the pair (A, T) is weakly compatible and  

AX  TX. In such case sequence occurs as {Ax2n}= {Txn+1}. 

Remark 3.2: If S = T and A = B then condition from (1), (2), 

(3) it is clear that the pair (A, T) and (B, S) are weakly 

compatible  and so  A(X)  B(X)  T(X). In such case 

sequence occurs as follows  

Ax2n = Tx2n+1 and Bx2n+1 = Sx2n+2 

4. CONCLUSION 
We establish A Common Fixed Point Theorem in Fuzzy 

Metric Spaces satisfying implicit relations. There are some 

possible application in real engineering, economics in dealing 

with problems arising in approximation theory, information 

system .in future scope we can obtain new implicit relation to 

relax conditions. 
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